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Approximation by (p, 9)-Analogue of Balazs-Szabados Operators
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Abstract. In the present paper, we introduce a generalization of Baldzs-Szabados operators by means
of (p,g)-calculus. We give the rate of convergence of Baldzs-Szabados operators on based (p, g)-integrers
by using Lipschitz class function and the Peetre’s K-functional. We give the degree of asymptotic ap-
proximation by means of Voronoskaja type theorem. Further, we give some comparisons associated the
convergence of Baldzs-Szabados , g- Balazs-Szabados and (p, )- Balazs-Szabados operators to certain func-
tions by illustrations. Moreover, we investigate the properties of the weighted approximation for these
operators.

1. Introduction

In this paper, we introduce a new generalization of g- Baldzs-Szabados operators based on (p, g)-integers
called (p, q)- Balazs-Szabados operators. K. Baldzs [2] defined the Bernstein type rational functions and
gave some convergence theorems for them. In [3], K.Baldzs and J.Szabados obtained an estimate, which has
several advantages respect to given in [2]. These estimates were obtained by usual modulus of continuity.
In [5], the g-form of Baldzs-Szabados operators was introduced and, the statistical approximation properties
of these operators were investigated. The rational complex Baldzs-Szabados operators was studied in [7].
The complex g-Baldzs-Szabados operators was introduced attached to analytic functions on compact disks
in [8]. In these works the order of convergence and Voronovskaja-type theorem with quantitative estimate
of these operators and the exact degree of its approximation were given. In [16],[17] the approximation
properties of g-Baldzs-Szabados operators are studied.

Recently, Mursaleen et al [12] applied (p, g)-calculus in approximation theory and introduced (p, 9)-
analogue of Bernstein operators based on (p, g)-integers. Hence g-calculus is extented to (p, q)-calculus in
approximation theory. In [11], [13], [14] and [15], (p, g)-analogue of some well-known operators and (p, 9)-
analogue of Lorentz polynomials on a compact disk are introduced and studied approximation properties.

Inspired by these works, we study (p, g)-analogue of Baldzs-Szabados operators and investigated some
direct and weighted approximation properties of these operators. Moreover, we give the degree of asymp-
totic approximation by Voronoskaja type theorem. We also show the convergence of the (p, q)- Baldzs-
Szabados operators to some functions by using graphics.

In order to introduce (p,q)— analogue of Baldzs-Szabados operators, we begin by recalling certain
notation of (p,q)— calculus. Let 0 < g < p < 1. For each nonnegative integer n, k, n > k > 0, the (p, q)—integer
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[n],,4, (p,q)— factorial [n], ! and (p, g)—binomial are defined by

p'-q"
[n],, = ,
P p-q
[ I, n-11,,..21, n>1
[n],! = { P L P b

and

[ n ] - [n]pq' '
kil [ = klp o' [k, 4!

Note that if we take p = 1 in above notations, they reduce to g—analogues. Further,

n N Ghoken ke[ n n—kik _n—
ety = YT ] oty o
k=0 PA

(ax +by),, = (ax + by) (pax + qby) (pzax + qzby) (p”’lax + q”’lby) .

2. Construction of Operators and Auxiliary Results
Considering (1) we set the basis function for (p, g) —analogue of Balazs-Szabados operators by
n
(=k)(n-k-1)  k(k-1) n
(1 +ayx),, = Z p 7 q° [ 3 ] (anx)", 2)
k=0 pA

wheren € N,0<g<p<1,a,:=[nl, for0<p<2.
We introduce (p, q) —analogue of Balazs-Szabados operators as

n k]pq (n— k)(rz—k ) kKD n k
npq(f X) 1+llnx) Zf( k— 1b ) qg 7 [ k ]pq(anX) ’

where f : [0,00) — R is a continuous function, 0 < g <p <1,n € N, x € [0,00) and a, = [n]pq , [n]ﬁ/q
such that0 < < 2.

Lemma 2.1. Let 0 < g <p < 1andn € N, we have

Rn,p,q (Lx) =1, 3)
X
R Lx) = —————, 4
o 69) = e @
P [’;_]1]%4 X2
X q [n
Rupy (257) = . , 5
np,q ( x) bn (pnfl + qnfla”x) (pn—l + q”*la,,x) (pn—Z + qn72anx) ( )
2, 2p\[n-1, o
Rupa (Fix) = - ¥ (%) s
npq\* s - b721 (P”% + qn71QHX) by, (pn—l + qn_lﬂn.X) (Pn—Z + qn—Zanx)
p? =1l [n-2,, 3
P 3, ©)

+ (pn—l + qn_lﬂnX) (pn—2 + qn—zanx) (pn—3 + qn—3anx)’
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SN ) OOV
X 7 7 q [”]p,q
by (p=' + g lagx) by (pt 4 g ) (P2 + g 2a,x)
(ﬁ + 2p* ) [n—1],4n-21,,
P g [T,

bn (pn—l + qn—lanx) (pn—Z + q”‘2unx) (pn—S + qn—Sanx)
r (1104 [1=2]4 1314 X
P [,

T ) (7 4 20 (P 4 g 0a) (0 )

Rupq (t4 ; x)

x3

Proof. Considering (2), we get easily R, ; (1;x) = 1.

n
x =Rk e [ =1 -1 _\k-1
Rupg (63) = Y et 0| ()
-1\ 4= S
I+l ) = "

= (ps +q [n]g;ll x)

Using identity [k],, = 4 + p [k — 1], ,, we obtain

n

k-1
1 77 +plk=1ly whesn wn] n—1 S1 Nk
Rupa(F3x) = 5 p-1 gt L [ k-1 Lq([n]’ﬁ”q )
g} (p "+ [nly, x) = -
x_
[ S ok enea | n— 1 -1 _\k-1
I o1 ZP o [ k-1 Lq([nlm x)
1_{) (p gy, x) = ’
o=
pln-1],, »
q [n]p;q . -Ho-k-1) =263 [ 1 —2 g-1 \k=2
= - ZP g [ k-2 Lq([n]rw x)
Ho<ps e nlyy x) =2 ,
s=l
pln-thy o
X q T, *

b” (pn—l + qn_lﬂnX) + (pn—l + qn—lanx) (pn—Z + qn—2anx)’

=

X
[n] n-hm-k-1) k-2 1 —1 _ k-1
3. _ pa p-1
Rupa (£5%) = 5 - 2 [ k-1 ] (Il %)
(et )

7 ) mF Rk k263 [ 11— 2 -1 _\k=2
+ pA Zp 2 q 2 [ k—2 ] ([n]gq x)
1z
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3 [n-1], ,[n-2]
r A pa x3

P [”]E,q - n-Hn-k-1) =369 [ 1 —3 p-1 _\k3
= p-1 kz;‘p T [ k=3 ]pq([n]p’q 9
s s = ;
}})(p +q° [n],, x)
X S ooy e | n—1 k-1
n—k)(n—k— —1) (k- —_ —1 —
B (t4;x) ) [’ (p=1 + gn—1a,x) ZP S [ k-1 ]m ([n]ﬁ,q x)
pAa n k=1 ,
(242 + )l
7 7 q [n];;zp z n-Ron-k-1) k=23 1 — 2 p-1 k-2
: p7 g9 [ _ ] [n],, x
[T (p" + g Ja,x)
j=1
(E ﬁ) [1=1]p4[1-2],4 P
7 q* [n]f);ﬂ (n_k)(# (k—3)z(k—4) n-3 -1 k-3
t—3 4 4 p q k-3 ([”]M x)
1 +qiax) &
j=1

p® [n=14[n=2],4[n=35 4
—_— X n

‘7_5 [n]3, n-kon-k-1) =3k [ 1 —4 1 \k—4
+ ; pa Zp 2 q 2 [ k—4 ] ([}’Z]g,q .X') .
[T (p" + " ayx) =4 .
j=1

Considering (2) in the last two equalities, the proof of lemma is completed. O

Corollary 2.2. By simple applications of Lemma 2.1, we have the following central moments

_pn-1 n—
(1 P )x 9" X2, (8)

R t—x;x) = -
n,p,q( 4 Pn—l + q"‘lunx pn—l + qn—lanx

p =1,
X q [nly,

bn (Pn—l + qn_lﬂnX) + (pn—l + qn—lanx) (pn—Z + qn—Zanx)

Rn,p,q ((t - X)2 ; X)

2 1}x2, ©)

pn—l + qn—lanx

3 2 —
Pt ) [l
x (ﬂ3 7 q) [y

+
by (p=t + g anx) | b (p T+ g ) (2 + g a)

P

Rn,p,q ((t - X)4 ; X)

by (P + g a,x)
(10)
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2t 3_;,3) [n-11,,,ln-21,,,
( i nE,

q4 q3
by (7 4 4 1a) (772 4 4 20,0) (070 + 4 0,)

7o) e
4(qz + q) [”]pn,qn 6 3

Tl (P + 01 a,%) (P72 + ' 2a,) " 01+ g [

+

p_5 [n—1], 4[n-2], ,[n-3], ,
P [,

+ (pn—l + qn—lanx) (pn—Z + q"‘2unx) (pn—S + qn—Sanx) (pn—4 + qn—4anx)

4;7_3 [n—l]V,q[n—Z]p',,

P [,

G a0 (72 + 0 (7 + )
p =11,

q T, 4 4
+ - +1ah 11
P+ ) (4 g Rax)  p g ay [ o

Proof. Using Lemma 2.1, we immediately have the central moments. []

Remark 2.3. In order to obtain the order of convergence for the operators Ry, 5, we take g, € (0,1) and p, € (qx,1]
such that limy, e pn = limyeo (Pn)" = limy—eo g = 1 and limy,,e (94)" = c with 0 < ¢ < 1. Then limy e 4, = 0
and limy, e bl = 0. Such sequences can always be constructed. For example, we can take p, = 1- % and g, =1-1,

clearly lim, . (q,)" = ¢! and lim, e (p,)" = 1.

Theorem 2.4. Let (p,) and (q,) be the sequences defined as in Remark 2.3. Forall f € C[0, co) we have R, 4, (f; X)
converges uniformly to f with respect to x € [0, a].

Proof. For a fixed a > 0, we consider the lattice homomorphism H, : C[0, ) — C[0, 4] defined by H, (f) :=
f loa) for every f € C[0, ). From Lemma 2.1, for m = 0,1, 2 lim;, o Ry, 4, (t"'; X) = X uniformly on [0, 4] .
By the universal Korovkin type property, we obtain, for all f € C[0,c0), lim, 0 Ry; , 4, (f;x) = f (x) with
respect tox € [0,a]. O

3. Local Approximation

In this section, we give some local results for the operators R, , ; (f; x).
Let Cp [0, 0) be the space of all real valued continous bounded functions defined on [0, o). The norm

on the space Cg [0, o) is the supremum norm || f ” = SUP,[0.c0) | f (x)). Also, Peetre’s K-functional is defined

by
b

where W2 = {g € Cp[0,): g, 9" €Cg[0, oo)}. By [4] (p.177), there exist a positive constant C > 0 such that

Ka(f,0) = int {[If =gl + 0"

Ky (f,6) < wa(f,6'2),5 >0, (12)
where
w2 (f,6") = sup  |f(x+20)=2f (x+h)+ f ()

0<h<6'/2,x€[0,00)

is the second order modulus of continuity of function f € Cg [0, o).
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Further, the usual modulus of continuity is defined by

o(f,6")=  sup |fx+h)-f).

0<h<51/2,x€[0,00)
Now, we can give the following local theorem:

Theorem 3.1. Let (p,) and (q,) be the sequences defined as in Remark 2.3 and f € Cg[0, ). Then for all n € N,
there exist a positive constant C > 0 such that

[Ropg, (F50) = f ()] < Cn (£,00 (@) + @ (f, 0 (),
2
where 62 (X) = Ry p, q, ((t - x)? ;x) + (Rn,pmq” (t—-x x)) and a, (x) =
|R,,,pmq” (t-x x)|. Ripg, (t=2x;x) and Ry p, 4, ((t —x)?; x) are given as in Corollary 2.2.
Proof. For x € [0, o0), we introduce the auxiliary operator as follows:

R; (f}x) = Rn,pn,q,, (f}x) + f(x) - f(én (X)),
(1=pi " )x=q @
[TRETTRIE:

Ry(t=xx) = Rup,g, t—xx)— (& (x) —x)
= Rup,g EX) = xRy p, 0, (LX) = & (x) +x
= 0

where &, (x) = x + . Using Lemma 2.1, we obtain

Let x € [0, 0) and g € W2. Using the Taylor formula
t
g =g@)+g ) (t-x)+ f(t —u) g (u)du.

Applying R}, to on both side of the above equation, we get

Ry (g(t);x)—g(x) R;, ((t -x)g (x);x) +R;, [f (t—u)g’ (u) du;x]

X

t
g ()R, (t— %) + Riyp, g, [ f (t—u) g’ (u)du; x]

Enlx)
- f (&0 () = 1) g () du

X

t En(x)
= Rupoar [ f (t-u)g (u)du;x]— f (En () — 1) g (u) du.

X X

On the other hand,
t

f(t —u) g (u)du;x

X

IA

t
flt — ul |g" (u)) du

t
< (o] [ 1e- wid < 622 5|

A
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and
‘En ('x)

f (&0 () — ) g () du

IN

(& () =0 ||g”]|

(Rupq, (t =5 x))2 llg”I-

Therefore, we can write

; &)
IRy (7:2)-g9@)| < [Rupoan [ f (t-wyg" (wdu; x] + f (E&n (¥) = u)g" (u)du
< {Rﬂ,pm% ((t - X)2 ,'X) + (Rn,p,,,q,, (t - X x))z} ”!7””

5, () [lg”][-

Considering Lemma 2.1, we have also

Ry (£i0)] < |Rupug, (F0|+|f @]+ |f & )]
< Rupog (If]:%) + 2|17
< Rupoa, @GO|F] + 2] A]
= 3|1l
Therefore,
Rupa ()= f@)] < R (fF=g:%) = (f = 9) @] + |f (& @) = £ @] + |R; (7:%) — 9 ()]
< R (F=g:0)| +[(f - 9) @) +|f (€0 () = f @) +|R;, (g:%) — 9 ()|
< 4|f gl +ofian @)+ 6@ |lg|-

Taking the infimum on the right hand side over all g € W?, we obtain

Rup, g, (fi) = f ()] < 4Ka (£;62 () + @ (f aa (1))

By the inequality (12), we obtain the desired result. [

Let E be any subset of [0, ) and a € (0, 1]. Then Lipy, (E, @) denotes the space of functions f € Cp [0, )
satisfying the condition

|f(H) - f()| < Myt —x*, ¥t € Eand x € [0, 00),
where My is a constant depending on f and E denotes the closure of E in [0, o).

Theorem 3.2. Let (p,) and (qy) be the sequences defined as in Remark 2.3 and f € Cg [0, 00) N Lip, (E, ), a € (0, 1]
and E is a any bounded subset of [0, 00). Then, for each x € [0, 00), we have

IRopa, (f3%) — £ ()] < My {(yn,p,,,% @) 20, E))a} ,

where Uy p, 4, (X) = Rup, g, ((t ~x) ;x) is given as in Corollary 2.2. Here My is a constant depending on f and d (x, E)
is a distance between point x and E that is

d(x,E) =inf{|t — x| : t € E}.
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Proof. Let E denote the closure of the set E. Then there exists a xo € E such that |x — xo| = d (x, E), where
x € [0, ). Thus we can write

lf ()= F@)| <|f &) = f o) +|f (x0) = £ ()]

Since Ry, 4, is a positive linear operator, for f € Lipy, (E, ), we get

|Rn,pnrqn (fr x) - f (x)| < R”:Pn/% (f (t) - f(xo) ,x) + R”/Pmﬂn (f (xo) _ f(x) ,x)
< My (Rn,pn,qn (It = xo|*; x) + |x — x0|“)
S Mf (R”,Pnr'in (lt - x|l¥ /x) +2 |x - x0|a) .

In the last inequality, using the Holder inequality with p = 2/a and g = 2/(2 — ), we have
[2% 1/ a
Rupoa (F:2) = F )| < Mg {Rup, g, Ut =620} (Rup,q, (12017 +2(d (x, E)))
a/2
M, ((Rn,,,n,,,,l (¢ =022)" +26 E))“)

M (ppog, ()" + 200 (5, B)").
This completes the proof of the theorem. [

IA

IN

IN

4. Voronovskaya Type Theorem

Theorem 4.1. Let f € Cy[0,0) be such that f, f* € Cg[0,00) and the sequences (p,) and (q,) be defined as in
Remark 2.3. Let

n=lim b, (1= (p,)"")
and

o= limb,

(&w

) n—2+ 2n—3),
g I, TP

where b, = [n]ﬁmq” for 0 < B < 1. Then we have

lim b, (Rupg (fi0) = f () = mxf () + %x(ax +1) f (%)
uniformly on [0, a] for any a > 0.

Proof. By the Taylor formula, we can write

fFO=F@+f (x)(E-x+ %f” () (t=x)* +7(tx) (t—x)?, (13)

where 7 (£, x) is the remainder term and lim;_,, 7 (£, x) = 0.
Applying R, p, 4. (f; x) to (13), we get

bn (Rupy g (i) = F()) = BuRup,gq, (t=2);2) f (x) + %ban,p,,,% ((t=27%) f* ()
+byRop, g, (7 (£,2) (= x)7 ;).

Using Cauchy-Schwarz inequality, we have

Rn,p,,,qn (7 (t,x) (t - x)2 ;x) < \/Rn,p,,,qn (2 (t, x); x) \/Rn,pn,qn ((t - X)4 ;x) . (14)



E. Yildiz Ozkan, N. Ispir / Filomat 32:6 (2018), 2257-2271 2265
It is clear that 2 (x,x) = 0 and #2 (., x) € C[0, o). In view of Theorem 2.4,

lim Ry, 4, (r2 (t, %) ;x) =7 (x,x) =0 (15)

n

uniformly on [0, a].
Also, considering Corollary 2.2, lim;, e Ry, 5, 4, ((t - x)4 ;x) =0.
Now, from (14) and (15), we obtain

L (r(t, ) (t - 0)%;x) =0, (16)
On the other hand, we compute the followings for 0 < f < %

lim B, Rp,, (6= ;) = 11, a7)
and

lim Ry p, 4, ((t - x)° ;x) =x(ox+1). (18)

Finally, from (16), (17) and (18), we get the required result. This complete the proof of theorem. [
Remark 4.2. We can find such sequences satisfying the condition of Theorem 2.4. For example, we take p, =1 — %
and g, =1 -1, s0 we can see that n = 0 = o.

5. Weighted Approximation

The weighted Korovkin type theorems was proved Gadzhiev [6].
Let p (x) is a continuous and increasing function on [0, o0) satisfying p (x) > 1. B, [0, o) denotes the set of

all functions f from to IR, satisfying | f (x)| < M¢p (x), where My is a constant depending on f. B, [0, ) is a

normed space with the norm ” f ||p = SUP,¢[0,00) |J; g;' . C*[0, o) denotes the subspace of continuous functions
in B, [0, c0) for which lim, e %—3' exists finitely.

Now, we give the weighted approximation for the operators R, 4, (f) -

Theorem 5.1. Let (p,) and (q,) be the sequences defined as in Remark 2.3. Then for f € C*[0,00), we have
lim, e ”Rn,p,,,qn (- f“P1 =0, where p; (x) =1+ x*, A > 4.

Proof. From (3) in Lemma 2.1, it is obvious that lim,,_,c ||Rn,pmqn (e0) — eo”pl = 0. Using( 4), we see that

-1 -1,2
(1 -V )x — Apqpy X
P+

|Rn,pn,qn (t;x) = x‘

n—1 —
(-p)x g
n-1 n-1 + n-1 n—1

P = tqn X Pn ot gn anX

1- n—1 n—1
Pn X+a, n ¥,
n—1 n—1
Pn n
then we have
n—1 2 n—1
X —Pn In
[Ripua, (1) 1| < sup ——=—""—+ sup

Pnln = _ n —
m x€[0,00) 1+ xA PZ ! x€[0,00) 1+ x/\ Pn !
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Therefore,

lim [[Ry, g, (1) = er]|, = 0.

n—oo

Using (5), we have

1 Pn [ _ 2n=3
Gn [y, n
Rupoi (tz;x)—xz — 1 1 x4 1 [ 1 P - - 2
bo(ppt + gy ax) (Pt + g ) (pi72 + g 2aux)

(i i = P2 )

_ 3
(i + @) (P + g 2a,)
2n—3 2

a
_ q‘rl n x4‘

(i7" + g aux) (P2 + g 2a,)
Applying triangle inequality, we get
2 ) 2n—3

2.} _ 42 1 G Tl Pr ,
i (Pi7) =] < ( +qan) (i g ) (i g 2a)

(Pt = pr2gi ) a,

3
(Pi + g ) (P2 + g 2a)
. i “
(i + g aux) (P + g3 2a,)
Pn [nilll"mﬂn 2n—3 — _ — _
1 I [l n — P ’ (Pﬁ e i 1)‘171 5
= b n—1 x 2n—-3 X+ 2n—-3 x
len pn pn
pi
1 1 le [n - 1]pn/qn 2
= g 23 o —1)x
b"pn Pa n [n]pmqn
-2 n—1 2n-3
Gn = n 3, 00 24
+(—n2 + n_l)anx + S X
Pn Pn Pu
Hence,
X 1 x2 1 pﬂ [n - 1]Pn,q;;
Rup,q, (€2) — €2 < sup ———— + sup ( — -1
|| ,Pn ||p1 xe[0,00) 1+ x/\ bnp:ll—l 2e[0,00) 1+ x)\ P%H—S Gn [n]pnm]n

3 n-2 n-1 4 2n-3
x x
+sup s (qz_z + qZ_l)an +sup —— qgn_Bai.
xef0,e0) LT XTA\PLTT ph xef0,00) + T X Py

Then we have

lim ||Rn,,,”,qn (e2) — ez||p1 =0.

n—oo



E. Yildiz Ozkan, N. Ispir / Filomat 32:6 (2018), 2257-2271 2267

Now, we aim to estimate the weighted rate of convergence for the operators R, 4, (f). For every
f € C*[0, ), we would like to consider a weighted modulus continuity Q (f, ), which tends to zero as
6 — 0. We consider the weighted modulus of continuity Q (f, ) as

B |f G+ k)= f ()]
Q(f,0) = 0;;};20 A+ A+
for each every f € C*[0, o).

Theorem 5.2. Let (py,) and (q,) be the sequences defined as in Remark 2.3. Then for every f € C*[0, o), we have
the inequality

IR (F) = £l < M (1, p0,3:) (£, ),

where py (x) =1+ x",A > 5and M (n, pn, qn) is a positive real number depending on n, p, and q.

P2

Proof. From definition of Q (£, 0), we can write

|t — x]

- f@| < (1+22)(1+ (- x)z)(l + T,x)Q(f,é).
Applying Ry, 4, to the last inequality, we get

Rupoa (fF B0 = f@] < Q(F0)(1+22) {Rupyq, (1+ (¢t - 2)7;x)

|t — x|
#Rupa (14 ¢ = 27) S5 (19)
and also, applying the Cauchy-Schwarz inequality in the last term of inequality (19), we obtain
t—x 2 \\V/2? f-x? W\
Rupon, ((1 (- ?)! _ | ;x) < (Rn,pnm ((1 +(t-2?) ;x)) (Rn,pmq” (%x)) _ (20)
Using (9) in Corollary 2.2, we can write
& [n_llﬂn#m
q" [n]pn,q”
Rupp i (1 +(t- x)z,-x) < 1+ +
(Pt + gy ax) (ph 2 + g 2a,x)
— ZH + 1}x2 - &
Pn =ty anX b, (pﬁ‘l + qﬁ‘lanx)
n [n - 1] n/ln
< +( 213;7_ Pl 4 21+1)x2+i
pnn_ qn [n]P»u‘in pz_ bn
< My (1,pn,qn) (x +1)°. (21)

On the other hand, using (9) and ( 11)

Ropoa ((1 +(t— x)z)2 ;x) =1+ 2Ry p,q, ((t=2)7;%) + Rup,q, ((t = 0)* ;)

& [n_ll,vn,l]n 2 2
an [nly,, X
< 1+2 e +——————+ 12+
(pZ’l + qZ’la,,x) (p;’*2 + quzanx) Pn +qn anX b, (pﬁ’l + qﬁ’lanx)
3 2 n-1], .
p_g + 3;72” + 3pr1 [ ]Pnrlrz
X q qn qn [n]Fn/ﬂn 1 2
x

' b, (Pﬁ_l + qﬁ‘lanx) ’ by (Pﬁ_l + qZ‘lanx) (pﬁ‘z + qﬁ‘zanx) * b2 (pﬁ‘l + qZ‘lanx)
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(zpﬁ + ﬁ) [n_llr'n/ﬂn [n_zlﬁn/ﬂn

4 3 2
+ In In (150

bu (P + 4 1ax) (2 + " 2a,0) (7 + 4 3a,%)

P>, 2p\ [,
4(qz + q) []p,0 6

+ + X

b (1 + g5 an) (2 + @ 20ux) b (P + )

p_;jz [n-1 ]Pn An [n _Z]Pn An [n _3]Pn An
T [,

+

3

(pﬁ‘l + qﬁ‘lanx) (pﬁ‘z + qﬁ‘zanx) (p;“3 + qZ‘3anx) (pﬁ‘4 + g ta,x

4173 [n-1] Pn n [n_zlpnﬂn

2
q" [11 ]Pn An

' (Pﬁ_l + qz_lﬂnx) (pﬁ‘z + qZ‘Zanx) (pﬁ‘3 + q,';‘3anx)

& [n_l]!’n/ﬂn
Gn [y 0 4
+ i + +14x%

N - N _ 1, 1
(pﬁ Lygn 1anx) (pZ Zigt 2anx) Pu +qn anX

IA

2x X 1 pn [n— ]pn Gn 4
1+ + +
buppt B! { P [l p
1 Pn + % 3pn [ - 1]p,,,q,l 1 >
T\ O A U PP i

Ylpl’l
20t 3p3\[n-1], ., [n—2]
+{ 1 ( P + Pn) Putn Poiln

b p3n -6 3 [n]Zn "

a9
2p,\ [n —1]
- in : (pn L2 ) putn 6n_1}x3
p q}’l qn [n]pmqn bnpn
1 Pn [n— 1]11,1,% [n— Z]pn,qy, [n— 3]Pn,%
P gy [n]3,
4 pn [n 1]pn In [n 2]}7,, An
P g (12,
n-1
i 26 . pn [ ]pmqn + 4_1 4 1}x4
Pnn n [n]p”,qn pz
My (1,0, Gn) (1 + x + 2% + 27 + x%)
< My (1, pu gn) (x +1)F.
And also,

IA

1/2
t— x)? 1 1 1 pyn-11, .
(Rnrpn,qn (%J)) <—(x+1) — + —— Pu P
0 0 bupy parsqn  [nly, g

Applying (22) and (23) in (20), we obtain

2
pit

2268

(22)

(23)

1 pn (n—1l,4,

Rup,a, ((1 +(t—) ) ) < %\/Mz (1, P, Gn) (x +1)° \/

2n 3 In [n]lﬂmqn

Pn

2
—+1. (29
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Choosing M (1, pu, qn) = (M1 (1, Pn, qn) + VM2 (1, pn, qn)) M3, where

2 3 _
M3 = sup, g %, A>5and o6 = \/ LU T 7k 7 2. +1 and using (21) and (24) in

s M VT, v

(19), we obtain
”Rn,pmqn (f) - f”pz <M (n,pn, 90) Q(f,0),

which completes the proof of the theorem. [J

We give some illustrative examples which show the rate of convergence of the operators R, 4, to certain
functions in the following examples:

Example 5.3. Let g, = (n — 1)/n,p, = (n* — 1)/n*,n = 50 and n = 150. In case of p = 2/3 and B = 1/4,
the convergence of the operators Ry, 4. (f,x) to f (x) = xsin(2x) is illustrated in Figures 1 and 2. It is clearly
that,increasing the values of n, the degree of approximation become better. We also observe that the convergence of the
operators to function is better for p = 2/3.

Figure 1: The convergence of Ry, 4, for p =2/3.
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Figure 2: The convergence of R, p, 4, for g = 1/4.

Example 5.4. We will examine a comparation of the convergence of Baldsz-Szasz operators R,, (f; x) , q- Baldsz-Szasz
operators R, ; (f; x) and (p, q)-Baldsz-Szasz operators Ry, 4 (f; x) to certain functions. For n =5, g = 0.80,p = 0.90
andn =15,4 = 0.90,p = 0.95 with § = 2/3, convergence of the operators the above-mentioned to f (x) = x +sin (3x)
and f (x) = 1 + 5sin (3x) are illustrated, respectively, in Figures 3 and 4.

351

304

251

204

Rn
Rn
unction
poRn

Figure 3: Comparation of convergence of the operators Ry, R4 and Ry, 4 to f for n = 5,4 = 0.80 and p = 0.90.
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25

15

10

Figure 4: Comparation of convergence of the operators Ry, R4 and Ry 4 to f for n = 15,4 = 0.90 and p = 0.95.
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