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(
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Abstract. In the present paper, we introduce a generalization of Balázs-Szabados operators by means
of (p, q)-calculus. We give the rate of convergence of Balázs-Szabados operators on based

(
p, q

)
-integrers

by using Lipschitz class function and the Peetre’s K-functional. We give the degree of asymptotic ap-
proximation by means of Voronoskaja type theorem. Further, we give some comparisons associated the
convergence of Balázs-Szabados , q- Balázs-Szabados and (p, q)- Balázs-Szabados operators to certain func-
tions by illustrations. Moreover, we investigate the properties of the weighted approximation for these
operators.

1. Introduction

In this paper, we introduce a new generalization of q- Balázs-Szabados operators based on (p, q)-integers
called (p, q)- Balázs-Szabados operators. K. Balázs [2] defined the Bernstein type rational functions and
gave some convergence theorems for them. In [3], K.Balázs and J.Szabados obtained an estimate, which has
several advantages respect to given in [2]. These estimates were obtained by usual modulus of continuity.
In [5], the q-form of Balázs-Szabados operators was introduced and, the statistical approximation properties
of these operators were investigated. The rational complex Balázs-Szabados operators was studied in [7].
The complex q-Balázs-Szabados operators was introduced attached to analytic functions on compact disks
in [8]. In these works the order of convergence and Voronovskaja-type theorem with quantitative estimate
of these operators and the exact degree of its approximation were given. In [16],[17] the approximation
properties of q-Balázs-Szabados operators are studied.

Recently, Mursaleen et al [12] applied (p, q)-calculus in approximation theory and introduced (p, q)-
analogue of Bernstein operators based on (p, q)-integers. Hence q-calculus is extented to (p, q)-calculus in
approximation theory. In [11], [13], [14] and [15], (p, q)-analogue of some well-known operators and (p, q)-
analogue of Lorentz polynomials on a compact disk are introduced and studied approximation properties.

Inspired by these works, we study (p, q)-analogue of Balázs-Szabados operators and investigated some
direct and weighted approximation properties of these operators. Moreover, we give the degree of asymp-
totic approximation by Voronoskaja type theorem. We also show the convergence of the (p, q)- Balázs-
Szabados operators to some functions by using graphics.

In order to introduce (p, q)− analogue of Balázs-Szabados operators, we begin by recalling certain
notation of (p, q)− calculus. Let 0 < q < p ≤ 1. For each nonnegative integer n, k, n ≥ k ≥ 0, the (p, q)−integer
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[n]p,q, (p, q)− factorial [n]p,q! and (p, q)−binomial are defined by

[n]p,q :=
pn
− qn

p − q
,

[n]p,q! :=
{

[n]p,q [n − 1]p,q ...2.1, n ≥ 1
1, n = 0 ,

and [ n
k

]
p,q

:=
[n]p,q!

[n − k]p,q! [k]p,q!
.

Note that if we take p = 1 in above notations, they reduce to q−analogues. Further,

(
ax + by

)n
p,q :=

n∑
k=0

p
(n−k)(n−k−1)

2 q
k(k−1)

2

[ n
k

]
p,q

an−kbkxn−kyk, (1)

(
ax + by

)n
p,q =

(
ax + by

) (
pax + qby

) (
p2ax + q2by

)
...

(
pn−1ax + qn−1by

)
.

2. Construction of Operators and Auxiliary Results

Considering (1) we set the basis function for
(
p, q

)
−analogue of Balazs-Szabados operators by

(1 + anx)n
p,q :=

n∑
k=0

p
(n−k)(n−k−1)

2 q
k(k−1)

2

[ n
k

]
p,q

(anx)k , (2)

where n ∈N, 0 < q < p ≤ 1, an := [n]β−1
p,q for 0 < β ≤ 2

3 .
We introduce

(
p, q

)
−analogue of Balazs-Szabados operators as

Rn,p,q
(

f ; x
)

=
1

(1 + anx)p,q

n∑
k=0

f
( [k]p,q

qk−1bn

)
p

(n−k)(n−k−1)
2 q

k(k−1)
2

[ n
k

]
p,q

(anx)k ,

where f : [0,∞) → R is a continuous function, 0 < q < p ≤ 1, n ∈ N, x ∈ [0,∞) and an = [n]β−1
p,q , bn = [n]βp,q

such that 0 < β ≤ 2
3 .

Lemma 2.1. Let 0 < q < p ≤ 1 and n ∈N, we have

Rn,p,q (1; x) = 1, (3)

Rn,p,q (t; x) =
x

pn−1 + qn−1anx
, (4)

Rn,p,q

(
t2; x

)
=

x
bn

(
pn−1 + qn−1anx

) +

p
q

[n−1]p,q

[n]p,q
x2(

pn−1 + qn−1anx
) (

pn−2 + qn−2anx
) , (5)

Rn,p,q

(
t3; x

)
=

x
b2

n
(
pn−1 + qn−1anx

) +

(
p2

q2 +
2p
q

)
[n−1]p,q

[n]p,q
x2

bn
(
pn−1 + qn−1anx

) (
pn−2 + qn−2anx

)
+

p3

q3

[n−1]p,q[n−2]p,q

[n]2
p,q

x3(
pn−1 + qn−1anx

) (
pn−2 + qn−2anx

) (
pn−3 + qn−3anx

) , (6)
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Rn,p,q

(
t4; x

)
=

x
b3

n
(
pn−1 + qn−1anx

) +

(
p3

q3 +
3p2

q2 +
3p
q

)
[n−1]p,q

[n]p,q
x2

b2
n
(
pn−1 + qn−1anx

) (
pn−2 + qn−2anx

) (7)

+

(
3p3

q3 +
2p4

q4

)
[n−1]p,q[n−2]p,q

[n]2
p,q

x3

bn
(
pn−1 + qn−1anx

) (
pn−2 + qn−2anx

) (
pn−3 + qn−3anx

)
+

p5

q5

[n−1]p,q[n−2]p,q[n−3]p,q

[n]3
p,q

x4(
pn−1 + qn−1anx

) (
pn−2 + qn−2anx

) (
pn−3 + qn−3anx

) (
pn−4 + qn−4anx

) .
Proof. Considering (2), we get easily Rn,p,q (1; x) = 1.

Rn,p,q (t; x) =
x

n−1∏
s=0

(
ps + qs [n]β−1

p,q x
) n∑

k=1

p
(n−k)(n−k−1)

2 q
(k−1)(k−2)

2

[ n − 1
k − 1

]
p,q

(
[n]β−1

p,q x
)k−1

=
x

n−1∏
s=0

(
ps + qs [n]β−1

p,q x
) n−2∏

s=0

(
ps + qs [n]β−1

p,q x
)

=
x

pn−1 + qn−1anx
.

Using identity [k]p,q = qk−1 + p [k − 1]p,q, we obtain

Rn,p,q

(
t2; x

)
=

1
n−1∏
s=0

(
ps + qs [n]β−1

p,q x
) n∑

k=1

qk−1 + p [k − 1]p,q

q2k−2 [n]2β−1
p,q

p
(n−k)(n−k−1)

2 q
k(k−1)

2

[ n − 1
k − 1

]
p,q

(
[n]β−1

p,q x
)k

=

x
[n]βp,q

n−1∏
s=0

(
ps + qs [n]β−1

p,q x
) n∑

k=1

p
(n−k)(n−k−1)

2 q
(k−1)(k−2)

2

[ n − 1
k − 1

]
p,q

(
[n]β−1

p,q x
)k−1

+

p
q

[n−1]p,q

[n]p,q
x2

n−1∏
s=0

(
ps + qs [n]β−1

p,q x
) n∑

k=2

p
(n−k)(n−k−1)

2 q
(k−2)(k−3)

2

[ n − 2
k − 2

]
p,q

(
[n]β−1

p,q x
)k−2

=
x

bn
(
pn−1 + qn−1anx

) +

p
q

[n−1]p,q

[n]p,q
x2(

pn−1 + qn−1anx
) (

pn−2 + qn−2anx
) ,

Rn,p,q

(
t3; x

)
=

1
[n]2β

p,q
x

n−1∏
s=0

(
ps + qs [n]β−1

p,q x
) n∑

k=1

p
(n−k)(n−k−1)

2 q
(k−1)(k−2)

2

[ n − 1
k − 1

]
p,q

(
[n]β−1

p,q x
)k−1

+

(
p2

q2 +
2p
q

)
[n−1]p,q

[n]1+β
p,q

x2

n−1∏
s=0

(
ps + qs [n]β−1

p,q x
) n∑

k=2

p
(n−k)(n−k−1)

2 q
(k−2)(k−3)

2

[ n − 2
k − 2

]
p,q

(
[n]β−1

p,q x
)k−2
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+

p3

q3

[n−1]p,q[n−2]p,q

[n]2
p,q

x3

n−1∏
s=0

(
ps + qs [n]β−1

p,q x
) n∑

k=3

p
(n−k)(n−k−1)

2 q
(k−3)(k−4)

2

[ n − 3
k − 3

]
p,q

(
[n]β−1

p,q x
)k−3

,

Rn,p,q

(
t4; x

)
=

x

[n]3β
p,q

(
pn−1 + qn−1anx

) n∑
k=1

p
(n−k)(n−k−1)

2 q
(k−1)(k−2)

2

[ n − 1
k − 1

]
p,q

(
[n]β−1

p,q x
)k−1

+

(
p3

q3 +
3p2

q2 +
3p
q

)
[n−1]p,q

[n]1+2β
p,q

x2

2∏
j=1

(
pn− j + qn− janx

)
n∑

k=2

p
(n−k)(n−k−1)

2 q
(k−2)(k−3)

2

[ n − 2
k − 2

]
p,q

(
[n]β−1

p,q x
)k−2

+

(
3p3

q3 +
2p4

q4

)
[n−1]p,q[n−2]p,q

[n]2+β
p,q

x3

3∏
j=1

(
pn− j + qn− janx

)
n∑

k=3

p
(n−k)(n−k−1)

2 q
(k−3)(k−4)

2

[ n − 3
k − 3

]
p,q

(
[n]β−1

p,q x
)k−3

+

p5

q5

[n−1]p,q[n−2]p,q[n−3]p,q

[n]3
p,q

x4

4∏
j=1

(
pn− j + qn− janx

)
n∑

k=4

p
(n−k)(n−k−1)

2 q
(k−3)(k−4)

2

[ n − 4
k − 4

]
p,q

(
[n]β−1

p,q x
)k−4

.

Considering (2) in the last two equalities, the proof of lemma is completed.

Corollary 2.2. By simple applications of Lemma 2.1, we have the following central moments

Rn,p,q (t − x; x) =

(
1 − pn−1

)
x

pn−1 + qn−1anx
−

qn−1an

pn−1 + qn−1anx
x2, (8)

Rn,p,q

(
(t − x)2 ; x

)
=

x
bn

(
pn−1 + qn−1anx

) +


p
q

[n−1]p,q

[n]p,q(
pn−1 + qn−1anx

) (
pn−2 + qn−2anx

)
−

2
pn−1 + qn−1anx

+ 1
}

x2, (9)

Rn,p,q

(
(t − x)4 ; x

)
=

x
b3

n
(
pn−1 + qn−1anx

) +


(

p3

q3 +
3p2

q2 +
3p
q

)
[n−1]p,q

[n]1+2β
p,q

b2
n
(
pn−1 + qn−1anx

) (
pn−2 + qn−2anx

)
−

1
b2

n
(
pn−1 + qn−1anx

)} x2

(10)
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+


(

2p4

q4 +
3p3

q3

)
[n−1]p,q[n−2]p,q

[n]2
p,q

bn
(
pn−1 + qn−1anx

) (
pn−2 + qn−2anx

) (
pn−3 + qn−3anx

)
−

4
(

p2

q2 +
2p
q

)
[n−1]pn ,qn

[n]pn ,qn

bn
(
pn−1 + qn−1anx

) (
pn−2 + qn−2anx

) +
6

bn
(
pn−1 + qn−1anx

)
 x3

+


p5

q5

[n−1]p,q[n−2]p,q[n−3]p,q

[n]3
p,q(

pn−1 + qn−1anx
) (

pn−2 + qn−2anx
) (

pn−3 + qn−3anx
) (

pn−4 + qn−4anx
)

−

4 p3

q3

[n−1]p,q[n−2]p,q

[n]2
p,q(

pn−1 + qn−1anx
) (

pn−2 + qn−2anx
) (

pn−3 + qn−3anx
)

+
6 p

q
[n−1]p,q

[n]p,q(
pn−1 + qn−1anx

) (
pn−2 + qn−2anx

) − 4
pn−1 + qn−1anx

+ 1

 x4. (11)

Proof. Using Lemma 2.1, we immediately have the central moments.

Remark 2.3. In order to obtain the order of convergence for the operators Rn,p,q, we take qn ∈ (0, 1) and pn ∈
(
qn, 1

]
such that limn→∞ pn = limn→∞

(
pn

)n = limn→∞ qn = 1 and limn→∞
(
qn

)n = c with 0 < c < 1. Then limn→∞ an = 0
and limn→∞

1
bn

= 0. Such sequences can always be constructed. For example, we can take pn = 1− 1
n2 and qn = 1− 1

n ,
clearly limn→∞

(
qn

)n = e−1 and limn→∞
(
pn

)n = 1.

Theorem 2.4. Let
(
pn

)
and

(
qn

)
be the sequences defined as in Remark 2.3. For all f ∈ C [0,∞) we have Rn,pn,qn

(
f ; x

)
converges uniformly to f with respect to x ∈ [0, a].

Proof. For a fixed a > 0, we consider the lattice homomorphism Ha : C [0,∞)→ C [0, a] defined by Ha
(

f
)

:=
f |[0,a] for every f ∈ C [0,∞) . From Lemma 2.1, for m = 0, 1, 2 limn→∞ Rn,pn,qn (tm; x) = xm uniformly on [0, a] .
By the universal Korovkin type property, we obtain, for all f ∈ C [0,∞) , limn→∞ Rn,pn,qn

(
f ; x

)
= f (x) with

respect to x ∈ [0, a].

3. Local Approximation

In this section, we give some local results for the operators Rn,p,q
(

f ; x
)
.

Let CB [0,∞) be the space of all real valued continous bounded functions defined on [0,∞). The norm
on the space CB [0,∞) is the supremum norm

∥∥∥ f
∥∥∥ = supx∈[0,∞)

∣∣∣ f (x)
∣∣∣. Also, Peetre’s K-functional is defined

by

K2
(

f , δ
)

= inf
1∈W2

{∥∥∥ f − 1
∥∥∥ + δ

∥∥∥1′′∥∥∥} ,
where W2 =

{
1 ∈ CB [0,∞) : 1

′

, 1
′′

∈ CB [0,∞)
}
. By [4] (p.177), there exist a positive constant C > 0 such that

K2
(

f , δ
)
≤ ω2

(
f , δ1/2

)
, δ > 0, (12)

where

ω2

(
f , δ1/2

)
= sup

0<h<δ1/2,x∈[0,∞)

∣∣∣ f (x + 2h) − 2 f (x + h) + f (x)
∣∣∣

is the second order modulus of continuity of function f ∈ CB [0,∞).
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Further, the usual modulus of continuity is defined by

ω
(

f , δ1/2
)

= sup
0<h<δ1/2,x∈[0,∞)

∣∣∣ f (x + h) − f (x)
∣∣∣ .

Now, we can give the following local theorem:

Theorem 3.1. Let
(
pn

)
and

(
qn

)
be the sequences defined as in Remark 2.3 and f ∈ CB [0,∞). Then for all n ∈ N,

there exist a positive constant C > 0 such that∣∣∣Rn,pn,qn

(
f ; x

)
− f (x)

∣∣∣ ≤ Cω2
(

f , δn (x)
)

+ ω
(

f , αn (x)
)
,

where δ2
n (x) = Rn,pn,qn

(
(t − x)2 ; x

)
+

(
Rn,pn,qn (t − x; x)

)2
and αn (x) =∣∣∣Rn,pn,qn (t − x; x)

∣∣∣. Rn,pn,qn (t − x; x) and Rn,pn,qn

(
(t − x)2 ; x

)
are given as in Corollary 2.2.

Proof. For x ∈ [0,∞), we introduce the auxiliary operator as follows:

R∗n
(

f ; x
)

= Rn,pn,qn

(
f ; x

)
+ f (x) − f (ξn (x)) ,

where ξn (x) = x +
(1−pn−1

n )x−qn−1
n anx2

pn−1
n +qn−1

n anx . Using Lemma 2.1, we obtain

R∗n (t − x; x) = Rn,pn,qn (t − x; x) − (ξn (x) − x)
= Rn,pn,qn (t; x) − xRn,pn,qn (1; x) − ξn (x) + x
= 0.

Let x ∈ [0,∞) and 1 ∈W2. Using the Taylor formula

1 (t) = 1 (x) + 1
′

(x) (t − x) +

t∫
x

(t − u) 1
′′

(u) du.

Applying R∗n to on both side of the above equation, we get

R∗n
(
1 (t) ; x

)
− 1 (x) = R∗n

(
(t − x) 1

′

(x) ; x
)

+ R∗n


t∫

x

(t − u) 1
′′

(u) du; x


= 1

′

(x) R∗n (t − x; x) + Rn,pn,qn


t∫

x

(t − u) 1
′′

(u) du; x


−

ξn(x)∫
x

(ξn (x) − u) 1
′′

(u) du

= Rn,pn,qn


t∫

x

(t − u) 1
′′

(u) du; x

 −
ξn(x)∫
x

(ξn (x) − u) 1
′′

(u) du.

On the other hand,∣∣∣∣∣∣∣∣
t∫

x

(t − u) 1
′′

(u) du; x

∣∣∣∣∣∣∣∣ ≤
t∫

x

|t − u|
∣∣∣1′′ (u)

∣∣∣ du

≤

∥∥∥1′′∥∥∥ t∫
x

|t − u| du ≤ (t − x)2
∥∥∥1′′∥∥∥
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and ∣∣∣∣∣∣∣∣∣
ξn(x)∫
x

(ξn (x) − u) 1
′′

(u) du

∣∣∣∣∣∣∣∣∣ ≤ (ξn (x) − x)2
∥∥∥1′′∥∥∥

=
(
Rn,pn,qn (t − x; x)

)2 ∥∥∥1′′∥∥∥ .
Therefore, we can write

∣∣∣R∗n (
1; x

)
− 1 (x)

∣∣∣ ≤
∣∣∣∣∣∣∣∣Rn,pn,qn


t∫

x

(t − u) 1
′′

(u) du; x


∣∣∣∣∣∣∣∣ +

∣∣∣∣∣∣∣∣∣
ξn(x)∫
x

(ξn (x) − u) 1
′′

(u) du

∣∣∣∣∣∣∣∣∣
≤

{
Rn,pn,qn

(
(t − x)2 ; x

)
+

(
Rn,pn,qn (t − x; x)

)2
} ∥∥∥1′′∥∥∥

= δ2
n (x)

∥∥∥1′′∥∥∥ .
Considering Lemma 2.1, we have also∣∣∣R∗n (

f ; x
)∣∣∣ ≤ ∣∣∣Rn,pn,qn

(
f ; x

)∣∣∣ +
∣∣∣ f (x)

∣∣∣ +
∣∣∣ f (ξn (x))

∣∣∣
≤ Rn,pn,qn

(∣∣∣ f ∣∣∣ ; x
)

+ 2
∥∥∥ f

∥∥∥
≤ Rn,pn,qn (1; x)

∥∥∥ f
∥∥∥ + 2

∥∥∥ f
∥∥∥

= 3
∥∥∥ f

∥∥∥ .
Therefore,∣∣∣Rn,pn,qn

(
f ; x

)
− f (x)

∣∣∣ ≤ ∣∣∣R∗n (
f − 1; x

)
−

(
f − 1

)
(x)

∣∣∣ +
∣∣∣ f (ξn (x)) − f (x)

∣∣∣ +
∣∣∣R∗n (
1; x

)
− 1 (x)

∣∣∣
≤

∣∣∣R∗n (
f − 1; x

)∣∣∣ +
∣∣∣( f − 1

)
(x)

∣∣∣ +
∣∣∣ f (ξn (x)) − f (x)

∣∣∣ +
∣∣∣R∗n (
1; x

)
− 1 (x)

∣∣∣
≤ 4

∥∥∥ f − 1
∥∥∥ + ω

(
f ;αn (x)

)
+ δ2

n (x)
∥∥∥1′′∥∥∥ .

Taking the infimum on the right hand side over all 1 ∈W2, we obtain∣∣∣Rn,pn,qn

(
f ; x

)
− f (x)

∣∣∣ ≤ 4K2

(
f ; δ2

n (x)
)

+ ω
(

f ;αn (x)
)
.

By the inequality (12), we obtain the desired result.

Let E be any subset of [0,∞) and α ∈ (0, 1]. Then LipM f (E, α) denotes the space of functions f ∈ CB [0,∞)
satisfying the condition∣∣∣ f (t) − f (x)

∣∣∣ ≤M f |t − x|α ,∀t ∈ E and x ∈ [0,∞) ,

where M f is a constant depending on f and E denotes the closure of E in [0,∞) .

Theorem 3.2. Let
(
pn

)
and

(
qn

)
be the sequences defined as in Remark 2.3 and f ∈ CB [0,∞)∩ LipM f (E, α), α ∈ (0, 1]

and E is a any bounded subset of [0,∞). Then, for each x ∈ [0,∞), we have∣∣∣Rn,pn,qn

(
f ; x

)
− f (x)

∣∣∣ ≤M f

{(
µn,pn,qn (x)

)α/2
+ 2 (d (x,E))α

}
,

where µn,pn,qn (x) = Rn,pn,qn

(
(t − x)2 ; x

)
is given as in Corollary 2.2. Here M f is a constant depending on f and d (x,E)

is a distance between point x and E that is

d (x,E) = inf {|t − x| : t ∈ E} .
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Proof. Let Ē denote the closure of the set E. Then there exists a x0 ∈ Ē such that |x − x0| = d (x,E), where
x ∈ [0,∞). Thus we can write∣∣∣ f (t) − f (x)

∣∣∣ ≤ ∣∣∣ f (t) − f (x0)
∣∣∣ +

∣∣∣ f (x0) − f (x)
∣∣∣ .

Since Rn,pn,qn is a positive linear operator, for f ∈ LipM f (E, α) , we get∣∣∣Rn,pn,qn

(
f ; x

)
− f (x)

∣∣∣ ≤ Rn,pn,qn

(∣∣∣ f (t) − f (x0)
∣∣∣ ; x

)
+ Rn,pn,qn

(∣∣∣ f (x0) − f (x)
∣∣∣ ; x

)
≤ M f

(
Rn,pn,qn (|t − x0|

α ; x) + |x − x0|
α
)

≤ M f

(
Rn,pn,qn (|t − x|α ; x) + 2 |x − x0|

α
)
.

In the last inequality, using the Hölder inequality with p = 2/α and q = 2/(2 − α), we have∣∣∣Rn,pn,qn

(
f ; x

)
− f (x)

∣∣∣ ≤ M f

{
Rn,pn,qn (|t − x|αp ; x)

}1/p (
Rn,pn,qn (1; x)1/q + 2(d (x,E))α

)
≤ M f

((
Rn,pn,qn

(
(t − x)2 ; x

))α/2
+ 2(d (x,E))α

)
≤ M f

(
µn,pn,qn (x)α/2 + 2(d (x,E))α

)
.

This completes the proof of the theorem.

4. Voronovskaya Type Theorem

Theorem 4.1. Let f ∈ CB [0,∞) be such that f ′ , f ′′ ∈ CB [0,∞) and the sequences
(
pn

)
and

(
qn

)
be defined as in

Remark 2.3. Let

η = lim
n→∞

bn

(
1 −

(
pn

)n−1
)

and

σ = lim
n→∞

bn

(
pn

qn

[n − 1]pn,qn

[n]pn,qn

− 2pn−2
n + p2n−3

n

)
,

where bn = [n]βpn,qn
for 0 < β < 1

2 . Then we have

lim
n→∞

bn

(
Rn,pn,qn

(
f ; x

)
− f (x)

)
= ηx f

′

(x) +
1
2

x (σx + 1) f
′′

(x)

uniformly on [0, a] for any a > 0.

Proof. By the Taylor formula, we can write

f (t) = f (x) + f
′

(x) (t − x) +
1
2

f
′′

(x) (t − x)2 + r (t, x) (t − x)2 , (13)

where r (t, x) is the remainder term and limt→x r (t, x) = 0.
Applying Rn,pn,qn

(
f ; x

)
to (13), we get

bn

(
Rn,pn,qn

(
f ; x

)
− f (x)

)
= bnRn,pn,qn ((t − x) ; x) f

′

(x) +
1
2

bnRn,pn,qn

(
(t − x)2 ; x

)
f
′′

(x)

+bnRn,pn,qn

(
r (t, x) (t − x)2 ; x

)
.

Using Cauchy-Schwarz inequality, we have

Rn,pn,qn

(
r (t, x) (t − x)2 ; x

)
≤

√
Rn,pn,qn (r2 (t, x) ; x)

√
Rn,pn,qn

(
(t − x)4 ; x

)
. (14)
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It is clear that r2 (x, x) = 0 and r2 (., x) ∈ C [0,∞). In view of Theorem 2.4,

lim
n→∞

Rn,pn,qn

(
r2 (t, x) ; x

)
= r2 (x, x) = 0 (15)

uniformly on [0, a].
Also, considering Corollary 2.2, limn→∞ Rn,pn,qn

(
(t − x)4 ; x

)
= 0.

Now, from (14) and (15), we obtain

lim
n→∞

Rn,pn,qn

(
r (t, x) (t − x)2 ; x

)
= 0. (16)

On the other hand, we compute the followings for 0 < β < 1
2

lim
n→∞

bnRn,pn,qn ((t − x) ; x) = ηx, (17)

and

lim
n→∞

Rn,pn,qn

(
(t − x)2 ; x

)
= x (σx + 1) . (18)

Finally, from (16), (17) and (18), we get the required result. This complete the proof of theorem.

Remark 4.2. We can find such sequences satisfying the condition of Theorem 2.4. For example, we take pn = 1 − 1
n2

and qn = 1 − 1
n , so we can see that η = 0 = σ.

5. Weighted Approximation

The weighted Korovkin type theorems was proved Gadzhiev [6].
Let ρ (x) is a continuous and increasing function on [0,∞) satisfying ρ (x) ≥ 1. Bρ [0,∞) denotes the set of

all functions f from to R, satisfying
∣∣∣ f (x)

∣∣∣ ≤M fρ (x), where M f is a constant depending on f . Bρ [0,∞) is a

normed space with the norm
∥∥∥ f

∥∥∥
ρ

= supx∈[0,∞)
| f (x)|
ρ(x) . C∗ [0,∞) denotes the subspace of continuous functions

in Bρ [0,∞) for which limx→∞
| f (x)|
ρ(x) exists finitely.

Now, we give the weighted approximation for the operators Rn,pn,qn

(
f
)
.

Theorem 5.1. Let
(
pn

)
and

(
qn

)
be the sequences defined as in Remark 2.3. Then for f ∈ C∗ [0,∞), we have

limn→∞

∥∥∥Rn,pn,qn

(
f
)
− f

∥∥∥
ρ1

= 0, where ρ1 (x) = 1 + xλ, λ ≥ 4.

Proof. From (3) in Lemma 2.1, it is obvious that limn→∞

∥∥∥Rn,pn,qn (e0) − e0

∥∥∥
ρ1

= 0. Using( 4), we see that

∣∣∣Rn,pn,qn (t; x) − x
∣∣∣ =

∣∣∣∣∣∣∣
(
1 − pn−1

n

)
x − anqn−1

n x2

pn−1
n + qn−1

n anx

∣∣∣∣∣∣∣
≤

(
1 − pn−1

n

)
x

pn−1
n + qn−1

n anx
+

anqn−1
n x2

pn−1
n + qn−1

n anx

≤
1 − pn−1

n

pn−1
n

x + an
qn−1

n

pn−1
n

x2,

then we have∥∥∥Rn,pn,qn (e1) − e1

∥∥∥
ρ1
≤ sup

x∈[0,∞)

x
1 + xλ

1 − pn−1
n

pn−1
n

+ sup
x∈[0,∞)

x2

1 + xλ
an

qn−1
n

pn−1
n
.
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Therefore,

lim
n→∞

∥∥∥Rn,pn,qn (e1) − e1

∥∥∥
ρ1

= 0.

Using (5), we have

Rn,pn,qn

(
t2; x

)
− x2 =

1

bn

(
pn−1

n + qn−1
n anx

)x +

pn

qn

[n−1]pn ,qn
[n]pn ,qn

− p2n−3
n(

pn−1
n + qn−1

n anx
) (

pn−2
n + qn−2

n anx
)x2

−

(
pn−1

n qn−2
n − pn−2

n qn−1
n

)
an(

pn−1
n + qn−1

n anx
) (

pn−2
n + qn−2

n anx
)x3

−
q2n−3

n a2
n(

pn−1
n + qn−1

n anx
) (

pn−2
n + qn−2

n anx
)x4.

Applying triangle inequality, we get

∣∣∣∣Rn,pn,qn

(
t2; x

)
− x2

∣∣∣∣ ≤ 1

bn

(
pn−1

n + qn−1
n anx

)x +

pn

qn

[n−1]pn ,qn
[n]pn ,qn

− p2n−3
n(

pn−1
n + qn−1

n anx
) (

pn−2
n + qn−2

n anx
)x2

+

(
pn−1

n qn−2
n − pn−2

n qn−1
n

)
an(

pn−1
n + qn−1

n anx
) (

pn−2
n + qn−2

n anx
)x3

+
q2n−3

n a2
n(

pn−1
n + qn−1

n anx
) (

pn−2
n + qn−2

n anx
)x4

≤
1

bnpn−1
n

x +

pn

qn

[n−1]pn ,qn
[n]pn ,qn

− p2n−3
n

p2n−3
n

x2 +

(
pn−1

n qn−2
n − pn−2

n qn−1
n

)
an

p2n−3
n

x3

+
q2n−3

n a2
n

p2n−3
n

x4

=
1

bnpn−1
n

x +

(
1

p2n−3
n

pn

qn

[n − 1]pn,qn

[n]pn,qn

− 1
)

x2

+

(
qn−2

n

pn−2
n

+
qn−1

n

pn−1
n

)
anx3 +

q2n−3
n

p2n−3
n

a2
nx4.

Hence,

∥∥∥Rn,pn,qn (e2) − e2

∥∥∥
ρ1
≤ sup

x∈[0,∞)

x
1 + xλ

1
bnpn−1

n
+ sup

x∈[0,∞)

x2

1 + xλ

(
1

p2n−3
n

pn

qn

[n − 1]pn,qn

[n]pn,qn

− 1
)

+ sup
x∈[0,∞)

x3

1 + xλ

(
qn−2

n

pn−2
n

+
qn−1

n

pn−1
n

)
an + sup

x∈[0,∞)

x4

1 + xλ
q2n−3

n

p2n−3
n

a2
n.

Then we have

lim
n→∞

∥∥∥Rn,pn,qn (e2) − e2

∥∥∥
ρ1

= 0.
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Now, we aim to estimate the weighted rate of convergence for the operators Rn,pn,qn

(
f
)
. For every

f ∈ C∗ [0,∞), we would like to consider a weighted modulus continuity Ω
(

f , δ
)
, which tends to zero as

δ→ 0. We consider the weighted modulus of continuity Ω
(

f , δ
)

as

Ω
(

f , δ
)

= sup
0≤h≤δ,x≥0

∣∣∣ f (x + h) − f (x)
∣∣∣

(1 + h2) (1 + x2)
,

for each every f ∈ C∗ [0,∞).

Theorem 5.2. Let
(
pn

)
and

(
qn

)
be the sequences defined as in Remark 2.3. Then for every f ∈ C∗ [0,∞), we have

the inequality∥∥∥Rn,pn,qn

(
f
)
− f

∥∥∥
ρ2
≤M

(
n, pn, qn

)
Ω

(
f , δ

)
,

where ρ2 (x) = 1 + xλ, λ ≥ 5 and M
(
n, pn, qn

)
is a positive real number depending on n, pn and qn.

Proof. From definition of Ω
(

f , δ
)
, we can write∣∣∣ f (t) − f (x)

∣∣∣ ≤ (
1 + x2

) (
1 + (t − x)2

) (
1 +
|t − x|
δ

, x
)
Ω

(
f , δ

)
.

Applying Rn,pn,qn to the last inequality, we get∣∣∣Rn,pn,qn

(
f (t) ; x

)
− f (x)

∣∣∣ ≤ Ω
(

f , δ
) (

1 + x2
) {

Rn,pn,qn

(
1 + (t − x)2 ; x

)
+Rn,pn,qn

((
1 + (t − x)2

) |t − x|
δ

; x
)}
, (19)

and also, applying the Cauchy-Schwarz inequality in the last term of inequality (19), we obtain

Rn,pn,qn

((
1 + (t − x)2

) |t − x|
δ

; x
)
≤

(
Rn,pn,qn

((
1 + (t − x)2

)2
; x

))1/2
(
Rn,pn,qn

(
(t − x)2

δ2 ; x
))1/2

. (20)

Using (9) in Corollary 2.2, we can write

Rn,pn,qn

(
1 + (t − x)2 ; x

)
≤ 1 +


pn

qn

[n−1]pn ,qn
[n]pn ,qn(

pn−1
n + qn−1

n anx
) (

pn−2
n + qn−2

n anx
)+

2
pn−1

n + qn−1
n anx

+ 1
}

x2 +
x

bn

(
pn−1

n + qn−1
n anx

)
≤ 1 +

(
1

p2n−3
n

pn

qn

[n − 1]pn,qn

[n]pn,qn

+
2

pn−1
n

+ 1
)

x2 +
x
bn

≤ M1
(
n, pn, qn

)
(x + 1)2 . (21)

On the other hand, using (9) and ( 11)

Rn,pn,qn

((
1 + (t − x)2

)2
; x

)
= 1 + 2Rn,pn,qn

(
(t − x)2 ; x

)
+ Rn,pn,qn

(
(t − x)4 ; x

)

≤ 1 + 2


pn

qn

[n−1]pn ,qn
[n]pn ,qn(

pn−1
n + qn−1

n anx
) (

pn−2
n + qn−2

n anx
) +

2
pn−1

n + qn−1
n anx

+ 1

 x2 +
2x

bn

(
pn−1

n + qn−1
n anx

)
+

x

b3
n

(
pn−1

n + qn−1
n anx

) +


(

p3
n

q3 +
3p2

n

q2
n

+
3pn

qn

)
[n−1]pn ,qn

[n]pn ,qn

b2
n

(
pn−1

n + qn−1
n anx

) (
pn−2

n + qn−2
n anx

) +
1

b2
n

(
pn−1

n + qn−1
n anx

)
 x2
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+


(

2p4
n

q4
n

+
3p3

n

q3
n

)
[n−1]pn ,qn [n−2]pn ,qn

[n]2
pn ,qn

bn

(
pn−1

n + qn−1anx
) (

pn−2 + qn−2anx
) (

pn−3 + qn−3anx
)

+
4
(

p2

q2 +
2p
q

)
[n−1]pn ,qn

[n]pn ,qn

bn

(
pn−1 + qn−1

n anx
) (

pn−2
n + qn−2

n anx
) +

6

bn

(
pn−1

n + qn−1
n anx

)
 x3

+


p5

n

q5
n

[n−1]pn ,qn [n−2]pn ,qn [n−3]pn ,qn

[n]3
p,q(

pn−1
n + qn−1

n anx
) (

pn−2
n + qn−2

n anx
) (

pn−3
n + qn−3

n anx
) (

pn−4
n + qn−4

n anx
)

+
4 p3

n

q3
n

[n−1]pn ,qn [n−2]pn ,qn

[n]2
pn ,qn(

pn−1
n + qn−1

n anx
) (

pn−2
n + qn−2

n anx
) (

pn−3
n + qn−3

n anx
)

+
6 pn

qn

[n−1]pn ,qn
[n]pn ,qn(

pn−1
n + qn−1

n anx
) (

pn−2
n + qn−2

n anx
) +

4
pn−1

n + qn−1
n anx

+ 1

 x4.

≤ 1 +
2x

bnpn−1
n

+
x

b3
npn−1

n
+

{
2

1
p2n−3

n

pn

qn

[n − 1]pn,qn

[n]pn,qn

+
4

pn−1
n

+ 2

+
1

b2
np2n−3

n

(
p3

n

q3 +
3p2

n

q2
n

+
3pn

qn

) [n − 1]pn,qn

[n]pn,qn

+
1

b2
npn−1

n

}
x2

+

 1
bnp3n−6

n

(
2p4

n

q4
n

+
3p3

n

q3
n

) [n − 1]pn,qn
[n − 2]pn,qn

[n]2
pn,qn

+
4

bnp2n−3

(
p2

n

q2
n

+
2pn

qn

) [n − 1]pn,qn

[n]pn,qn

+
6

bnpn−1
n

}
x3

+

 1
p4n−10

n

p5
n

q5
n

[n − 1]pn,qn
[n − 2]pn,qn

[n − 3]pn,qn

[n]3
p,q

+
4

p3n−6
n

p3
n

q3
n

[n − 1]pn,qn
[n − 2]pn,qn

[n]2
pn,qn

+
6

p2n−3
n

pn

qn

[n − 1]pn,qn

[n]pn,qn

+
4

pn−1
n

+ 1
}

x4

≤ M2
(
n, pn, qn

)
(1 + x + x2 + x3 + x4)

≤ M2
(
n, pn, qn

)
(x + 1)4 . (22)

And also,(
Rn,pn,qn

(
(t − x)2

δ2 ; x
))1/2

≤
1
δ

(x + 1)

√
1

bnpn−1
n

+
1

p2n−3
n

pn

qn

[n − 1]pn,qn

[n]pn,qn

−
2

pn−1
n

+ 1. (23)

Applying (22) and (23) in (20), we obtain

Rn,pn,qn

((
1 + (t − x)2

) |t − x|
δ

; x
)
≤

1
δ

√
M2

(
n, pn, qn

)
(x + 1)3

√
1

bnpn−1
n

+
1

p2n−3
n

pn

qn

[n − 1]pn,qn

[n]pn,qn

−
2

pn−1
n

+ 1. (24)
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Choosing M
(
n, pn, qn

)
=

(
M1

(
n, pn, qn

)
+

√
M2

(
n, pn, qn

))
M3, where

M3 = supx∈[0,∞)
(1+x2)(x+1)3

1+xλ , λ ≥ 5 and δ =

√
1

bnpn−1
n

+ 1
p2n−3

n

pn

qn

[n−1]pn ,qn
[n]pn ,qn

−
2

pn−1
n

+ 1 and using (21) and (24) in

(19), we obtain∥∥∥Rn,pn,qn

(
f
)
− f

∥∥∥
ρ2
≤M

(
n, pn, qn

)
Ω

(
f , δ

)
,

which completes the proof of the theorem.

We give some illustrative examples which show the rate of convergence of the operators Rn,pn,qn to certain
functions in the following examples:

Example 5.3. Let qn = (n − 1)/n, pn = (n2
− 1)/n2,n = 50 and n = 150. In case of β = 2/3 and β = 1/4,

the convergence of the operators Rn,pn,qn

(
f , x

)
to f (x) = x sin(2x) is illustrated in Figures 1 and 2. It is clearly

that,increasing the values of n, the degree of approximation become better. We also observe that the convergence of the
operators to function is better for β = 2/3.

Figure 1: The convergence of Rn,pn ,qn for β = 2/3.
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Figure 2: The convergence of Rn,pn ,qn for β = 1/4.

Example 5.4. We will examine a comparation of the convergence of Balász-Szasz operators Rn
(

f ; x
)
, q- Balász-Szasz

operators Rn,q
(

f ; x
)

and
(
p, q

)
-Balász-Szasz operators Rn,p,q

(
f ; x

)
to certain functions. For n = 5, q = 0.80, p = 0.90

and n = 15, q = 0.90, p = 0.95 with β = 2/3, convergence of the operators the above-mentioned to f (x) = x + sin (3x)
and f (x) = 1 + 5 sin (3x) are illustrated, respectively, in Figures 3 and 4.

Figure 3: Comparation of convergence of the operators Rn,Rn,q and Rn,p,q to f for n = 5, q = 0.80 and p = 0.90.
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Figure 4: Comparation of convergence of the operators Rn,Rn,q and Rn,p,q to f for n = 15, q = 0.90 and p = 0.95.

References

[1] T. Acar, (p, q)-generalization of Szász-Mirakyan operators, Mathematical Methods in the Applied Sciences 39 (15) (2016) 2685–
2695.

[2] K. Balázs, Approximation by Bernstein type rational function, Acta Mathematica Hungarica (26) (1975) 123–134 .
[3] K. Balázs, J. Szabados, Approximation by Bernstein type rational function II, Acta Mathematica Hungarica(40) (3-4) (1982)

331–337.
[4] R.A. De Vore, G.G. Lorentz, Constructive approximation, Springer, Berlin , 2013.
[5] O. Dogru, On statistical approximation properties of Stancu type bivariate generalization of q-Balázs-Szabados operators, Pro-

ceedings Int. Conf. on Numerical Analysis and Approximation Theory, Casa Cartii de Stiinta, Cluj-Napoca (2006) 179–194.
[6] A.D. Gadzhiev, P.P. Korovkin type theorems, Mathem. Zametki (20) (5) Engl. Transl. Math Notes (20)(1976) 995–998.
[7] S.G. Gal, Approximation by Complex Bernstein and Convolution Type Operators, World Scientific, Hackensack, 2009.
[8] N. Ispir, E. Yildiz Ozkan, Approximation properties of complex q-Balázs-Szabados operators in compact disks, J.Inequal. Appl.

(2013)2013:361.
[9] K. Khan, D.K. Lobiyal, Bezier curves based on Lupas (p, q)-analogue of Bernstein polynomials in CAGD, arXiv:1505.01810.

[10] B. Lenze, On Lipschitz-type maximal functions and their smoothness spaces, Nederl. Akad. Wetensch.Indag. Math. (50)
(1)(1988)53–63.

[11] M. Mursaleen, K. J. Ansari, A. Khan, Some approximation results by (p, q)-analogue of Bernstein-Stancu operators, Appl. Math.
Comput. (264) (2015)392–402.

[12] M. Mursaleen, K.J. Ansari, A. Khan, (p, q)-analogue of Bernstein operators, Appl. Math. Comput. (266) (2015)874–882.
[13] M. Mursaleen, K.J. Ansari, A. Khan, Some approximation results for Bernstein-Kantorovich operators based on (p, q)-calculus,

U.P.B. Sci. Bull. Series A (78) (4) (2016)129–142.
[14] M. Mursaleen, M. Nasiruzzaman, A. Khan and K.J. Ansari, Some approximation results on Bleimann-Butzer-Hahn operators

defined by (p, q)-integers, Filomat (30) (3) (2016)639–648.
[15] M. Mursaleen, F. Khan, A. Khan, Approximation by(p, q)-Lorentz polynomials on a compact disk, Complex Anal. Oper.Theory

(10) (8) (2016) 1725–1740 .
[16] E. Yildiz Ozkan, Statistical Approximation Properties of q-Balázs-Szabados-Stancu Operators, Filomat (28) (9) (2014)1943–1952.
[17] E. Yildiz Ozkan, Approximation properties of bivariate complex q-Balàzs-Szabados operators of tensor product kind, J. Inequal.
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