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Graded Diextremities

Ramazan Ekmekgi®

?Canakkale, TURKEY

Abstract. In this paper, the concept of graded diextremity is defined on textures as a generalization
of diextremities on textures and some properties of graded diextremity are obtained. It is shown that
each graded diuniformity generates a graded diextremity and each graded diextremity genarates a graded
ditopology. Moreover, the relations between graded diextremities (resp. graded diuniformities, graded
ditopologies) and diextremities (resp. diuniformities, ditopologies) are investigated in basic categorical
aspects.

1. Introduction

The concept of fuzzy topological space was defined in 1968 by C. Chang as ordinary subset of the family
of all fuzzy subsets of a given set [8]. As a more suitable approach to the idea of fuzzyness, in 1985, Sostak
and Kubiak independently redefined fuzzy topology where a fuzzy subset has a degree of openness rather
than being open or not [12, 17].

A ditopology (7, x) on the discrete texture (X, P(X)) gives rise to a bitopological space (X, 7, k). This link
with bitopological spaces has had a powerful influence on the development of the theory of ditopological
texture spaces, but it should be emphasized that a ditopology and a bitopology are conceptually different.
Indeed, a bitopology consists of two separate topological structures whose interrelations are studied,
whereas a ditopology represents a single topological structure.

Ditopological texture spaces were introduced by L.M. Brown as a natural extension of the work on
the representation of lattice-valued topologies by bitopologies in [11]. Ditopology is more general than
general topology, bitopology and fuzzy topology in Chang’s sense. An adequate introduction to the theory
of textures and ditopological texture spaces may be obtained from [2-6, 18]. G. Yildiz and R. Ertiirk
have introduced diextremity as an extension of proximity in the sense of [13] to the texture spaces and
investigated interrelations between these two structures in [20].

Recently, L.M. Brown and A. Sostak have presented “graded ditopology” on textures as an extension
of ditopology to the case where openness and closedness are given in terms of a priori unrelated grading
functions [7]. Graded ditopology is more general than ditopology and fuzzy topology in Sostak’s sense.
Two sorts of neighborhood structure on graded ditopological texture spaces are presented and investigated
in [9].
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The main aim of this work is to generalize the structure of diextremity in ditopological texture spaces
defined in [20] to the graded ditopological texture spaces and to obtain fundamental properties of interre-
lations of these two topological structures; an other aim is to investigate graded ditopologies generated by
graded diextremities and graded diextremities generated by graded diuniformities. In addition, the final
intention is to study basic categorical perspective of this new structure.

2. Preliminaries

Ditopological texture spaces: ([4]) Let S be a set. A texturing S on S is a subset of £(S) which is a point
separating (i.e. foralls,t € S, s # t there existsaset A € Ssuchthats€ A, t ¢ Aors ¢ A, t € A), complete,
completely distributive lattice with respect to inclusion which contains S, @ and for which meet A coincides
with intersection () and finite joins \/ with unions | J. The pair (S, S) is then called a texture or a texture
space.

In general, a texturing of S need not be closed under set complementation, but there may exist a
mapping o : S — § satisfying 0(6(A)) = Aand A € B = d(B) C 0(A) for all A,B € S. In this case o is
called a complementation on (S, S) and (S, S, 0) is said to be a complemented texture. A complementation
o on a texture (S, S) is called “grounded” [16] if there is an involution s = s” on S such that o(Ps) = Qs and
0(Qs) = Py (s" will be denoted by o(s)) for all s € S and in this case the complemented texture space (S, S, o)
is called “complemented grounded texture space”.

For any texture (S, S), many properties are conveniently defined in terms of the p — sets

P,=()lAeS|seA)
and the g — sets
Q=\/tAeSIs¢Al=\/IP.lueSs¢P,.
For aset A € S, the core of A (denoted by A") is defined by
A =(UJatiennatiencs A=\ tailien}

Let (S,8) and (V,V) be textures. Py, @(s,v) will denote the p-sets and g-sets for the product texture
(SXV,P(S)®V)and 1_3(1,,5), é(m) will denote the p-sets and g-sets for the product texture (V x S, P(V) ® S).

Theorem 2.1. ([4]) In any texture (S, S), the following statements hold:

1.sgA=>ACQ; ﬁse‘Abforallses,AeS.

A’ =1{s|AgQslforall AeS.

ForAj € S, j € | we have (\/je]A]')b = UjE]A?.

Ais the smallest element of S containing A” for all A € S.

For A,B € S, if A L B then there exists s € S with A £ Qs and Ps € B.
A= Qs |Ps & Alforall AeS.

A=V(Ps|AZL Qs forall AeS.

NG LN

Definition 2.2. ([4]) Let (S, S) and (V, V) be textures. Then
(1) r € P(S) ® V is called a relation on (S, S) to (V, V) if it satisfies
R1 7€ Qo Py € Qs = 7 L Qe -
R2 r ¢ Q) = 35’ € Ssuch that Ps ¢ Qv and r & Qg .-
(2) R € P(S)® V is called a co-relation on (S, S) to (V, V) if it satisfies
CR1 Py € R, Ps & Qy = Py £ R.
CR2 Py € R = 35’ € Ssuch that Py ¢ Q; and Py 5y & R.
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(3) A pair (r,R), where r is a relation and R a co-relation on (S, S) to (V, V) is called a direlation on (S, S)
to (V,V).

The direlations can be ordered as follows: for direlations (p, P), (3,Q) on (S,S) to (V,V) it is written
(p, P) E (g,Q) if and only if p € g and Q C P. Moreover, it is defined in [14] that

png= \/{p(s,v) | At € SwithPs £ Qrand p,q € é(m)},

P L Q = ﬂ{é(sﬂi) | dt € S with P; ¢_ Qs and ﬁ(t,v) ¢— P, Q}r

(P, P)N(q,Q=@pngPUQ).

For a texture (S,S),i = is = \/{1_3(5,5) |s € S}isarelationand I = Is = ﬂ{é(s,s) | s € S} is a co-relation on
(S,8) to (5,8). That s, (i,I) is a direlation and we call it the identity direlation on (S, S).

Let (1, R) be a direlation on (S,S) to (V,V). The inverses of r and R are defined respectively by r~ =
m{é(v,s) |r & é(s,v)} and R = \/{I_D(U,S) | 1_3(5,1)) ¢ R} where R is a relation and 7 is a co-relation on (V, V) to
(S,8). The direlation (r, R)~ = (R, 1‘_) is called the inverse of (r, R). B

ForAe S, mmA= Qv Vs, 1L Qup = A S Qs}is called the A-section of rand R7A = \/{Py | Vs, P(s0) €
R = P; C A} is called the A-section of R. _

ForB e V,r B = \/{Ps|Yv,r € Q) = Po € B}iscalled the B-presection of rand R™B = (UQs Vv, Py €
R = B € Q,} is called the B-presection of R.

The family of direlations on a texture space (S, S) will be denoted by D%; or if there is no confusion just
by DR.

For a direlation (d, D), d”P; and D™ Q; will be denoted by d[t] and D[¢] respectively.

Lemma 2.3. ([4, 19]) Let r,r1, 7 be relations, R, Ry, Ry co-relations on (S,S) to (V,V) with r1 C rp, Ry € Ry and
take A, A1, Ay € S with A1 C A,, take B, B1, B, € V with By C B,.
(1) r¢& @(s,v) = 1_3(0,5) Z r~ and ﬁ(s,v) R R ¢ @(U,s)for allse S,veV.
(2) (r)" =rand (RT) =R
(3) For a second direlation (m, M) from (S, S) to (V,V), (r,R) E (m,M) & (r,R)” E (m, M)~
4) ~0=0,ACr(r"A), (" B)CB
(5) R?°S=V,R“(R”A)C A BCR”(R"B)
(6) T?Al - T’;A2, RfAl c R?Az, T;Bl c TTBz, R;Bl - RTB2
Proposition 2.4. ([4]) For a direlation (r,R) on (S, S) to (V, V) we have 1~ (V et Ai) = Vit ¥~ Ai, R7 (it Ai) =
Nict RT A, r“(ﬂie] Bj) = mjel r~Bjand R‘_(\/]»E] B)) = \/jelR‘_B]-for any A€ S,BjeV,iel, je].
Definition 2.5. ([4]) Let (S, S), (V,V) and (Y, Y) be textures.
(1) If p is a relation on (S, S) to (V,V) and g is a relation on (V,V) to (Y, V) then their composition is the
relation g o p on (S, S) to (Y, Y) defined by
gop=\/{Puy|Toe Vwithp ¢ Qe and q & Q)
(2) If P is a co-relation on (S, S) to (V,V) and Q is a co-relation on (V, V) to (Y, Y) then their composition
is the co-relation Q o P on (S, S) to (Y, V) defined by
QoP=()(Quy | Fv €V with Py & Pand Py ¢ Q).
(3) The composition of direlations (p, P) and (g, Q) is the direlation (g, Q) o (p, P) defined by (7, Q) o (p, P) =
(qop,QoP).

Also it is shown in [4] that the composition of direlations is associative and [(g, Q) o (p, P)]” = (p, P)" o

(7,Q°.
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Definition 2.6. ([4]) Let (f,F) be a direlation from (S, S) to (V,V). Then (f,F) is called a difunction from
(S, 8) to (V, V) if it satisfies the following two conditions:

(DF1) Fors,s' €S,Ps ¢ Qy = Fv € V with f € Q) and Py ) Z F.

(DF2) Forv,v' e Vands €S, f ¢ Q. and Py € F = Py & Q.

It is clear that (is, Is) is a difunction on (S, S) and we call it the identity difunction on (S,S). Texture
spaces and difunctions form a category denoted by dfTex [4].

Proposition 2.7. ([4]) For a difunction (f,F) on (S, S) to (V, V) we have f ~B = F~B for each B € V.

Definition 2.8. ([5]) A dichotomous topology, or ditopology for short, on a texture (S, S) is a pair (7, k) of
subsets of S, where the set 7 of open sets satisfies

(T1) S,0er
(Ty) G1,GoeT=GiNGyeT
(T3) GieT/ielﬁ\/iGjGT

and the set x of closed sets satisfies

(CTy) 5,0 e«
(CTz) Ki,Kbyex=>K UK, ek
(CT3) Kiex,iel = ;K ex.

Thus a ditopology is essentially a “topology” for which there is no a priori relation between the open and
closed sets. When a complementation ¢ on (S, S) is given, (7, k) is called complemented if x = o(7).

Definition 2.9. ([5]) Let (Sk, Sk, T, k), k = 1,2 be ditopological texture spaces and (f, F) : (51, S1) = (S2,S2)
a difunction. (f, F) is called continuous if

FTAer1y, forallAe 1,
and cocontinuous if
fTA €K, forall A € x,.

The difunction (f, F) is called bicontinuous if it is both continuous and cocontinuous.
Theorem 2.10. ([5]) Ditopological texture spaces and bicontinuous difunctions form a category denoted by dfDiTop.

Diuniform texture spaces: ([15]) Let (5, S) be a texture and U a nonempty family of direlations on (S, S),
ie. 0 # U C DRs. If U satisfies the conditions

(Uy) (,)E(d,D)forall (d,D) e U,

(Uz) d,D)eU, (e,E) € DR and (d, D) E (e, E) implies (e, E) € U,

(Us) (d,D), (e,E) € U implies (d,D)N (e, E) € U,

(Uy) Given for all (d, D) € U there exists (¢, E) € U satisfying (e, E) o (¢, E) E (d, D),
(Us) Given for all (d, D) € U there exists (¢, C) € U satistying (c, C)” C (d, D),

then U is called a direlational uniformity on (S, S) and the triple (S, S, U) is known as a direlational uniform
texture space. We will use “diuniformity” and ”diuniform texture space” instead of the terms “direlational
uniformity” and ”direlational uniform texture space” respectively.

Proposition 2.11. ([15]) Let (S, S), (V, V) be texture spaces, (d, D) a direlation on (V, V) and (f,F) : (S,S) = (V,V)
a difunction.
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1. For the sets
(f/F)q (d) = \/{ﬁ(smz) | Hpsl ¢ Qsi :ﬁ(si,vl) ¢F ,f ¢ é(sz,vz) = I_J(ULUZ) cdj
and

(£, B D) = [ {Quys0 | 3P, € Qs+ f L Q) Pl LF =D € Qoo

(f, B D) = ((f,F)""(d),(f, F)" (D))
is a direlation on (S, S).

2. (f, ) Yiv,Iy) = (is, Is)
3. (is,Is)"\(d, D) = (d, D) for all (d, D) € DRs.

Let (S, Sk, Ux), k = 1,2 be diuniform texture spaces and (f, F) : (51, S1) — (S2, S2) a difunction. (f, F) is
called U, — U, uniformly bicontinuous if (f, F)~'(d, D) € U, for each (d,D) € U,. The identity difunction
and the composition of uniformly bicontinuous difunctions are uniformly bicontinuous. So, the class of
diuniform texture spaces and uniformly bicontinuous difunctions between them form a category denoted
by dfDiU.

Diextremities: ([20]) Let (S, S) be a texture, 6%, 6° two binary relations on S. Then § = (&, 8") is called a
diextremity on (S, S) if

(E1) A6"Bimplies A #0,B # S.
(E2) (AU B)6Ciff A6"C or B6°C.
(E3) A6*(BNC)iff A6"B or A6C.
(E4) If A & B, there exists E € S such that A ¢ E and E & B.
(E5) A & Bimplies A C B.
(DE) A8'B & B&"A.
(CE1) AS"Bimplies A # S, B # 0.
(CE2) A8*(B U C)iff AS"B or AS"C.
(CE3) (AN B)S'C iff AS®C or BO"C.
(CE4) If A & B, there exists E € S such that A ¢’ E and E & B.
(CE5) A ¢ Bimplies B C A.

In this case it is said that 6” is an extremity and o' a co-extremity. Also, (S, S, ) is known as a diextremial
texture space.
Let 6 = (6%, &) be a diextremity on a complemented texture (S, S, o). Define 6 = (8%, ) by

ASB & o(A)5'o(B) and Ad’B & o(A)5(B)

where A, B € S. Then 6 is a diextremity on (S, S, 0). The diextremity 6 is said to be complemented if 6 = 6.

Let (S1, 81, 01) and (Sz, Sz, 02) be diextremial texture spaces and (f, F) : (51, S1) — (S2,S2) a difunction.
Then (f, F) is called extremial bicontinuous if it satisfies one, and hence both, of the following equivalent
conditions:

(1) C&, Dimplies f~C &, f~DforallC,D € S,.
(2) C& Dimplies f~C ¢ f~DforallC,D € S,.
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The identity difunction and the composition of extremial bicontinuous difunctions are extremial bicontinu-
ous. So, the class of diextremial texture spaces and extremial bicontinuous difunctions between them form
a category that we will denote by dfDiE.

For a diextremial texture space (S, S, 6) and for any A € S define

int(A) = ﬂ{Qs | P,6°A} and cl(A) = \/{Ps | Qs6%A).

Lemma 2.12. ([20]) The functions int : S — Sand cl : S — S have the following properties:

(1) A € int(B) implies 3s € S such that P;6°B and A € Q.
(2) Ps6"B implies int(B) C Q;.
(3) A & Bimplies A C int(B).
(4) cl(A) € B implies 3s € S such that Q;6"A and P ¢ B.
(5) Qs0"B implies Ps C cl(B).
(6) A& Bimplies cl(B) C A.
(7) int(A) = V{Ps | Ps f A}.
(8) cl(A) = NI{Qs 1 Qs & A).
(9) Ps & Bimplies Py C int(B).
(10) Qs & B implies cl(B) C Qs.

Theorem 2.13. ([20]) Let 6 = (8%, 6%) be a diextremity on (S,S). The function int : S — S with int(A) =
(WQs | Ps6"A, s € S} satisfies the axioms of interior operation and the function cl : S — S with cl(A) =
V{Ps | Qs6%A, s € S} satisfies the axioms of closure operation.

Each diextremity induces a ditopology: if we set the families ©(0) = {A € S| A = int(A)} and k() ={A € S|A =
cl(A)} then (t(5),x(0)) is a ditopology on (S,S). An extremial bicontinuous difunction is also bicontinuous with
respect to induced ditopologies.

If a complemented diextremity 6 on (S, S, o) is given then the ditopology induced by 0 is also complemented.

Graded Ditopological Texture Spaces: ([7]) Let (S,S), (V,V) be textures and consider 7,K : S —» V
satisfying
(GT) TS =70 =V
(GTz) T(Al) N T(Az) - T(Al NAy) VA1, A € S
(GT3) Njg TA) ST (VA YAj €S, je]

and

(GCT1) K(S) =K@ =V
(GCT,) K(A1) NK(Ay) CK(ALUA)VA,A e S
(GCT3) N K(A) S K(Niey A) VA €S, j € ]

Then 7 is called a (V,V)-graded topology, K a (V,V)-graded cotopology and (7, %K) a (V,V)-graded
ditopology on (S, S). For any ditopological texture space (S,S,7, K, V,V) and for each v € V let’s define
the families:

T°={AeS|P,CTA), K'={AeS|P, CK(A)).

Then (777, K”) is a ditopology on (S, S) foreach v € V. Thatis, if (S, S, 7, K, V,V)is any graded ditopological
texture space, then there exists a ditopology (77, K*) on the texture space (S, S) for eachv € V.

If (S, S, 0) is a complemented texture and (7, K) a (V, V)-graded ditopology on (S, S), then (K o 0,7 o 0)
is also a (V, V)-graded ditopology on (S, S). (7, K) is called complemented if (7, K) = (K 00,7 ©0).

Example 2.14. ([7]) Let (S5, S, 7, «) be a ditopological texture space and (V,V) the discrete texture on a
singleton. Take (V,V) = (1,P(1)) (The notation 1 denotes the set {0}) and define 79 : S — P(1) by
1(A) =1 & A € 1. Thent?isa(V,V)-graded topology on (S, S). Likewise, k¥ defined by x9(A) =1 & A€«
is a (V, V)-graded cotopology on (S, S) and (17, x9) is called the graded ditopology on (S, S) corresponding
to ditopology (7, x).
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Definition 2.15. ([7]) Let (Sk, Sk, Tr, K, Vi, Vi), k = 1,2 be graded ditopological texture spaces and (f, F) :
(51,81) = (52,82), (h,H) : (V1,V1) = (Va,V3) be difunctions. For the pair ((f, F), (b, H)), (f,F) is called
continuous with respect to (1, H) if

HTT2(A) CT1(FTA), forallAe S,
and cocontinuous with respect to (h, H) if
h™FG(A) S Ka(fTA), forallAe S,.

The difunction (f, F) is called bicontinuous with respect to (i, H) if it is both continuous and cocontinuous
with respect to (1, H).

Theorem 2.16. ([7]) The class of graded ditopological texture spaces and relatively bicontinuous difunction pairs (in
the sense of Definition 2.15) between them form a category denoted by dfGDiTop.

The graded dineighborhood systems of the graded ditopological texture spaces were defined in [9].
From now on, we will use dinhd, shortly instead of dineighborhood. To avoid a long part of preliminaries
we will give the following equivalent proposition instead of the definition.

Proposition 2.17. ([9]) Let (7, K) be a (V,V)-graded ditopology on texture (S, S) and N : S VS M:S— VS
be mappings where N(s) = N; : S — V for each s € Sb and M(s) = M, : S — V for each s € S. Then (N,M) is a
graded dinhd system of the graded ditopological texture space (S, S, 7, K, V,V) iff

NS(A)={ %?p{T(B):PsngAgQS,BeS}, ﬁé%ﬁ o

foreach s € S* AeSand

MS(A):{;; (K(B):P; ¢ ACBCQ,,BeS)}, g:éﬁ )

foreachs €S, AeS.

Theorem 2.18. ([9]) Let (7, K) be a (V, V)-graded ditopology on texture (S, S). If (N, M) is the graded dinhd system
of graded ditopological texture space (S, S, T, K, V,V), then the following properties hold for all A, A1, A, € S:
(1) For each s € S;

(N1) Ns(A) #0 = AL Qs

(N2) Ns(@) =@ and Ng(S) =V

(N3) A1 € Az = Ni(A1) € Ns(Az)

(N4) A1 N Az € Qs = Ni(A1) A Ns(Az) € Ns(A1 N Ay)

(N5) Ns(A) € sup{ Agepp Nv(B) : PBs CBCAEZ Q;,Be S}
(2) For eachs € S;

M1) M;(A)#0=>P; € A

(M2) M4(S) = 0 and M;(0) =V

(M3) A1 € Ay = M;(Az) € Ms(Ar)

(M4) M;(A1) A Ms(Az) € Ms(A1 U Ap)

(M5) Ms(A) C sup{Ayes\py Ms(B) : Ps LAC B C Qs,B € S}

Theorem 2.19. ([9]) If the mappings N : S* — VS, M : S — VS satisfy the conditions N1 — N4 and M1 — M4 in
Theorem 2.18, respectively, then the mappings Tn, K : S — V, defined by

Tn(4) = [ No(A) 3)
seAP

K(A) = () My(4) (4)
seS\A

where A € S, form a (V,V)-graded ditopology on texture (S, S).
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Definition 2.20. ([10]) Let (5,8), (V, V) be textures and DR = DR denote the family of all direlations on
(5,S). Amapping U : DR — V is called a (V, V)-graded diuniformity on (S, S) if it satisfies:

(GU1) U@d,D) #0 = (i,]) E (d,D) forall (d,D) € DR
(GU2) (d,D)E (e,E) = U(d,D) € U(e, E) for all (d, D), (e, E) € DR
(GU3) u(d, D) A U(e, E) € U((d, D) M (e, E)) for all (d, D), (e, E) € DR
(GU4) Y(d,D) € DR (e, E) € DR : U(d, D) € U(e,E) and (¢, E) o (¢, E) E (d, D)
(GU5) ¥(d,D) € DR 3(c,C) € DR : U(d, D) € U(c,C) and (¢, C) E (d,D)
(GU6) V{ud,D)|(d,D)e DR} =V.

In this case, (S, S, U, V,V) is called a graded diuniform texture space.

Example 2.21. ([10]) (1) Let (S5, S, U, V,V) be a graded diuniform texture space. Then the set U° = {(d, D) €
DR | P, C U(d, D)} # 0 is a diuniformity on (S, S) for each v € V.
(2) If U is a diuniformity on (S, S) then the mapping Uq; : DR — P(1) defined by

|1, @DeU
u“(d’D)‘{w, @,D) ¢ U

isa (1,P(1))-graded diuniformity on (S, S).

Definition 2.22. ([10]) Let (S, Sk, Uy, Vi, Vi), k = 1,2 be graded diuniform texture spaces and (f,F) :
(S1,81) = (52, 8,), (h,H) : (V1,V1) — (V,,V,) difunctions. If H(Uy(d, D)) C ul((f,F)‘l(d, D)) for each
(d, D) € DRg, then (f, F) is called U; - U, uniformly bicontinuous with respect to (1, H).

Theorem 2.23. ([10]) Graded diuniform texture spaces and relatively uniformly bicontinuous difunction pairs
between them form a category that we will denote by dAfGDiU.

Theorem 2.24. ([10]) Let (S, S, U, V, V) be a graded diuniform texture space. Then the mappings Ty, Ku: S = V
defined by

TuA) =) \/ 1d.D), Kua)= () \/ 1@, D) (5)

teAb d[t]CA teS\A ACDI[t]

where A € S, form a (V,V)-graded ditopology (Tw, Ku) on (S, S).

3. Graded Diextremities

In this chapter, the concept of diextremity on textures will be generalized to the graded case. Moreover,
the relations of this new structure with graded ditopologies and graded diuniformities will be investigated.

Definition 3.1. Let (S,S), (V,V) be textures and ¢%, ¢’ : S x S — V mappings. Then ¢ = (¢%, ¢) is called a
(V,V)-graded diextremity on (S, S) if for all A, B, C € S it satisfies:

(GE1) ¢“(A,B)#0=A#0,B%S

(GE2) ¢"(AUB,C) = ¢(4,C) V ¢*(B, C)

(GE3) ¢(A,BNC) = ¢(4,B) V ¢"(A, C)

(GE4) VA,Be STE€ S : ¢/(A,E)V ¢'(E, B) C ¢*(A, B)
(GE5) ¢"(A,B)#V = ACB
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(GDE) ¢”(A, B) = ¢%(B, A)
(GCE1) ¢!(A,B)#0=>A#S, B#0
(GCE2) ¢"(A,BUC) = ¢(A,B) V ¢%(A,C)
(GCE3) ¢"(ANB,C) =e(A,C) Vv e!(B,C)
(GCE4) YA, Be SAE€ S : ¢(A,E) vV ¢*(E,B) C ¢(A, B)
(GCE5) ¢/(A,B) # V = B C A.

In this case (S5, S, ¢, V,V) is called a graded diextremial texture space; ¢ a (V, V)-graded extremity and el a
(V,V)-graded co-extremity.
Let ¢ = (¢%, ¢") be a (V, V)-graded diextremity on a complemented texture (S, S, ). Define ¢ = (¢7, ¢&¢) by

¢(A, B) = e’(0(A), 0(B)) and ¢°(A, B) = ¢“(6(A), 5(B))
where A,B € S. Then ¢ is a (V,V)-graded diextremity on (S, S, 0). ¢ is called complemented if ¢ = ¢é.
Corollary 3.2. Let (5,8, ¢, V,V) be a graded diextremial texture space. For all A,B,C, D € S we have

ACC= ¢(A,B)C ¢(CB), BCD= ¢(A,D)Ce"(A,B) (6)
and
ACC=¢(CB)Ce"A,B), BCD= ¢"A,B) C¢A,D). 7)

Example 3.3. (1) If 6 = (6%, 8%) is a diextremity on a texture (S, S) then the mappings e, eg :SXS - PQ)
(The notation 1 denotes the set {0}) defined by

1, A&B
¢(A,B) :{ 0 A§B 8)
and
1, Ad'B
¢’(A,B) :{ 0 AdB ©)

form a (1,P(1))-graded diextremity ¢ = (¢f, eg) on (S, S).
(2) If e = (¢, ¢b) is a (V, V)-graded diextremity on (S, S) then for each v € V the relations defined by

Ad%.B & P, C ¢"(A,B), AS!,B & P, C ¢"(A,B), VA,B€ S
describe a diextremity 6. = (55,, 6};,) on (S, S).

Definition 3.4. Let (Sx, Sk, ¢, Vi, Vi), k = 1,2 be graded diextremial texture spaces and (f, F) : (51,81) —
(S2,82), (b, H) : (V1,V1) = (Vp, Vy) difunctions. (f, F) is called extremial bicontinuous with respect to (1, H)
if for all A, B € S; one of the following equivalent conditions is satisfied:

(i) eJ(fTA, f~B) S HT e (A, B)

(i) e5(f~A, f~B) C H-¢5(A, B).
Example 3.5. For a graded diextremial texture space (S, S, ¢, V,V); the identity difunction (ig, Is) on (S, S)

is extremial bicontinuous with respect to the identity difunction (iv, Iy) on (V,V). Indeed, ¢"(ig A, ig B) =
¢’(A,B) = I}, ¢"(A,B) forall A,B € S.
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Proposition 3.6. Relatively extremial bicontinuity is preserved under composition of difunctions.

Proof. Let (S;,S;j,¢;,V;,V)), j = 1,2,3 be graded diextremial texture spaces and (f, F) : (S1,81) — (52, S82),
(h,H) : (Vl,(Vl) - (Vz,(V2), (g, G) : (52,82) - (53,83), (k,K) : (Vz,(V2) - (V3,(V3) be difunctions where
(f, F) is extremial bicontinuous with respect to (1, H) and (g, G) is extremial bicontinuous with respect to
(k,K). For all A, B € S3 we have;

¢1((go ))TA(go /) B)=e{(fT(g7A), f~(g"B)) SH ¢3(9" A, g7 B)
C H (K< ¢4(A, B)) = (K o H) ¢4(A, B).

Hence (g, G) o (f, F) is extremial bicontinuous with respect to (k,K) o (b, H). O

Corollary 3.7. Graded diextremial texture spaces and relatively extremial bicontinuous difunction pairs between
them form a category that we will denote by dfGDIE.

Proposition 3.8. Let (S,S, ¢, V,V) be a graded diextremial texture space and define the mappings N® : S* — VS,
M®: S — VS where N°(s) = N : S — V for each s € S" and M¢(s) = M : S — V for each s € S by

Ny = { P 0CEN =0 420 w

and

. b —
AQM)Z{XWWU.EJN(@MQ—QL P.gA a1

foreach A € S. Then the mappings N¢, M* satisfy the properties N1 — N4 and M1 — M4.

Proof. (N1) is clear.

(N2): Since 0 € Q,, S ¢ Qs and ¢*(Ps, S) = @ by (GE1) for all s € S* we have N:(0) = @ and NE(S) = sup{P, :
P, Ne?(Ps,S) =0} =sup{P, : P,NO=0}=V.

(N3): Let Aj, Ay € Sand Ay C Ay. If Ay € Qs then we have N{(A1) = 0 € Ni(Az). If Ay € Q; then we get
Ay € Qs and ¢*(Ps, A2) C ¢*(Ps, A1) by Corollary 3.2. Thus Nj(A1) = sup{P, : P, N e*(Ps, A1) = 0} C sup{Py :
P, N e*(Ps, Az) = 0} = N5(A») is obtained.

(N4): Let AiNAy € Qs. Then A1, A, € Q,. Since every texture is a completely distributive lattice and
thus satisfies join infinite distributivity and also by using (GE3) we obtain Nj(A1) A N§(Az2) = sup{P,
P, N e (Ps, A1) = 0} Asup{P; : PN e*(Ps, Az) = 0} = sup{P, NPy : Py Ne?(Ps, A1) =0, PN e?(Ps, Ax) =0} =
sup{P, : P, N (e*(Ps, A1) V ¢*(Ps, A2)) = 0} = sup{P, : P, N e’ (P, A1 NAg) =0} = Ni(A1 N Ap).

The proof of M1 — M4 is similar. [

Corollary 3.9. Let (S, S, ¢, V,V) be a graded diextremial texture space. Then the mappings T, K. : S — V defined

by
T@=Nw=) \/ P, (12)
seAb seAP P;,OCH(PS,A)z(D
K= [MmH=) V » (13)
s€S\A S€S\A P,Neb(Qs,A)=0

where A € S, form a (V,V)-graded ditopology (induced by ¢) (T, K.) on (S, S).

Proof. It is clear from Theorem 2.19. O
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Theorem 3.10. Let (S, S, ¢, V,V) be a graded diextremial texture space and o be a grounded complementation on
(S,8). If ¢ is complemented then the graded ditopology induced by e is also complemented.

Proof. Since ¢ is complemented, for any set A € S we have

K= () \/  P= () Vo oor=() \/ &

s€5\a(A) PyNeb(Qs,0(A))=0 PsZo(A) Pynet(o(Qs),0(a(A)))=0 ALQo(s) Pone?(Po(s),A)=0

=NV P=T@®

0(s)€AP PyNe?(Pys),A)=0

and so K. o0 = 7.. Similarly it can be shown that 7. o 0 = k.. Therefore we obtain that (7%, K.) is
complemented. O

Theorem 3.11. Let (Sg, Sk, ex, Vi, Vi), k = 1,2 be graded diextremial texture spaces and (f, F) : (S1,S1) = (52, S2),
(h,H) : (V1, V1) = (Vo, Vy) difunctions. If (f,F) is e1 - ¢y extremial bicontinuous with respect to (h, H) then it is
(Tey, Key) - (Toy, Key) bicontinuous with respect to (h, H) with the notations given in Corollary 3.9.

Proof. Let (f, F) be e1 - ¢; extremial bicontinuous with respect to (1, H). Suppose that (f, F) is not (7, Ky,) -
(T,, K,) continuous with respect to (i, H). Then H-7,A € 7, F~A for some A € S,. So, using Theorem
2.1(5), there exists vy € V1 such that H=7,A € Q,, and Py, € 7., (F~A). Thus, using Propositions 2.4 and
2.7 we have

HHT;ZA o Qvo = H(_(ﬂ \/ P,) ¢ Qvo

teAd Pones (P, A)=0

= \V HP.2Q,
teAb Poned (P, A)=0

and so there exists v; € V>,
"Py, N ¢5(P;,A) =0 and H P, £ Q,,” forall t e A, (14)
On the other hand, we have

Py ETu(F- M) =P, () \/ P
se(F=A) PyNne(Ps,FA)=0

and so, there exists s; € (F~A)" such that "P, N ¢f(Ps,, FTA) =0 = P, C Qy,”. Thus, we have
"Py & Quy = Py N ef(Ps, F~A) # 0" for some s; € (F—A). (15)

Since s; € (FTA)’ = F~ (Ve Pr)’ = F~(Ujems P?) = Usenr F‘_(P?) C Ujenr FEP; there exists ty € A such
that P;, € FPy,.

On the other hand, because of t; € A, using (14) there exists vy, € V, such that ”Pvt0 N eS(Py,A) =0
and H™Py, ¢ Qy,”. Moreover H™Py, ¢ Qy, implies that there exists v; € V; such that P,, C H™Py, and
Py, & Q. From (15) we get P, N ¢(Ps,, F~A) # 0 and so, there exists v; € P, such that P, C ¢](Ps,, FTA).
Since (f, F) is ¢; - ¢, extremial bicontinuous with respect to (i, H), using Corollary 3.2 we obtain that

P,, C (P, F~A) C ¢/(F Py, FTA) C H&(Py,, A). (16)

Recall that P,, € H ‘_P% and v, € Py, sowe get P,, CH ‘_Pvto. Using (16), Lemma 2.3. and recalling the fact
that Py, Ne5(Py, A) = 0, we have P,, C H™ Py, NHT¢5(Pyy, A) = H™(Py, N ¢§(Pr, A)) = H< (D) = 0. However,
this result leads the contradiction P,, C 0. Thus, (f,F) is (7%, K,) - (T+,, K.,) continuous with respect to
(h, H).

Similarly, it can be shown the cocontinuity part of the proof. O
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Proposition 3.12. Let (S,S,, V,V) be a graded diuniform texture space and define the mappings ¢, ¢} : Sx 8 —
YV by

¢ (A,B) = v P, and  ¢(AB)= \/ P,
Py (AB) P.Zp}(A,B)

where
¢ (A, B) = V{u(d, D):d”ACB) and  @}(A,B)= \/{u(d,D) : BCD A}

forall A,B € S. Then the mapping ey = (¢%, ¢4 is a (V,V)-graded diextremity (induced by the graded diuniformity
Won (S,S).

Proof. (GE1) If A = 0 or B = S then we have ¢} (A, B) = V by (GU6) and so ¢] (A, B) = 0.

(GE2) Using the fact that d7(A U B) = d”A Ud™B we have ¢} (A U B,C) = ¢}(A,C) A ¢}(B,C) and so
¢ (AUB,C) = ¢} (A,C) v (B, O).

(GE3) Considering d”A € (BNC) & d”A C Band d”A C C we have ¢f (A, BN C) = ¢} (A, B) A (A, C)
and so ¢} (A, BN C) = ¢} (A, B) V ¢{(A,C).

(GE4) For each (d, D) € DR there exists (r,R) € DR such that U(d, D) € U(r,R) and (r,R) o (r,R) E (d, D) by
(GUA4). So, if A~ A C B then we have (r,R) € DR such that U(d, D) C U(r,R) and r(r”A) C d—A C B. Now,
applying r~ we get ¥ r~(r"A) C r"Band ¥~ A C r~B. If we denote B by E then we have r”A C E and
rE C B by the fact that 7~ B C B. Therefore, considering (d, D) C U(r, R) we obtain ¢} (A, B) € ¢} (A, E)
and @ (A, B) € ¢} (E, B). Thus ¢ (A, E) V ¢} (E, B) C ¢} (A, B).

(GE5) If ¢} (A, B) # V then we have ¢ (A, B) # () and so, there exist a direlation (d, D) such that U(d, D) # 0
and d”A € B. On the other hand, since U(d,D) # 0 we have (i,I) C (d,D) by (GU1). Thus we get
A=i"ACd”ACBand A CB.

(GDE) 1t is sufficient to show that ¢7 (A, B) = (pll’I(B,A). Letd— A C B for a direlation (d, D). Then there exists
a direlation (c, C) such that U(d, D) € U(c, C) and (¢, C) E (d, D) by (GU5). Sinced” A C B, using Lemma 2.3.
(4)wehave A Cd=(d—A) Cd BandsoA € dB. Since (c, C)” C (d, D) we get C~ C d and so using Lemma
2.3. (3),d” c C. Thus we obtain A C C”B by A C d” B. Since U(d, D) C U(c, C) we get ¢} (A, B) € (pZ(B,A).
Similarly, it can be shown that ¢¥ (B, A) C ¢% (A, B).

The proof of (GCE1)-(GCES) is similar and so omitted. [

Lemma 3.13. ([14, Proposition 6.13]) Let (Sk, Sk), k = 1,2 be texture spaces, (f,F) : (51,81) — (52,82) a
difunction and (d, D) € DRs,. If P(s, s,y € Fand d[s,] C A for sy € S1, 52 € S, A € Sy then (f, F)~Y(d)[s1] € FA.
Lemma 3.14. Let (f,F) : (51, 81) = (S2, S2) be a difunction and (r, R) a direlation on (S, S2). Then

(i) ACB=(f,F)'()(f~A) S fB

(i) BCR7A = F B C (f,F)"{(R)(F~A)
forall A,B € S,.

Proof. (i) Letr”AC Bands € (f‘_A)b. Then we have f~A = F"A € Q,. Recall that F~A = N{Qs | V¢, l_j(s,t) o
F = A C Q) so, there exists ty € S, such that ﬁ(s,to) ¢ Fand A € Q. Since A € Q;, we get P, C A
and so r[fg] € ¥ A C B. Thus we have I_D(S,to) ¢ F and r[tg] € B. Now considering Lemma 3.13. we have
(f,F)7'(nls] € f~Bforeachs € (f~A)". Therefore we obtain that (f, F)™(r)(f~A) = (f, F) ™ (N (Vse(r-ay Ps) =
Vse(reap(FF) M Ps = Vg(peap (f, ' (1)Is] € f<B.

(ii) Similar to (i). O

Theorem 3.15. Let (S, Sk, Wk, Vi, Vi), k = 1,2 be graded diuniform texture spaces and (f,F) : (S1,S81) = (52, S2),
(h,H) : (V1, V1) = (Vo, Vo) difunctions. If (f, F) is Wy - Uy uniformly bicontinuous with respect to (h, H) then it is
ey, - ey, extremial bicontinuous with respect to (h, H).
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Proof. Let (f,F) be U - U, uniformly bicontinuous and suppose that (f,F) is not ey, - ey, extremial bi-
continuous with respect to (h, H). Then % (f7A, f°B) ¢ H‘_(e‘;lz(A, B)) for some A,B € S, and it fol-
lows that \/pnggp.;(1 (feaf-B Po & H(_(\/Pri‘P?IZ(A/B) Py) for some A,B € S,. So there exists v € V; such that
Py &gy (fTA, f"B)and P, £ H(_(\/P,;(_(pflz(A,B) Py).

Since P, ¢ (p‘fll(f‘_A,f“B) we have "d~(f“A) € f"B = P, € Wy(d,D)” and so "d>(f~A) € f°B =
Uy(d, D) € Q,” for all (d, D) € DRs,. Thus we get:

Uy(d, D) C Q,. 17)
d>(f-ACf-B
Ontheotherhand, P, € H—(V PLeh, (AB) Py)implies that P, € (\V Pigeh, (AB) H“P;)andso V Pty (AB) H<P; C
Qy. This implies that "P; € qo‘;Iz (A,B) = H P, € Q,”. Hence we have

pg \/ WER=SHPCQ

r2 ACB, (r,R)eD??SZ

and it follows that "H"P; ¢ Q, = Py C V,-ac3p, (rR)EDRs, Uy(r,R)”. Since (f,F) is Uy - U uniformly
bicontinuous with respect to (1, H), by considering Lemma 3.14. we obtain that

H P ¢ Q= H P cH™ \/ WrR) = \/ H W R)
r” ACB r> ACB

< \/ w(r,HeR)

r~ACB

c \/ W, (d, D).
d=f-ACf-B

Therefore wehave H™ Py € Qu = H™ P € V- g acp- Wi (d, D). So, by recalling (17) we get the contradiction
"H"P; € Q, = HTP; € Q,.” Thus, (f, F) is ey, - ey, extremial bicontinuous with respect to (1, H). O

Theorem 3.16. Let (S, S, U, V,V) be a graded diuniform texture space. Then we have
(7'0111 (]<Cu) c (7'1[/ 7<u)

Proof. Let A € S. By recalling Corollary 3.9 and Theorem 2.24, we have 7, (A) = (Nsear VPmc‘.‘[(PS,A):(D P,
and Tu(A) = Nsear Vagsica W(d, D). So it is sufficient to show that \/ P (o, a)=0 Po S V asiea 1, D) for each
se AP

Lets € A’ and P, N ¢}(Ps, A) = 0. Then by using Proposition 3.12 we get P, C ¢} (Ps, A) =V j5ca W(d, D).
So, we obtain that 7, € 7.

Similarly, it can be shown that K., € Ky. O

4. The Relations of the Category dfGDiE with Some Other Categories

In this section we investigate the relations of the category dfGDiE with the categories dfGDiU,
dfGDiTop, dfDiE, dfDiU, dfDiTop. Our reference for category theory is [1].

Proposition 4.1. ([20]) Let U be a diuniformity on the texture (S, S). Define
AS'B & d”A ¢ BY(d,D) € U and AS'B & BZ DAV, D) e U.
Then & = (5%, 8%) is a diextremity on (S, S).
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Theorem 4.2. ([20]) The diextremity defined in Proposition 4.1 is called the diextremity induced on (S, S) by U, or
the induced diextremity for short, and is denoted by 6¢ = (6%, 6?u). A uniformly bicontinuous difunction is also
extremial bicontinuous with respect to the induced diextremities.

Corollary 4.3. With the above notations, the mapping &1 : dfDiU — dfDiE defined by
S1((f, F) : (51,81, Ur) = (S2, 82, U)) = ((f, F) : (51,81, 044,) = (52,82, 044,))
is a faithful and full functor.

Proof. By recalling Proposition 4.1 and Theorem 4.2 we get that §; is a functor. Because of the definition of
&1, itis a faithful and full functor. O

Corollary 4.4. With the above notations, the mapping %, : dfDiE — dfDiTop defined by
F2((f, F) : (51, 81,61) = (52, 82,02)) = ((f, F) : (51,31,”[51,7%1) — (52,82, 15,, %5,))
is a faithful and full functor.

Proof. By Theorem 2.13, we get that & is a functor. Because of the definition of &, it is a faithful and full
functor. O

Theorem 4.5. ([7]) The functor $, : dfDiTop — dfGDiTop defined by

91((f, F) : (51,81, 11, 1) = (52,82, T2, k2)
= ((f,F), (i, 1)) : (51,81, 1], 7,1, P(1)) = (S2, Sz, 75, 15,1, P(1))

is an embedding of the category dfDiTop as a full subcategory dfGDiTop; 5, of the category dfGDiTop.
Theorem 4.6. ([10]) The functor $, : dfDiU — dfGDiU defined by

S3)2((_]‘:/ F) : (51781/ (Lll) - (52/82/ (LIZ)
= ((f,F), (i, ) : (51,81, Uy, 1,P(1)) = (S2, 82, Uy, 1,P(1))

is an embedding of the category dfDiU as a full subcategory dfGDiUq p()) of the category dfGDiU.
Theorem 4.7. The mapping $H3 : dfDIiE — dfGDIE defined by

93((f,F) : (51,81,01) = (52,82, 02)
= ((f, F), (i1, 1)) : (S1, 81, €5, 1,P(1)) = (52,82, ¢5,,1,P(1))

is an embedding of the category dfDiE as a full subcategory dfGDiE(; py) of the category dfGDiE.

Proof. Since an extremial bicontinuous difunction (f,F) : (51,81,01) — (S2,82,02) is ¢s5, — ¢5, extremial
bicontinuous with respect to (i1, I1), 93 is a functor. 93 is also a full embedding from Example 3.3 (1),
Definition 3.4 and the definition of extremial bicontinuity. [

Theorem 4.8. With the above notations, ®; : dfGDiU — dfGDiE defined by

®&1(((f,E), (h,H)) : (51,81, W1, V1, V1) = (52,82, Ua, Vo, V)
= ((f,F),(h,H)) : (51,81, ex,, V1, V1) = (52, 82, ey, Vo, Vo)

is a faithful and full functor.

Proof. By Proposition 3.12 and Theorem 3.15 we have the fact that ; is a functor. Because of the definition
of ®1, it is a faithful and full functor. O
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Theorem 4.9. With the above notations, ®, : dfGDIiE — dfGDiTop defined by

©a2(((f, F), (h, H)) : (51,81, 01, V1,V1) = (52,852, ¢2, V2, V2))
= ((f/ F)/ (h/ H)) : (Sl/ 81/7-61/(]<61/ Vl/(vl) - (SZr SZ/ 7-02/ 7(02/ V2/ (VZ)

is a faithful and full functor.

Proof. By Corollary 3.9 and Theorem 3.11 we have the fact that ; is a functor. Besides, from the definition
of ®,, it is a faithful and full functor. O

Consequently, we have the diagram

dfDiU —> s dfDiE — 2 dfDiTop

LT

dfGDiU — dfGDiE — =+ dfGDiTop

where §1, &2, ©1, ®; are faithful and full functors; also, 91, 9,, H3 are embeddings.

5. Conclusion

The concept of proximity as a kind of “nearness relation” provides an extensive perspective to the
theory of topology; for instance, there is a one to one correspondence between the proximities and the
totally bounded uniformities on a set.

Since the textures are complement free structures; Yildiz and Ertiirk introduced the concept of diex-
tremity, as an alternative suitable “nearness relation” to proximities on textures in [20]. The relationship of
diextremities with dimetrics and diuniformities is also investigated in [20].

In this study, graded diextremity is introduced as a generalization of diextremities on textures to the
graded case. As expected, each graded diuniformity induces a graded diextremity and each graded
diextremity induces a graded ditopology (see Proposition 3.12 and Corollary 3.9, resp.). In Section 4, this
new structure is investigated with some categorical aspects; the relations of the category dfGDiE with the
categories dfGDiU, dfGDiTop, dfDiE, dfDiU, dfDiTop are studied.

Clearly, graded diextremities can be useful to discover new properties of graded ditopological texture
spaces and for deeper investigation of the theory of graded ditopology.
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