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Existence Results for Nonlinear Boundary Value Problems

Abdeljabbar Ghanmi?, Samah Horrigue?

“Mathematics Departement, Faculty of Science and Arts, Khulais, University of jeddah, Saoudi Arabia.
Department of Mathematics, University Tunis El Manar, 1060 Tunis, Tunisia

Abstract. In the present paper, we are concerned to prove under some hypothesis the existence of fixed
points of the operator L defined on C(I) by

Lu(t) = fow G(t,s)h(s)f(u(s))ds, t €I, w € {1, o0},

where the functions f € C([0, »); [0, »)), h € C(; [0, o)), G € C(I x I) and

=001, ifw=1,
I=1[0,00), if w= 0.

By using Guo Krasnoselskii fixed point theorem, we establish the existence of at least one fixed point of the
operator L.

1. Introduction

The existence of positive solutions for a second order differential equation of the form

u” (t) + h(t) f(u(t)) = 0 1)
or a third order differential equations of the form
u"(t) + h(t) f(u(t)) = 0 (2)

with suitable boundary conditions has proved to be important in theory and applications. The more general
nonlinear multi-point boundary value problems have been studied by several authors by using the Guo
Krasnoselskii fixed point theorem, we refer the readers to [2, 4-6, 10] for some recent results of nonlinear
multi-point boundary value problems. Meanwhile, boundary value problems in an infinite interval arose
in many applications and received much attention, see[1-9]. Due to the fact that an infinite interval is
noncompact, the discussion about boundary value problems on the half-line is more complicated.

Our main idea in this paper is to change equations (1) and (2) into the Hammerstein equation of the form

u(t) = fo i G(t, $)h(s) f(u(s))ds = Lu(t), te 1, 3)
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where the functions f € C([0, ©); [0, »)), h € C(I; [0, »0)), G € C(I x I) and

I1=1]0,1]. fw =1,
I=10,00), ifw = co.
We define

f* =limsup & and f, = liarh ianf @, 4)

where a denotes either 0 or co and we always assume the following conditions:
(H,) There exists tow positive functions p and g on I such that

p=g=1, ifw=1
p()

lim—):O, if w = 0.

Moreover, there exists a nonnegative continuous function g on I positive in (0, w) such that
Y (t,s) € IxI, p(t)G(t,s) < q(s)g(s).

(Hy) There exist y € (0,1), 0 <a < b < w such that
Y (t,s) € [a,b] X I, G(t,5) = y4(s)g(s).

(H3) f eC ([0/ OO), [0/ OO))
(Hy) h € C(I, [0, 0)) such that

b @
0 h(s)ds < h(s)d 0.
< [ aewemens < [ gogenes <
Put

N (O} 4 o[ 1
M= (] oo and mi= (y f 4(8)9(s)h(s)ds) . 5)

Then, the aim of this paper is to prove the following useful theorem:

Theorem 1.1. Assume that (H1) — (Hy) are satisfied, then the operator L has at least one fixed point in the case
HO0<fO<M and m < foo < o0, 01
(i) 0< f* <M and m < fy < co.

This result can be consedered as a generalization of others, see for examples those contained in [6, 7].

This paper is organized as follows. In Section 2, we present some necessary preliminary knowledge on
property of operator L. The proof of Theorem 1.1 is given in Section 3. In Section 4, we present two rigorous
application of our main result.

2. Preliminaries
Assume that p € C({, [0, 0)) and

E={x:I—- R:xiscontinuous on I and sup |x(t)|p(t) < co}. (6)
tel

For x € E, we define
lIx[l, = sup |x()|p(t).
tel

Then E is a Banach space, for more details see [9].
The following theorem is needed in Section 3.
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Theorem 2.1. (See [9]) Let Q) C E. If the function x € ) is locally equicontinuous on I and uniformly bounded in
the sense of the norm

llxlly := sup lx()lg(t),

tel

where the function q is positive and continuous on I such that

{P=qEL ifw=1,
mPD 0 =
}LI?O q(t) =0, fw=eo

Then, Q) is relatively compact in E.

Now, we will give a result of completely continuous operator, to this aim, let y be the constant given by
hypotheses (H,), we define a cone K as follows

K:={ueE:u(t)20,teland minu(t) > y|lull,}.
a<t<b

Then, we have the following theorem.

Theorem 2.2. Assume that (Hy) — (Hy) hold. Then, for any bounded set Q) C E, we know that L : QNK— Kis
completely continuous.

Proof. If w =1, it is easy to see that L is completely continuous.
If w = o0, let us choose any bounded set Q) C E.

Firstly, we prove that L : Q N K — K. Itis clear that
Lu(f) >0, Yue QNK, tel.

On the other hand, using (H;), we have for all t € I:

Lu(®lp(t) fozo(t)c(t,s)h(s)f(u(s))ds

IA

[ aeweme s

IA

1flle fo 4(5)9(5)h(s)ds.

So, using (Hy4), we obtain:
sup |[Lu(t)p(t) < ||f||oof q(s)g(s)h(s)ds < co.
tel 0

Thus _
Lue EENYue QONK

Moreover, from (H;) and (H,) we have for any u € QnKandt el

min Lu(t) = minfmG(t,s)h(s)f(u(s))ds
0

a<t<b a<t<b

2y fo q(s)g(s)h(s) f (u(s))ds
> yj(; p(to)G(to, s)h(s) f (u(s))ds
> yp(to)Lu(to).
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Therefore, i
min Lu(t) > yl|Lull,, u € QN K
a<t<b

Moreover, for any T € (0, o), the fact that
G € C([0, 00) X [0, 0)), and f, h € C([0, ),

and standard argument tells that {Lu : u € QNK}are equicontinuous in interval [0, T]. So {Lu : u € QNK)

are equicontinuous on [0, ®), then, Theorem 2.1 implies that L(Q N K) is a precompact set in E. Hence L is
completely continuous. [

The proof of our main results is based upon an application of the following fixed point theorems (See [4],

[8]).

Theorem 2.3. (Guo-Krasnoselskii [4, 81) Let (E, ||.|[) be a Banach space, and P C E be a cone. Assume €y, () are
bounded open subsets of E with 0 € )y, (1 C (), and let

T: PN (Q\Qy) —

be a completely continuous operator such that either

O NI Tull < |lull for u € PN I and ||Tul| = |[ull for u € P N Iy, or
@) |'Tull = lull for u € P N 9y and ||Tu|| < |lull for u € P N 9.
Then T has a fixed point in P N0 (Q\ Q).

3. Proof of our main result
First, we will prove that L has a fixed point in K in the case:
0<f'<M and m< fi, < o0,

where m and M are the constants given by hypothesis (Hy).
Since 0 < fO < M, we may choose R; > 0 such that for each 0 < x < R; we have:

f(x) < Mx. @)

Put
Q1 ={u€E:|lull <R},

then, it follows from (7) and (H,) — (Hy) that for all (t,u) € I X (K N d()4)

p()Lu(t) = fo p()G(t, $)(s)f(u(s))ds < fo q(s)g(s)h(s) f (u(s))ds

IA

M f 4EFEEu(s)ds

Milu f ”’E;g (s)h(s)ds = [ull.

Hence, for all u € K N dQ); we have
Ll < lull.
On the other hand, since m < f,, < 0o, we may choose R > 0 such that

f(x) > mx, Vx> R. (8)
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Let R, = max(2R, §) and
Q, = {u € E:|jull <Ry}

It follows that for all u in K N dQ), and t in [a, b], we have
u(t) = yllull = yRo, > R.

So, we deduce by (8) and (H,) — (H,4) that

p(t)Lu(t)

fo p(H)G(t, s)h(s) f(u(s))ds

v

b
f p(t)G(t, s)h(s) f(u(s))ds

v

b
my f q(s)g(s)h(s)u(s)ds

\

b
my? f 9(5)9(s)h(s)ds = [l

Consequently,
ILull > [lull VY u € KN dQy,.

Therefore, it follows from the first part of Theorem 2.3 that L has a fixed point in KN (Q_2 \ Q).

Now, we consider the case: 0 < f® < Mand m < f; < co.
Since m < fy < 00, we may choose R3 > 0 such that

f(x) >mx forall 0<x<Rs.

Let
Qs ={ueE:|ul| <Rs}.

Then, using (9) and (H,), we obtain for u € KN dQz and t € [a, b]

p()Lu(t) fo p(O)G(E, s)h(s) f(uls))ds

v

b
f PG, s)h(E) £ (u(s))ds

v

b
my f q(s)g(s)h(s)u(s)ds

\%

b
Al f 26)9(s)h(s)ds = [l

So,
[[Lu|| > ||ul], Yu € KN Q3.

Now, by (H3), there exists R > 0 such that f(x) < R for all x € [0, o).
Let

)

Ry = max{2R3,R f q(s)g(s)h(s)ds},
0

and put
Qu ={u€E:|lull <Ry}
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Then, we obtain for any u € KNdQuand t € I:

p(OLu(t) = f: p(O)G(t, s)h(s) f (u(s))ds

IN

R h(s)d
fo 16)9(Sh(E)ds
Ra = [l

IA

So,
ILul| < |lull, Yu e KnaQy.

Thus, from the second part of Theorem 2.3, we know that the operator L has a fixed point in K N (Q_4\Q3).
This completes the proof.

4. Applications

As applications of the last theorem, we give the following theorems. In the first one, we generalize
Theorem 3.1 proved in [6], where the others stated for sublinear or superlinear cases (i.e. f© =0 and fy = o
or f=0 and f. = o). After, in the second application, we prove the existence of positive continuous
solution of the following problem

S (Lu) (t) +a®) f(u(t)) =0, t€(0,1),
$2)\ 00) = Aw(0) = 0, Aw (1) = adu' (),

where Lu == $(Aw’y,0<n<landl<a < 71—

JTAG)ds”

4.1. Third-order three-point boundary value problem:

We will consider the existence of a positive solution to the third-order three-point boundary value
problem

) { W (t) + h(t) f(u(t)) = 0, t € (0,1),
Y () =uw'(0)=0, u'(l) = au'(n),

where0<17<1and1<a<%.

Theorem 4.1. Assume (Hz) — (Hy). Then, the boundary value problem (S1) has at least one positive solution in the
case

HO0<fO<M and m < foo < 00, 01

(i) 0< f* <M and m < fy < co.

Proof. It well known (See [4, 5]) that a positive continuous function u in [0, 1] is a solution of the problem
(S1) if and only if it is a fixed point of the operator L defined on E by:

1
Lu(t) = f G(t,s)h(s)f(u(s))ds, t €[0,1], (10)
0
where G is the Green function associated to the problem (S;).
Let
l1+a
g(s) = T ans(l —-s), se[0,1].

Then, it follows from Lemma 2.2 and Lemma 2.3 in [6], that

0 < G(t,s) < g(s), Y(t,5) €[0,1] x [0, 1]. (11)
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and
G(t,) = y9(s), ¥(t,9) € [2,m] x [0,1],

where )

Ui

O<'}/= mmin{a—l,l} <1

615

(12)

So, all the hypotheses of Theorem 1.1 are satisfied. Hence, the operator L has a fixed points which are the

desired positive continuous solution of the problem (S1). O

4.2. A class of third-order three-point boundary value problem:

In the second corollary, we fixe a nonnegative continuous function A on [0, 1], positive and differentiable

on (0,1) such that

t
1
D(t) = fo wds < oo, Yte [0,1]

Without loss of generality we can assume that

1
f A(s)ds = 1.
0

Lu:= %(Au')’,

We denoted by

and we deal with the existence of positive continuous solution of the following problem

S (Lu)'(t) +a) f(u(t)) =0, t€(0,1),
$2)1 w(0) = Aw(0) = 0, Aw (1) = adu'(m),

where0<n<landl<a< m. Firtly, we will give several important lemma.
Lemma 4.2. The problem

(Lu)' (t) = h(t), t€(0,1),
u(0) = Au’(0) =0, Au'(1) = aAu’(n),

has a unique solution u(t) = fol G(t, s)h(s)ds, where

(a = 1CHB(s) + (1 — aBm)[C(s) + B(s)(D(t) — D(s))], s < min(t,n),
1 C(#)(aB(n) — B(s)) + (1 — aBM)[C(s) + Bs)(D() - D(s))], n<s<t,
1—aB(n) | CHA —-aB®)+ (a-1)CHB(s), t<s <,
C(t)( - B(s)), s = max(t,n),

G(t,s) =

is called the Green’s function.

Proof. Let u be a solution of the following problem

(Lu)'(t) = h(t), t€(0,1),
u(0) = Au’(0) = 0, Au’(1) = aAu’(n),

Then, by integration, we obtain

¢
L(u)(t) =c +j(; h(s)ds.
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Multiplying by A and by integration, we obtain

¢ ¢
fA(s)L(u)(s)ds:f(A(s)u'(s))’ds
0 0
= Au'(t)
t S
= A h(&)d&d
b+ [ a0 [ nereds

t
= cB(t) + f h(s)(B(t) — B(s))ds,
0

where t
B(t) = f A(s)ds, t €[0,1].
0
Since Au’(1) = aAu’(n), then we have

1

! 1
c= TB(n) [a fo’h(s)(B(q) — B(s))ds — fo h(s)(1 - B(s))ds] )

So,
1 1
(I -aBmAU'(t) = « f h(s)B(£)(B(n) — B(s))ds — f h(s)B(£)(1 — B(s))ds
0 0

+(1=aBn) [ KB - B

Dividing by A and integrating, we obtain

il 1
(L-aBut) = o [ HOCOEO) ~BEMs ~ [ HEICE - Bes

t
+(1 = aB(n)) fo [C(t) = C(s) = B(s)(D(t) — D(s))] h(s)ds

1
(1 - aB() fo Gt h(s)ds,

where

_ (" BGs)
C(t) —fo mds, te[0,1].

Finally G is defined on [0, 1] X [0, 1] by

(a = 1)CH)B(s) + (1 — aBM)IC(s) + Bs)(D(t) — D(s))], s < min(t,n),
1 C(t)(aB(n) = B(s)) + (1 — aBm)[C(s) + B(s)(D() = D(s))], n<s<t,
1-aB(n) | CHA-aB(m)+(a—-1C(t)BE), t<s<m,
C(t)(1 = B(s)), s = max(t,n).

G(t,s) =

O

Theorem 4.3. Assume (H3) — (Hy), then the boundary value problem (S;) has at least one positive continuous
solution in [0, 1] in the case

HO0<fO<M and m < foo < 00,01

() 0< f® <M and m < fy < oo.
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Proof. Let g be a function defined on [0, 1] by:

_ (1+a)D(1) 3
96 = gy PO~ BO), s€[0.1]
and
O
Y= mmm(w -1, 1)
Then, we may prove that
0 < G(t,s) < g(s), Y(t,5)€[0,1] x[0,1], (13)
and
G(t,s) = yg(s), V(b s) € [g,n] x [0, 1]. (14)

Finally, let L be the operator defined on C([0, 1]) by:

1
Lu(t) = L G(t,s)h(s)f(u(s))ds, t €[0,1]. (15)

Using Theorem 2.2, we prove that L has at least one positive continuous fixed point which is a desired
solution of the problem (S2). O

Remark 4.4. 1. If A =1, the problem (S2) becomes to the third order differential equation studied in [6].
2. In [7], the authors take p(t) = e and q(t) = e (k > A > 0) and they prove that the Green function is

ek —e ) for 0<t<s,

Gt,s) = 2k { e ek — e for 0<s<t. (16)

Then, the hypothesis (H1) — (Hy) are satisfied the operator L defined in (1.3) with w = oo has at least one fixed
point in the case

HO0<fO<M and m < foo < 00, 01

(i) 0< f* <M and m < fy < co.

Which generalize the result given in [7].
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