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Abstract. In the present paper, we introduce new subclasses of certain meromorphic multivalent functions
defined by a class of linear operators involving the Liu-Srivastava operator, and investigate the majorization

properties for functions belonging to these classes. Also, we point out some useful consequences of our
main results.

1. Introduction and Preliminaries
Let f and g be two analytic functions in the open unit disk
A={zeC:|z| <1}.
We say that f is majorized by g in A (see [22]) and write
f2) < 9 (z€ b), (L.1)
if there exists a function ¢, analytic in A such that
p@I<1 and f(z) = p(2)g(@) (€ A). (1.2)

It may be noted here that (1.1) is closely related to the concept of quasi-subordination between analytic
functions.

For two functions f and g, analytic in A, we say that the function f is subordinate to g in A, if there exists
a Schwarz function @, which is analytic in A with

w(0)=0 and |w(z) <1 (z€A),
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such that
(@) = g9(w(z)) (z€A).

We denote this subordination by f(z) < g(z). Furthermore, if the function g is univalent in A, then

f(z)<g(@) (zeA) & f(0)=9g(0) and f(A) C g(A).

Let X, denote the class of functions of the form

f(2) =Z_p+Zakzk"’ peN={1,2,--},

k=1
which are analytic and p-valent in the punctured unit disk A* = {z € C: 0 < |z| < 1} = A\ {0}. For simplicity,
we write X = Y.
For functions f,, € X, given by

fm(@z) =27+ Z Gz P (m=1,2peN),

k=1

we define the Hadamard product (or convolution) of f; and f, by

(h*f)z)=z7"+ Z a2 7 = (fo* fi)(@).
p)

For parametersa; € C(i=1,2,--- ,q)and B; e C\Z; (Z; =0,-1,-2,---; j=1,2,--- ,5), the generalized
hypergeometric function ;Fs(ay, -+, ag; B1,+** , Bs; 2) is defined by (see, for example, [24,28])

. (1) -~ (ag)k 2F
e i Baz) = Z G o K
g<s+1,qseNy=INU{0}; z€A),

where (v); denotes the Pochhammer symbol defined, in terms of Gamma function, by
Tw+k) 1 k=0, veC =C\({0},

Wk = W)

vv+1)---(v+k—-1) (kelN; veC).
We now introduce a function h;,\’“((xl, o, P10, Ps; z) defined by
h;\,y(all e /aq;ﬁl/ e /ﬁs;z) = (1 - A + ‘u)z_quS(al/ e /aq; ﬁl/ e /,BS;Z)

+(A - ‘u)z[z_quS(all trty qu, ﬁl/ e /ﬁs; Z)], + /\‘UZZ[Z_quS(O(ll Tty aq; ﬁl/ e /ﬁs;z)]/l (13)
(peN; A,u>0; z€ A).

In particular, when A = u = 0, we obtain

0,0 . . — . .
hp (all..' /aq/,Bll"' /ﬁSIZ) - hp(al,"' /aqlﬁl/'” /ﬁS/Z)

introduced and studied by Liu and Srivastava [19].
Corresponding to the function h;,\’”(al, o+ ,qq; P17, Ps; 2) given by (1.3), we consider a linear operator

HQ’”(al, co,ag; P, Ps) i Iy — Ly defined by the following Hadamard product (or convolution):

H;"“((Xl, g B f(2) = h;,"“(m,"' Jagi B, Bsz)* f(2). (1.4)
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For the sake of convenience, we write

pqs(al) = H (all t /aq;,Bll‘ “,Bs)-

It is easily verified from the definition (1.4) that
2(Hyl (@) f@) = aiHplan + Df @) — (1 + pHpl (1) f(2). (15)

We note that, for A = u = 0, the operator pqs(le) reduces to the Liu-Srivastava operator H s(a1)
(see [19,20]; also [5,27]), while the Liu-Srivastava operator is the meromorphic analogous of the Dziok-
Srivastava operator (see [6-8]; also [21,25]), which include (as its special cases) the meromorphic analogous
of the Carlson-Shaffer linear operator L,(a, c) = Hg:(z)J(l' a;c) (see [17,18,33]), the meromorphic analogous of

the Ruscheweyh derivative operator D"*! = L,(n +p,1) (see [32]), and the operator

C
Zc+p

Jop = f tP f(dt = Ly(c,c+ 1) (c>0; f€X,)

studied by Uralegaddi and Somanatha [31].

Using the operator H,’ q” s(@1), we now introduce the following subclasses of meromorphic multivalent
functions.

Definition 1.1. A function f € X, is said to be in the class S, g’sm[n;A, B] of p-valently meromorphic
functions of order 1 (0 < 1 < p) in A", if and only if

1 (=)

p=i ( pqs(al)f( )"

(zeA g<s+1,gs,meNy;peN; A, u20;, —1<B<A<1).
Remark 1.1. (i) For A =1 and B = —1, we set

- 1+ Az
1+ Bz

(1.6)

/\ A ,
P 1;1sm (m;1,-1] = 2 ;sm M),

where S At 2 (1) denote the class of functions f € L, satisfying the following inequality:

1 (z(E e fe ))“"”)

Re +n+m|| <0.

P (Hp e f@) ™

(ii) Further, for A = p=0,9=2,s =1,a; = 1 =1 and a, = 1, we write

Y9 = Sy(m) and S5 (n) = Ky(n),

which are meromorphic p-valently starlike and meromorphic p-valently convex functions of order n (0 <
1 < p) in A", respectively (see Aouf and Xu [4]).

Definition 1.2. A function f € L, is said to be in the class IA #"a,b; A, B] of p-valently meromorphic
spirllike functions of complex order b # 0in A", if and only if

el ( pqs(al)f( )) o

 beosa ( pqs(al)f(z))

1+ Az

(zeA5q9<s+1,qs,smeNy; peN;A, u>0; beC —g<a<g; -1<B<AKL).
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Remark 1.2. (i) For A =1 and B = —1, we set

/\ A,
Lé la, b;1,=1] = L4 (o, b),

where Ip YA "(a, b) denote the class of functions f € L, satisfying the following inequality:

o (%“sml)f(z))‘”””

bcosa ( el oq)f(z))

(ii) Further, for A =y =0,9=2,s =1,a1 = a» = 1 = 1 and a = 0, we write

+m+1|<1.

1000(0 b) = S(b) and 12;2;}(0, b) = K, (b),

which are meromorphic p-valently starlike and meromorphic p-valently convex functions of complex order
b (b € C) in A", respectively (when p = 1, see Aouf [3]).

A majorization problem for the normalized class of starlike functions has been investigated by MacGre-
gor [22] and Altintas et al.[1,2]. Recently, Goyal et al.[13,14], Goswami et al.[10-12], Li et al.[16], Tang et
al.[29,30], and Prajapat and Aouf [26] generalized these results for different analytic function classes defined
by using various operators. However, until now, only one article deals with the majorization problem for
the class of meromorphic functions (see Goyal and Goswami [15]).

The purpose of this paper is to 1nvest1gate the problems of majorization of the classes Sp 06 "[n; A, B] and

Aym

I,os [a,b; A, B] defined by the operator H, p 0 * (1), and give some special cases of our main results.

2. Majorization Problem for the Class N

s _'[1; A, BI

We begin by proving the following result.

Theorem 2.1. Let the function f € ¥, and suppose that g € 525 ;A Bl If

(Hyia 1)f(z)) < (Hyt(a 1)_17(2)) " (ze A me Ny,

then

‘( i (a1 + Df() ) < |(Hyhs(en +1)g(2)) ‘ for |zl <n, 2.1)
where r1 = r1(p, a1, m, 1, A, B) is the smallest positive root of the equation
(p—n)(B-A)+ (a1 - 2m)B|r® — (jaq — 2m| + 2|B|)r? — (Ip —m(B-A)+ (a1 —2m)B| + 2)r
+len —2m| =0, (2.2)
melNp,peN; 0<n<p, aqeC; —1<B<AL]).

Proof. Since g € S Sm[q,A B], we find from (1.6) that

1| ( A';s(al)g(z))(mm S 1+ Aw(z) 23)
A RO L+ Bla)

where w(z) = c1z + ¢2z> + - -+, @ € P, P denotes the well-known class of the bounded analytic functions in A
and satisfies the conditions (see, for details, Goodman [9])

w(0) =0 and |w(z)| <|z| (z€A). (2.4)
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From (2.3), we get
e (m+1)
z(Hyjla)g(2) _prm+IAQ =)+ B~ mlw()

(2.5)
! 1+B
(HY (@) " + Bolz)
Now, using the following, easily verified from (1.5), identity
u (m+1) (m)
2(HYa)9@) " = o (B (o + 1g@) " = (@ + p o+ m) (HY (an)g(@) ™ (2.6)
in (2.5) and making simple calculations, we get
(m)
(Hypolan + 1);7(2)) _ (@ =2m) % [(p ~ )(B = A) + (o1 — 2m)Bla(z)
( i (al)g(z)) a1[1 + Bw(z)]
which, in view of (2.4), immediately yields the inequality
1 + |BJlz])
H/\,ps a . ' |(X1|(
(i) < o @ = 2+ =z
(m)
X ‘(Hggfs(al +1)9(2)) ’ . 2.7)
Next, since (H ! 15(041) f(z) ) " is majorized by (HQ; s(al)g(z))(m) in A", from (1.2), we have
( pqs(al)f(z ) = (P(Z)( pqs(al)g(z))
Differentiating it with respect to z and multiplying by z, we obtain
/ 1 (m+1) / 1 ( ( +1)
2 (HY @) f@) " = 20/@) (HY@)9@) " + 20 (HY (@)g@) "
Using (2.6), in the above equation, we get
(m) (m)
(HY a1+ Df )" =—a¢@n Hy¥(1)g(2)) + p(@) (Hytolon + 1)g(@) . 2.8)
Therefore, noting that ¢ € P satisfies the following inequality (see, e.g., Nehari [23])
’ 1- |(P(Z)|2
lp"(z)] < TR (2.9)

and making use of (2.7) and (2.9) in (2.8), we get

(CCAORTON

211 - lpz)*)(L + IBll2])
1= zP) [lar = 2m| = |(p — n)(B — A) + (a1 — 2m)Bz]]

< (I(p(Z)I + (

x|(Hp(an + 1)92) ™),

which, upon setting
lzZl=r and |p)=p 0<p<]),
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leads us to the inequality

\(H,?,;;;(al v 1)f(z))(m)‘

(D(p) Al (m)
= =) —2m = (o~ (B — A) + (@1 — 2m)BI) ‘(pr5fs(“1 +19(2)

7

where
D(p) = -r(1 + |B|r)p2 +(1- rz)(lal =2m| = |(p — n)(B = A) + (a1 — 2m)B|r)p + r(1 + |B|r)

takes its maximum value at p = 1, with r1 = r1(p,a1,m, 1, A, B) given by (2.2). Furthermore, if 0 < 0 <
ri(p, a1, m, n, A, B), then the function W(p) defined by

W(p) = —o(1 + Blo)p? + (1 = 6*)(la1 — 2m| = |(p = n)(B — A) + (a1 — 2m)Blo)p + o(1 + |Blo) (2.10)
is an increasing function on the interval 0 < p <1, so that
W(p) <W(1) = (1 - 0*)(lar = 2m| = |(p = )(B ~ A) + (a1 — 2m)B|o)

0<p<L;0<0<np a,mn,A,B).

Hence, uponsetting p = 1,1in (2.10), we conclude that (2.1) of Theorem 2.1 holds true for |z| < r1(p, a1, m, 1, A, B),
where r1(p, a1, m, 1, A, B) is given by (2.2). We complete the proof of Theorem 2.1.
Setting A = 1 and B = —1 in Theorem 2.1, equation (2.2) becomes

loy +2(p —m — )l = (lay = 2m| + 2)r* = |y +2(p — m — )| + 2)r + |ay — 2m| = 0. (2.11)
We observe that r = —1 is one of the roots of this equation, and the other two roots are given by
lag +2(p — m — )l = (la +2(p — m — )| + lag — 2m| +2)r + |y — 2m| = 0,

so we can easily find the smallest positive root of (2.11). Hence, we have the following result.

Corollary 2.1. Let the function f € X, and suppose that g € S%f;m(n). If

(m)

A (m) , *
(Hyta)f@) " < (Hytia)g@) "  (z€ A% me N,

then
<

(m) (m)
‘(H;;fs(al +1)f(2) (Hyt (a1 + 1)g(2)) ‘ for |zl <1,

where

&= \E — 4oy +2(p — m — )llay — 2m|
2] +2(p —m =)

1 =1o(p, a1, m, M) = , (2.12)

withé = +2(p—m—n)|+ s —2m|+2,and a; e C; meNp; peIN; 0 <np < p.
As a special case of Corollary 2.1, when A = u = 0, we obtain the following result for the Liu-Srivastava
operator Hy,s(a1):

Corollary 2.2. Let the function f € L, and suppose that g € Sg:gf’(n). If

(Hys(@)f@) " < (Hpgslang@) ™ (z € A% meNy),

then
<

‘(Hp,q,s(al +1£@)"| < |(Hpgolen + 1>g(z))("”] for l <n,

where 1, is given by (2.12).
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Next, let us note that
H1,2,1 (1, 1; 1)f(Z) = f(Z) and H1,2,1 (2, 1,‘ 1)f(Z) = Zf(Z) + Zf'(Z)

If we choosep=1,9=2,5s=1,1n=0,a7 =1 =1and a, = 1, then, for m = 0 and m = 1, Corollary 2.2
reduces to the following Corollaries 2.3 and 2.4, respectively.
Corollary 2.3. Let the function f € X and suppose that g € S%g:?(l ;0) = 5*. If f(z) is majorized by g(z) in
A%, then
- V6

3

Corollary 2.4. Let the function f € T and suppose that g € S(fjgﬁ(l ;0) = K. If f'(z) is majorized by ¢’(z)
in A*, then

2f() +2f ()] < [292) + 20 @)| for Izl < >

|3f’(z) + zf”(z)} < (Bg’(z) + zg”(z)) for |z| <2 - V3.

3. Majorization Problem for the Class I:’f;’:l[a, b; A, B]

Next, we state and prove

Theorem 3.1. Let the function f € ¥, and suppose that g € IQ "o, b; A, B]. If

(HY (@) f@)" < (H (@g@) " e A meNy),

then

‘( Ms(a1+1)f(z) <|(H Q;‘s(mn)g(z) ‘ for |2l <7, (3.1)

where r; = r1(p,a1,m, a, b, A, B) is the smallest positive root of the equation

)pb cosa(B—A)+ (a1 + (1 - p)m)Bei”‘| - (|a1 +(1- p)m| + 2|B|)r?

—(|pb cosa(B—A)+ (a1 +(1 - p)m)Bei"‘( +2)r + |a1 +(1- p)m| =0, (3.2)
(meNy; peN; ai,beC; —g<a< g; ~1<B<A<1).
Proof. Since g € L qy ""[a, b; A, B], it follows from (1.7) that
. /‘ (m+1)
e [z(Hpeg) 1| 1A 63
b : (m) " 1+ Bw(z)’ ‘
0S| p(Hyt(ang@) " +bo@
where w(z) is defined as (2.4).
From (3.3), we have
+1) , ,

z(H (g (@) " _ (m+1)e — [beosa(B — A) — (m + 1)Bew(z) 6

p( qu(“l)g(z)) e[1 + Bw(z)]

Now, using the identity (2.6) in (3.4) and making simple calculations, we obtain

( qu(m + 1)9(2)) [al +(1- p)m]eia + [pbcosa(B—A) + (a1 + (1 - P)M)Bei“]a)(z)
( qu(al)g(z)) a1 + Bw(z)]

7
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which, in view of (2.4), immediately yields the following inequality
A, (m)
(12 @a@) ")

< la1|(1 + |Bl|z])
“ g + (1 — p)m| — |pbcos a(B — A) + (a1 + (1 — p)m)Bei®||z|

(e +9@)” 69

Next, making use of (2.9) and (3.5) in (2.8), and just as the proof of Theorem 2.1, we have

\(HQ:;;(al + 1)f(z))(m)‘

— 2
< (I<p(z)l + l21(1 = lp()”)(1 + |Bllzl) )

(1 = 1zP)ller + (1 = p)m| = [pb cos a(B — A) + (a1 + (1 — pym)Be|[zl]

(m)
x|(Hyhis(ar + 1)g(2))

7

which, upon setting |z| = 7 and |p(z)| = p (0 < p < 1), leads us to the inequality
) (m)
‘(H;)”;s(al +1)f(2)) ‘

< D1(p)
(1 =)lay + (1 —p)m| —|pbcos a(B — A) + (a1 + (1 — p)m)Bei|r]

(m)
(e + 0g) ). (36)
where the function ®(p) defined by
Di(p) = -r(1 + |B|1’)p2 +(1- rz)[lal +(1—-pym|—|pbcosa(B-A)+ (a + (1 - p)m)Be‘“lr]p

+r(1 + |B|r)

takes its maximum value at p = 1 with | = r{(p,a1,m,a,b, A, B) given by (3.2). Moreover, if0<d<
r1(p,a1,m,a, b, A, B), then the function

Wi(p) = -0(1 + |B|<S)p2 +(1- 62)[|a1 + (1 —p)m| —|pbcosa(B - A) + (a1 + (1 — p)m)Bemlé]p

+06(1 + |B|0)

increases on the interval 0 < p < 1, so that W1(p) does not exceed
Wi(1) = (1 - 6)[lay + (1 — p)ym| — [pbcos a(B — A) + (a1 + (1 — p)m)Be'®|5]

(0<o6<r(p,ai,ma,b,A, B)).

Therefore, from this fact, (3.6) gives the inequality (3.1). This completes the proof of Theorem 3.1.
Setting A = 1 and B = —1 in Theorem 3.1, equation (3.2) becomes

2pbcosa + (a1 + (1 - p)m)ei“| - (|a1 +(1- p)m| +2)r% — (I12pbcosa + (a1 + (1 - p)m)ei"‘l + 2)r

+lar + (1 —p)m| = 0. (3.7)

We observe that » = —1 is one of the roots of this equation, and the other two roots are given by

2pbcosa + (a1 + (1 - p)m)ei“| - (|2pb cosa + (a1 + (1 - p)m)ei"‘( + a1 + (1 —p)ym| + 2)r
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+ley + (1 —p)m| =0,

so we can easily find the smallest positive root of (3.7). Hence, we have the following result.

Corollary 3.1. Let the function f € X, and suppose that g € ng’l (a, b). I

. (m) L (m) .
(Hyt@)f@) " < (Hytia)g@) " (z€ A% meNo),

then
<

(m) (m) ’
‘(H;;;fs(al +1)f(2) (Hyts(ar + 1)g(2)) ‘ for |zl < 7,

where

C- \/Cz -4 |2pb cosa+ (aq + (1 - p)m)ei“| lag + (1 — p)ml|
2 |2pb cosa + (a; + (1 — p)m)ei“|

1y =15(p, 1, m,a,b) = , (3.8)
with ¢ = |2pbcosac + (a1 + (1 —p)m)e’“| +log+ (1 —pml+2,andm e No; peN; a,beC; -5 <a<3.
Putting A = y = 0 in Corollary 3.1, we obtain the following result for the Liu-Srivastava operator
Hp,q,s(ozl):
Corollary 3.2. Let the function f € X, and suppose that g € 12;2,';” (a,b). If

(Hons(@)f@)"” < (Hpelang@) " (z € A me Ny,

then
<

\(H,,,q,s<a1 +1f@)"| < |(Hpgolan + 1>g<z))("”\ for 2 <15,

where 7} is given by (3.8).
Further, puttingp = 1, =2,s = 1,m = 0,01 = 1 = 1 and a, = b = 1 in Corollary 3.2, we get the
following result.
Corollary 3.3. Let the function f € ~ and suppose that g € I(l):g/’?(a, 1). If f(z) is majorized by g(z) in A",
then
|2f(z) + zf'(z)| < |Zg(z) + zg’(z)) for |z| < s,

where

0- \/92—4|2cosac+ei"‘|

2 )ZCOSOz + ei"‘)

rs =rs5(a) = (Q:)2cosa+ei"‘)+3; —g<a<g),

which reduces to Corollary 2.3 for a = 0.
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