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Abstract. In the paper, by virtue of the Cauchy integral formula in the theory of complex functions,

the authors establish an integral representation for the generating function of the Catalan numbers in
combinatorics. From this, the authors derive an alternative integral representation, complete monotonicity,
determinantal and product inequalities for the Catalan numbers.

1. Introduction

It is known [7, 48] in combinatorial analysis that the Catalan numbers C, for n > 0 form a sequence
of natural numbers that occur in tree enumeration problems such as “In how many ways can a regular

n-gon be divided into n — 2 triangles if different orientations are counted separately?” whose solution is the
Catalan number C,_,. The Catalan numbers C, can be generated by

2 o 1-V1i-4x
1+ V1-—4x 2x

Z Cox" =1+ x+ 2% +5x° + 14o* + 42x° + 132x° + 429x + .-+ (1.1)
n=0
Explicit formulas of C,, for n > 0 include

1 {20\ @t 2"en-D0 oo 3 Y1 2n ) .
Cn_n+1(n)_n!(n+l)!_ (n+1)! = (D72 n+1) n\n-1 =2h(l=n-m21)
and
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where
I'(z) = f t#letdt, R(z)>0
0
is the classical Euler gamma function and

(@) (@p)n 2"
F.(ai,...,a,,b1,...,b,2) = A sdided
p q( 1 pr 1 q ) nZ:a(bl)n"'(bq)n o

is the generalized hypergeometric series defined for complex numbers a; € Cand b; € C\ {0,-1,-2,...}, for
positive integers p,q € IN, and in terms of the rising factorial

(x)n={ch(x+1)(x+2)...(x+n—1), Zi(l),

There are two integral representations

2n

22n+5 1x2<1—x2) 1 Y 4—x
C, = - fo(1+x2)2”*3dx and Cn—ﬁ Ox\/ . dx

for the Catalan numbers C, in [2, p. 413, Proposition 2.1], [15} p. 10], and [17]. In [4}[7,148]/51], the asymptotic
expansion

AT +3) ENENE R E
VaT(x+2)  m \x¥2  8x52 128 x7/2

for the Catalan function C, was given. Recently, among other things, the formula

LN LY, (T G K (2n-k-1
Cy = (-1) EZ?;(—D (g)g(f—Zm)_ sz_:@( 2B )[Z(n—k)—l]!!

k=0

Cy 2

has been established in [41, Theorem 3]. For more information on the Catalan numbers C,, please refer to
the monographs [1, 4] and references cited therein.

In the paper [47], motivated by the explicit expression and by virtue of an integral representation
of the gamma function I'(x), the authors established an integral representation of the Catalan function C,
for x > 0.

Theorem 1.1 ([47, Theorem 1]). For x > 0, we have

3245 (x + 1/2)F [ f""( 1 1 1\ et?-e2
Cy=—"-ex + —)—
\/E (x + 2)x+3/2 0 t

ef-1 t 2

Recall from [14, Chapter XIII], [46, Chapter 1], and [53, Chapter IV] that an infinitely differentiable
function f is said to be completely (or absolutely, respectively) monotonic on an interval [ if it satisfies
0 < (-DFf®(x) < 00 0or 0 < f®(x) < oo, respectively on I for all k > 0 and that a function f(x) is completely
monotonic on [ if and only if the function f(—x) is absolutely monotonic on —I. Recall from [29] that an
infinitely differentiable and positive function f is said to be logarithmically completely monotonic on an
interval I if 0 < (=1)*[In f(x)]® < oo hold on I for all k € N. For more information on logarithmically
completely monotonic functions, please refer to [33} 34} 37, [44].

The formula can be rearranged as

1n[Mcx] _ f : o - T - e e, (1.4)
0

et d t]. (1.3)

e3/24%(x + 1/2)* t\et —1 2
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Since the function %(e%l -1+ %) is positive on (0, o) (see [8,38,/54] and references therein), the right hand

side of (1.4) is a completely monotonic function on (0, c0). This means that the function

(x + 2)x+3/2

4(x+1/2 7 (15)

is logarithmically completely monotonic on (0,0). Because any logarithmically completely monotonic
function must be completely monotonic (see [34, Eq. (1.4)] and references therein), the function is also
completely monotonic on (0, o).

By virtue of (I.2), the function can be rewritten as

(x + 2)*32T(x + 1/2)
(x+1/2T(x+2) '

x> 0. (1.6)

Hence, the logarithmically complete monotonicity of (1.5) implies the logarithmically complete monotonic-
ity of (L.6). The function (L.6) is a special case Fi/,2(x) of the general function

T'(x +a) (x + b+t

For® = Gy TarD)

a,beR, a+#b, x>-—minfa b} (1.7)

We note that the function F,;(x) does not appear in the expository and survey articles [20} 21, [34H36] and
plenty of references therein. This naturally motivated us to pose an open problem in our previous work,
which is recapitulated below.

Open Problem 1.1 ([47, Open Problem 1]). What are the necessary and sufficient conditions on a,b € R such that
the function F,,(x) defined by is (logarithmically) completely monotonic in x € (— min{a, b}, c0)?

This problem was solved in [43] as follows.

Theorem 1.2 ([43 Theorem 1.3]). Fora, b > O, the function F, ;(x) defined by (1.7)) has the exponential representation

— _ 001 1 _1_ —at _ ,—bt\ —xt ]
Fa,b(x)—exp[b a+f(; t(l—e—f ; a)(e e )e dt

on [0, 00) and the function [F,(x)]*! is logarithmically completely monotonic on [0, o0) if and only if (a, b) € D(a, b),
where

D.(a,b)={(@b):a2ba>1)U {(a,b) asba< %}

Recall from monographs [14, pp. 372-373] and [53} p. 108, Definition 4] that a sequence {1, }o<n<e is said
to be completely monotonic if its elements are non-negative and its successive differences are alternatively
non-negative, that is, (=1)FA* tn = 0 for n,k > 0, where

k
k
k _z _1\ym
A Un = mzo( 1) (m)‘un+k—m'

Recall from [53] p. 163, Definition 14a] that a completely monotonic sequence {a,},>0 is minimal if it ceases
to be completely monotonic when gy is decreased.

Let A = (A1, Ap,..., Ay) € R"and p = (u1, Y2, - - ., 4n) € R". A sequence A is said to be majorized by u (in
symbols A < ) if
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where Ay > App = -+ > Apg and ppy > ppy = --- > Y are respectively the components of A and p
in decreasing order. A sequence A is said to be strictly majorized by p (in symbols A < p) if A is not a
permutation of u. For example,

1 1 1 1 1 1
) <G 0 < (g =z 00) <

——— e ——

n n—-1 n-2
111 11
<(§,§,§,O,...,0)<(E,E,O,...,0)<(1,0,...,0).

For more information on the theory of majorization and its applications, please refer to monographs [6} [11]
and closely related references therein.
In this paper, by virtue of the Cauchy integral formula in the theory of complex functions, we establish an

. . . . 1 . .
integral representation for the generating function TVin of the Catalan numbers C,,.. From this, we derive

an alternative integral representation, complete monotonicity, determinantal and product inequalities for
the Catalan numbers C, for n > 0 and the sequences {%}po and {n!C,},>0.
Our main results in this paper can be stated as the following theorems.

Theorem 1.3. For x € (—oo, l], we have

1 1 (™ t
—_— = —f Vi dt. (1.8)
1+ Vi—4x 2mJy (E+1/4(-x+1/4)
Consequently, the Catalan numbers C,, for n > 0 can be represented by
1 W 2 (% 2
= — —dt=Z= —dt 1.
¢ T f; (t+1/4)m+2 Uy fo (2 +1/4)++2 d (1.9)

and the sequence {%}n>0 is completely monotonic and minimal.

Theorem 1.4. If m > 1 and ap, a1, ..., a, are non-negative integers, then

1C m
(Cﬂg )m Zﬂ‘:g 03 > Cﬂg +ag

40 ) gria — L1 e (1.10)
k=1
and
Cﬂl‘+ll‘
Ja =0 (1.11)

where eyl denotes a determinant of order m with elements ey;.

Theorem 1.5. Let m € IN and let n and ay for 1 < k < m be non-negative integers. Then the Catalan numbers C,

satisfy

|(=1)**Crsavay],, = 0 (1.12)
and

|Cn+ai+“i|m 20, (113)
where

Cr=0C,, £>0. (1.14)
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Theorem 1.6. Let m € IN and let A and p be two m-tuples of non-negative integers such that A < u. Then

m m
H Cn+/\,- H Cn+‘u,v
i=1 i=1

where Cy is defined by (1.14). Consequently,

1. the infinite sequence {Cy}»0 is logarithmically convex,
2. the inequality

C?+k < CI{EMC?_k (1.16)

is valid for € > 0 and n > k > 0.

Theorem 1.7. If £ >0, n >k>m, k >n—k,and m > n—m, then

< , (1.15)

CoaxCeink  (C+mUl+n—m)!
Ct’+mCt’+n—m - (f + k)'(f +n-— k)' ’

Forn,m e Nand € > 0, let
gn,m,f = C€+n+2m(C€)2 - C€+n+mcl’+mct’ - C€+nC€+2mC€ + C€+n(C€+m)2/
7-{n,m,f = C€+n+2m(cf)2 - ZC[+n+mC€+mC( + CF+H(CF+m)2/
In,m,c = Cf+n+2m (Cc’)z - ZC€+nC€+2mC€ + C€+n(C€+m)2/
where Cy is defined by (1.14). Then

gn,m,l’ > 0/ (}'{n,m,l’ > O/ (118)
7'(n,m,t’ = Gnm,e whenm s n, (1.19)

(1.17)

and

Toume = Gume 20 whenn > m. (1.20)

2. Proofs of Theorems[L.3/to[L.7]
We are now in a position to prove Theorems[1.3]to

Proof. [Proof of Theorem[I.3] As usual, we use Inx for the logarithmic function having base e and applied
to the positive argument x > 0. Further, the principal branch of the holomorphic extension of In x from the
open half-line (0, ) to the cut plane C \ (—co,0] is denoted by Inz = In|z| + iargz, where i = V-1 is the
imaginary unit and the principal value arg z of the argument of z satisfies |arg z| < 7.

Let

2 1 1
0= g 25O\ [3=) enfe-g)eom
and
F(z) = T () Z€ C\[0,00), argze (0,2m).
1+expTZ

By virtue of the Cauchy integral formula in the theory of complex functions, for any fixed point
zo = xp + iy € C\ [0, o), we have

Fe = o [ £,

27 LS—ZO

where £ is a positively oriented contour L(r, R) in C \ [0, o), such that
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1 0<r<|y0|S|Zo|<R, yO;tO,
"l0<r<-xo=lzol<r, yo=0,

2. L(r,R) consists of the half circle z = re’® for 0 € [%, %”],

3. L(r,R) consists of the half lines z = x + ir for x > 0,

4. L(r,R) consists of the circle |z| = R

5. the half lines z = x +ir for x > 0 cut the circle |z| = R at the points R(r) +irand 0 < R(r) = VR? - 1> - R
asr — 0.

Then the integral on the circle with radius R equals

2m—arcsin(r/R) 2Ri€i6 2m—arcsin(r/R) 1
f — d O =2i f — d 6
a aj

resin(r/R) (Reie - Zo)[l +exp w] rcsin(r/R) (1 — %)[1 +exp w

which tends uniformly to 0 as R — oo.

Further, the integral on the half circle z = re'? for 6 € [%, 3’7”] is

1 [ 2rie do-_ L 2 1
2mi L/z (re’6 - zo)[l +exp 4"’8)] n fv;/z (1 m‘o)[l + 2 exp 2 4“"9)]

which tends uniformly to 0 as r — 0*.
Continuously, because

) (1+2V4x2+r2sinw)+i4v4x2+r2cosw 2 +idx
—
In(— 4x 4rz) . 2 2
T oxp BB ™ 1 5 {2 gin ) P {7 qop i 14

as r — 0%, the integral on the half lines z = x + ir for x > 0 is equal to

F(x +1ir) =

fR“ Fetin) oo f” Fe—in) oo _ me (x—zo)[ZIS(F(x+zr))]—zr[Z‘R(F(x+zr))]
0 ( 0

x+zr—zo R(r) X — 1r—zo (x +ir — zo)(x — ir — zp)

f“’ 2i 4\/_ f
- =8i _
0 x—zol+4x (1 +4x)(x zo)

ast — 0% and R — oo. Consequently, it follows that

1+exp =52 n( 2) 1 Jy (1+4x)(x —z)

for zp € C\ [0, o0) and arg zy € (0, 2m).
Furthermore, since F(z) = f(z + }l) and the point z in (2.1)) is arbitrary, making use of (2.1) arrives at

1+expM nJy (1+4x)(x—z+1/4)

forz € C\ [%,oo) and arg(z - }1) € (0,2m). In particular, when taking z = x € (—oo 1) the formula (2

becomes the integral representation (1.8) on (—oo ) When taking x — ( ) the integral in the right hand

side of (1.8) converges, consequently, the integral representation (1.8) holds on (— , }1]

Differentiating n > 0 times with respect to x on both sides of (1.8) and taking the limit x — 0 yield
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. d" 1 1. ( n! Vi
11m—(—) = —lim =
-0 dx"\1 4+ V1 —4x 2t x>0 Jg  (t+ 1/4)(¢t —x+ 1/4)"
| 0 | 00 | 00 2
-2 Vi dt:lf Ldtzzf S — (2.3)
2n Jo  (t+1/4)(+ 1/4)+1 2n Jo  (£+1/4)n+2 T Jy (s2+1/4)m+2

As a result, by virtue of (1.1)), the integral representations in (1.9) follow.
We can rewrite the first integral representation in (1.9) as

4+ ) (1 + 4ty

It is easy to see that the function a* for 0 < a < 1 is completely monotonic in x € [0, o0). Hence, the function
W for any fixed t > 0 is completely monotonic in x € [0, 00). Equivalently, the function % is completely
monotonic in x € [0, c0). Theorem 14b in [53, p. 164] states that “a necessary and sufficient condition that
there should exist a function f(x) completely monotonic in 0 < x < oo such that f(n) = a, forn > 0 is
that {a,};” should be a minimal completely monotonic sequence”. As a result, the sequence f— forn > 0is
minimal completely monotonic. The proof of Theorem [1.3is complete. [

\

Proof. [Proof of Theorem In [12] and [14, pp. 369 and 374], it was obtained that if f is completely
monotonic on [0, c0) and m > 1, then

[l f(Z xk) > [ ] G0 +x0 (24)
k=0 k=1
and
If (xi +x))lm = 0. (2.5)

Now we consider the function

16 Vi
)= = dt, x,s>0.
b0 s) =7 fo (1 + 4f)(dx + 4t + 1)1 oS

It is easy to see that the function b(x, s) for any fixed x > 0 is completely monotonic in s € [0, o). By virtue
of (2.3), we obtain

) C,,
xlggg b(x,a;) = Tl

where a; for i > 0 are non-negative integers. Replacing the function f and non-negative numbers
Xo,X1,..., %y in (2.4) and (2.5) by the function h(x,s) and non-negative integers ao, a1, ...,a, respectively
yields

[(x, ao>]m-1b(x,2 ak) > [ o a0 +a) (26)
k=0 k=1
and
[b(x,a; + ﬂj)lm >0. (2.7)

Therefore, taking x — 0 in (2.6) and leads to (L.10) and (L.11). The proof of Theorem(I.4Jis complete. [
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Proof. [Proof of Theorem 1.5] From (2.3), we observe that C,, = lim,_,o /1,(x), where
4 (oe]
hy(x) = = f \/E
0

Tt (1 +45)(t — x + 1/4)++1

and h,(x) is absolutely monotonic on (—oo, %) This means that the function

_ _4 Vit
Hil) = hu(=x) = 2 fo Qe ririjay ot 28)

is completely monotonic on (—%, oo) D [0, o0) and that C,, = lim,_,0 H,(x). A direct computation gives

(n+k)!
1

(n+k)!
n! !

B) (4 — (—1)k
HY@) = (-1) .

Cn
Hystl®) = (-1 = Cpuie = (1) =2 29)
for k > 0 as x — 0. From either [13] or [14} p. 367], we know that if f is a completely monotonic function on

[0, 0), then

fer) )| >0 (2.10)
and

|(_1)g,-+a,f(af+a,)(x)|m > 0. (2.11)
Applying f in and to the function H,(x), we arrive at

[HY ()|, >0 (2.12)
and

|(~1raHY ™ ()], > 0. (2.13)
Letting x — 0 in and and making use of arrive at

‘(—1)“*‘*‘%M >0 (2.14)

nl |,

and

% 20 (2.15)

Further simplifications of (2.14) and (2.15) lead us to (1.12) and (1.13). The proof of Theorem is
complete. [

Proof. [Proof of Theorem In [14, p. 367, Theorem 2] and [50, p. 106, Theorem A], which are a minor
correction of [3, Theorem 1], it was obtained that if f is a completely monotonic function on (0, o) and
A <y, then

ﬁ f(/\i)(x) ﬁ f(#i)(x)
i=1 i=1

The equality in (2.16) is valid only when A and y are identical or when f(x) = e for ¢ > 0. An application
of the inequality (2.16) to H,(x) defined in leaves us

m m
[[E @ <|[[H @
i=1 i=1

< . (2.16)

<
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Taking the limit x — 0 on both sides of the above inequality and making use of reveal

iy D n+y,

which is equivalent to (1.15).

From the majorization relation (i + 2,7) > (i + 1,i + 1) for i > 0 and the inequality (I.I5), the logarithmic
convexity of the sequence {Cy,}u>0 follows immediately.

In [14, p. 369] and [16), p. 429, Remark], it was formulated that if f(t) is a completely monotonic function
such that f®(t) # 0 for k > 0, then the sequence

sit) =In[(-) )], iz

is convex. Applying this result to the function H,(x) and making use of figures out that the sequence
knﬂﬁ”wﬂelcjl,xeo

fori > 1is convex. Hence, the sequence {C},>0 is logarithmically convex.
As in [3], we consider the majorization relation

kk,....,k)<@m,...,n0,...,0)

S—— —— ——
n k n-k

for n > k, so that the inequality (2.16) becomes

(_1)nk[f(k)(x)]n < (—1)”k[f(")(x)]k[f(x)]”’k, n>k>0.

Substituting Hy(x) for f(x) in the above inequality, letting t — 0, and utilizing (2.9), we obtain

Y HP@] < () [HO @] THr
which is equivalent to

C€+n]

SIS 1)"05*] O (i [

for n >k > 0 and £ > 0. This may be simplified as (1.16). The proof of Theorem[1.6is complete. [

Proof. [Proof of Theorem In [49] p. 397, Theorem D], it was revealed that if f(x) is completely monotonic
on (0,c0)and if n >k >m, k> n—k,and m > n —m, then

(=) fOE) ) 2 (<) f ) f 7 (x)

Replacing f(x) by the function H,(x) defined by in the above inequality, we are led to
(1" HP M, (0 = (1) Hy (™ ).

Further taking x — 0 and employing find

(1) byt et oy gy Ctaon,

Simplifying this inequality, we are led to (I.17).
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In [50, Theorem 1 and Remark 2], it was obtained that if f is completely monotonic on (0, o) and

n m= ( 1)71 {f(n+2m)f2 f(n+m)f(m)f _ f(n)f(Zm)f + f(n)[f(m)]z}/
Hym = (~1)" { 2 g2 glrem) £on) ¢y f(n)[ f(m)]z},
Ty = (-1)" {f(n+2m)f2 _ Zf(n)f(2m)f + f(n)[f(m)]z}

forn,m e N, then G,,,, >0, H,,, > 0, and

Hym S Gym whenmsn,
Lim = Gum =0 whenn >m.

Replacing f(x) by He(x) in Gy, Hum, and I, taking x — 0, and employing produce

2
G = (-1 HI*"HE - H™HMH, - HHP"H, + HP[H™] '}

G,
= A [Crans2n(CoP = CransnClinCi = CounCriznCi + Coun(Cronl] = (;!’)”3‘,
H
n [ py(n+2m) 32 (n+m) 1 7(m) () [ . 3(m) n,m,t
Hyp = (-1)"{H 2" HZ - 2H " H" H, + H{"[H] ]} o
T
gy (r42m) 72 (n) 5 (2m) () [y m) nm,t
Ly = (-1y"{HI M HZ - 2HHP™H, + Hy"[H! ]} R

Accordingly, the inequalities in (1.18), (1.19), and (1.20) are proved. The proof of Theorem[I.7]is complete. [

3. Remarks

Remark 3.1. The integral representation (1.8) can be rearranged as

S S Ny S A—
1+ Vitdxr 2nJy (t+1/4)(x+t+1/4)

forx e [—}1, oo). This means that
_2 f t dt (3.1)
1+2vx 7mJo @t+D)(x+1) '

for x € [0,00). In [46] p. 16, Definition 2.1], a (non-negative) Stieltjes function is defined as a function
f:(0,00) = [0, o0) which can be written in the form

f(A) = —+b+f0 )/\La(dt)

where a,b > 0 are non-negative constants and ¢ is a measure on (0, o) such that f( Lo(dt) < oo.

1
1+2x

1+t

Therefore, the function

o(dh) = %4;{1

In [46] p. 21, Definition 3.1], a Bernstein function f is defined as a function f : (0, o) — R which is of
class C®, f(A) > 0 for all A > 0, and (—1)""' f®(A) > 0 for all n € N and A > 0. Theorem 3.2 in [46 p. 21]
states that a function f : (0, ) — R is a Bernstein function if and only if it admits the presentation

is a positive Stieltjes function with 2 = b = 0 and the measure

fA)=a+bA+ L )(1 —eMu(de), (3.2)
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where a,b > 0 and u is a measure on (0, o) satisfying f(o ) min{1, t}u(d f) < co. In [46, p. 69, Definition 6.1],
it is defined that, if the measure y in (3.2) has a completely monotonic density m(t) with respect to Lebesgue
measure, that is,

fA)=a+DbA+ L )(1 —eMm(t)dt,

then f is said to be a complete Bernstein function. In [46} p. 93, Theorem 7.3], it is stated that a (non-trivial)
function f is a complete Bernstein function if and only if ]l, is a (non-trivial) Stieltjes function. Hence, the

function 1 + 2 y/x is a complete Bernstein function and has the integral representation

_ 1 —xt
1+2vVx =1+ — (Om)(1—e )mdt

Remark 3.2. The anonymous referee points out that the integral representation (3.1) can be derived from the
formulas

f[———erfc(\/_)] S'dt and —— f Vi du
1+2\/' 1+2\/' 1+4us+u

in [18] p. 11, Eq. 1; p. 43, Eq. 22; and p. 152, Eq. 12].
In the papers [27, [30], new conclusions and integral representations of the Catalan numbers C, were
reviewed and surveyed.

Remark 3.3. It is clear that the integral representation (1.9) is simpler and more significant than (1.3) for C,,.
For more information, please read [2 25] and closely-related references therein.

Remark 3.4. In the proof of [19] Theorem 4.1], the inequality (4.11) should be |
the inequality (4.2) in [19} p. 248, Theorem 4.1] should be corrected as [c+a,+alm >

Ch+a; +a;

w = 0. Consequently,

Remark 3.5. In recent years, the first author of this paper and his coauthors established integral represen-
tations, complete monotonicity, inequalities, closed expressions for the Lah numbers, tangent numbers,
Bernoulli numbers of the first and second kinds, Stirling numbers of the first and second kind, Bernoulli
polynomials, Euler numbers and polynomials. For detailed information, please refer to [5,22-24, 28| 45, 52]
and closely related references therein.

Remark 3.6. This paper is a companion of the formally published papers [9}[10} 26,31} 32}[39] 141H43)} 47] and
closely related references therein. This paper is a revised version of the preprint [40].
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