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Abstract. In this paper, we introduce non-commutative Hg(A; {s) and He(A; {1) spaces. Then it is shown
that these spaces possess many of the properties of non-commutative H,(A) spaces, such as various factor-
ization results including a Riesz type factorization theorem and contractibility of conditional expectation.

1. Introduction and Preliminaries

1.1. Quasi-Banach symmetric function spaces

Let Lo[0, 1] be the space of all measurable real-valued functions on [0, 1] equipped with the Lebesgue
measure m (functions which coincide almost everywhere are considered identical). Define S[0, 1] to be the
subset of Ly[0, 1] which consists of all functions x such that m({t : |x(f)| > s}) is finite for some s > 0.

For x € S[0,1] we denote by p(x) the decreasing rearrangement of the function |f|. That is,

u(t,x) =inf{s > 0: m({lx| >s}) <t}, t>0.

Definition 1.1. We say that (E, || - ||g) is a symmetric quasi-Banach function space if the following holds.

(a) E isa subset of S[0,1].
(b) (E, Il llg) is a quasi-Banach space.
(c) If x € E and if y € S[0, 1] are such that |y| < |x|, then y € E and ||yllg < |IxllE.

Furthermore we recall that the quasi-norm in E is said to be order continuous if, for every sequence
{Xn)}nz0 C E such that x,, | 0 in S[0,1], we have that ||x,|lg — 0. Order continuity of the quasi-norm is
equivalent to separability of the space E (see [10, 16]).

Special examples of such quasi-Banach function spaces are the spaces L,[0, 1], 0 < p < o0, equipped with
their usual quasi-norm || - ||,..

We recall that that every symmetric Banach function space satisfies

Lo[0,1] € E € 4]0, 1]
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with continuous embeddings. For more details see [15].
We say that y is submajorized by x in the sense of Hardy-Littlewood (written y << x) if

¢ ¢
f u(s, y)ds < f u(s, x)ds, t>0.
0 0

Now let E be a quasi-Banach lattice. Let 0 < ¥ < co. Then E is said to be r-convex and r-concave, if there
exists a constant C > 0 such that for all finite sequence (x,) in E

n 1/r n 1/r
{Z mr] < C[Z ||xk||g] :
k=1 E

k=1
and
n 1/r n 1/r
ankug] <C [Z mr] :
k=1 k=1 E

and as usual the best constant C > 0 is denoted by M®(E) and M, (E), respectively. We recall that for r; < r,
we have
M"(E) < M"*(E)

and
M, (E) < M,, (E).

To see example: each L,(m) with Lebesgue measure m is p—convex and p—concave with constant 1, and as
a sequence M(2)(L,,(m)) =1for 2 < pand M)(L,(m)) = 1 for p < 2. For all needed information on convexity
and concavity we once again refer to [16]. If M"*17)(E) = 1, then the r’th power

E :={x e Lo(Q): x|/ € E}

endowed with the norm
1
el = Nllcl 715

is again a Banach function space which is 1/min(1, r)-convex.

1.2. Quasi-Banach symmetric operator spaces

Let IH be a Hilbert space. The closed densely defined linear operator x in IH with domain D(x) is said to
be affiliated with M if and only if uxu = x for all unitary operators u which belong to the commutant M’ of
M. If x is affiliated with M; then x is said to be T-measurable if for every ¢ > 0 there exists a projection e in
M such that e(H) € D(x) and 7(1 —e) < €. The set of all T-measurable operators will be denoted by Lyo(M).
The set Lo(M) is a *-algebra with sum and product being the respective closure of the algebraic sum and
product [19]. For each x on H affiliated with M, all spectral projection e;-(|x]) = X(s;00)(|X]) corresponding to
the interval (s; o) belong to M, and x € Ly(M) if and only if x(500)(|X]) < 00 for some s € R. Recall that the
decreasing rearrangement (or generalized singular numbers) of an operator x € Ly(M) is defined as follows

u(s, x) =inf{t > 0: Ag(x) <s}, 5 >0

where
Av(x) = (e (lxl)); t > 0.

The function s — A,(x) is called the distribution function of x. For more details on generalized singular
value function of measurable operators we refer to [12]. Recall the construction of a quasi-Banach symmetric
operator space Lg(M, 1) (for convenience Lg(M)). Let E be a quasi-Banach symmetric function space. Set

Le(M, 1) = {x €eLo(M,1): px) e E}.
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We equip Lg(M, t) with a natural quasi-norm

Xl o) = lp@)lle,  x € EM, 7).

It was further established in [20] (see also [23]) that E(M, 1) is quasi-Banach.
Since for each operator x € Ly(M)

p(ll’) = p(x)’,

we conclude for every symmetric Banach function space E on the interval [0, 1] which satisfies M"*(")(E) = 1
that

Ler(M) := fx € Lo(M) : [x|'" € Le(M))

and
Il v = HeeeDller = Qe Il = M7l -

See [8, 10].

1.3. Non-commutative Hardy spaces

Let Mbe a finite von Neumann algebra on the Hilbert space IH equipped with a normal faithful tracial
state 7. Let D be a von Neumann subalgebra of M, and let ® : M — D be the unique normal faithful
conditional expectation such that 7 o ® = 7. A finite subdiagonal algebra of M with respect to @ is a
w*-closed subalgebra A of M satisfying the following conditions:

(i) A + J(A) is w*-dense in M;

(ii) @ is multiplicative on A, i.e., O(ab) = O(a)P(b) for all a,b € A;

(iii) A N J(A) = D, where [(A) is the family of all adjoint elements of the element of A, i.e., [(A) = {a*:
ae A

The algebra D is called the diagonal of A. It’s proved by Exel [11] that a finite subdiagonal algebra A
is automatically maximal in the sense that if 8 is another subdiagonal algebra with respect to ® containing
A, then B = A. Given 0 < p < oo we denote by L,(M) the usual non-commutatve L,-spaces associated
with (M, 7). Recall that L,(M) = M, equipped with the operator norm || - || := || - || (see [19]). The norm
of L,(M) will be denoted by || - [|,. For p < co we define Hy(A) to be closure of A in L,(M), and for p = oo
we simply set Hoo(A) = A for convenience. These are so called Hardy spaces associated with A. They are
non-commutative extensions of the classical Hardy space on the torus T. These non-commutative Hardy
spaces have received a lot of attention since Arveson’s pioneer work. For more details on non-cammutative
Hardy space we refer to [1, 7, 17] and [19].

1.4. Non-commutative {e— and {—valued symmetric Hardy spaces

For brevity, we introduce the following definition which was defined in [4].

Definition 1.2. Let E be a symmetric quasi Banach space on [0;1] and A be a finite subdiagonal subalgebra
of M. Then Hg(A) = [Alrm called symmetric Hardy space associated with A, where [-];, (s means
closure in the norm of Lg(M). We denote [Aolr, v by HE(A).

The theory of vector-valued non-commutative L,-spaces were introduced by Pisier in [18] for the case,
when M is hyperfinite and Junge introduced these spaces for general setting in [13] (see also [9, 14]). The
theory for the spaces Lg(M; €«) and Lg(M; 1) was developed by Defant in [8] and Dirksen in [10] and in
full analogy with the special case Lg = L, considered in [9, 13, 14].

Denote by Lg(M; {w) the space of all families x = (x,)s>1 in Lg(M, 7) for which there are operators
a,b € Lgpi2(M) and a uniformly bounded sequence (y,)n»1 in M such that x,, = ay,b for all n € IN. We set

Ixllce ey == InfllallL,, (v SUP [[YalleollbllL,. a0}
n
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where the infimum is taken over all such possible factorizations. Moreover, we denote by Lg(M; £') (here
”col” should remind on the word “column”) the space of all x = (x,)u>1 in Lg(M) for which there are
b € Lg(M) and a bounded sequence (v, ):>1 in M such that x,, = y,b for all n. We then put

Il Ay == Inf{sup llYnllool 1Bl an)-

Similarly, the row version consisting of all families x = (x,),>1 admitting a factorization x, = ay, with
a € Lg(M) and (y4)n>1 bounded in M is denoted by Le(M; £3") and we define

XNl ey == inf{llallL, vty SUp [Ynlloo}-

In both cases the infimum is again taken over all possible factorizations. The space Lg(M; ¢1) is defined as
the space of all sequences x = (x,),>1 in Le(M) which can be decomposed as

(o]
X, = Z Upn Ui, Y > 1
k=1

for two families (1, )k n>1 and (Vy)n k=1 in Lz (M) such that

Z Uugntiy, € LE(M)  and Z v}, Ouk € LE(M),
kn=1 nk=1

where the series converge in norm. For x € Lg(M; £1) we define

(o] (o)
. = 11/2 * 1/2
Il v = inflll Y et 12 Y Oyl 2,
kn=1 nk=1

where the infimum runs over all decompositions of x as above.
Now we define the Hardy space analogue of these spaces by a similar way.

Definition 1.3. (i) We define Hg(A; {) as the space of all sequences x = (x,)n>1 in Hp(A) which admit a
factorization of the following form: there are a,b € Hpi2(A), and a bounded sequence y = (y,) C A such
that

Xp = ay,b,¥n > 1.

Given x € Hg(A, () define

Ixllre (e, 2= inf{llallg,, ) sup 1Yalleollbll,, » @)}
n

where the infimum runs over all factorizations of (x;,) as above. Moreover, let us define Hg(A; fgg’ ) as the
space of all (x,)n>1 in He(A) for which there are b € Hg(A) and bounded sequence (y,),>1 in M such that
Xy = Ynb and

Ixllpg(ae.) == inf{sup [|yalleo|lbllHg ) }-

Similarly, we define the row version Hg(A; £2") all sequences which allow a uniform factorization x, = ay,,
again with a € Hg(A) and (y,)n>1 uniformly bounded in M.
(ii) We define Hg(A; £1) as the space of all sequences x = (xy,)n>1 in Hg(A) which can be decomposed as

(o)
X, = Z Upn Ui, Y > 1
k=1

for two families (1, )k n>1 and (V) y k=1 in Hp12(A) such that

(e8] (o)

Z Ugntty, € LE(M) and Z U, Onk € LE(M).

kn=1 nk=1
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In this space we define norm in the following form:

oo 1/2 o 172
Il ey 1= inf Y s, Y Vo :
kn=1 H () k=1 H(A)

where the infimum runs over all decompositions of x as above.

Example 1.4. For E = L,, we obtain with Hg(A) = H,(A) and Hp2(A) = Hap(A) the symmetric case of the
spaces H;y’s)(ﬂ; ls), ie.
HE(A; L) = HPP(A; ).
Moreover, we then have
HE(A; €2) = Hy™ (A; €)

and

He(A; €2°) = H, " (A; ).

Particular cases which are shown in Example 1.4 with H,(A; {1) were introduced in [5, 21, 22] with some
basic properties. Section 1 contains some preliminary definitions. In section 2, we prove that Hg(A, {«) and
HEg(A; €1) are quasi-Banach spaces and an analogue Saito’s theorem (see [20, Proposition 2 ]). In section 3,
we extend that the conditional expectation ® to a contractive projection from Hg(A; {w) onto Lg(D; {) and
from He(A; £1) onto Lg(D; £1), respectively.

2. Some Properties of Heg(A; £,) and Hg(A; £1) Spaces
The following is our key lemma.

Lemma 2.1. (i) Let E be a r—convex symmetric quasi Banach function space on [0;1] for some 0 < r < co and E
do not contain co, where cy = {(a,) : limy—e a, = 0}. If (x,) € LE(M; €w), then there exist h, g € Hpi2(A) and
(zn) C M such that h™, 7' € A, and for all n, x, = hz,g, and sup, ||zull < 1. Moreover,

NCllLemieny = InE{llRllH,, @) Sup 1zalleollglla, . @),
n

where the infimum runs over all factorizations of (x,) as above.
(ii) Let E be a symmetric quasi Banach function space on [0; 1], then

LE(M; €s) = Lpis(M; €°) - L2 (M; €95,

Proof. (i) If x € Lg(M; {), then for any ¢ > 0 there is a bounded sequence y = (y,) in M and operators
a,b € Lpi2(M) such that for all n

X = aynb, lyall <1,
and ”’1||LE1/2(M)”b”LEl/z(M) < |Ixlls ey + €. Let a* = ula’| and b = v|b| the polar decompositions of a* and b,
respectively. Put ¢ = (|*2 + €)? and d = (|b? + €)2. Clearly, |a'* < ¢? and [b|* < d2. Then by Remark 2.3. in
[9] there exist contractions w, 8 € M such that |a*| = wc, |b] = 6d. Since c,d € Lpiz(M) and ¢, d™1 € M, by
Proposition 3.3 (i) in [4] there exist ki, g € Hp12(A) and unitary operators v, w € M such that ¢ = hv, d = wy,
and h™1, g7 € A. Obviously,

Xy = hvo'u"y,vowlg.
Put

Zy = v'u'y,vow,

then it is clear that sup, ||z,|l < 1. The norm estimate is clear.
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1) Letx € Lg ; 1), then x,, = ay,b. oosing x,,” = a and x,,” = 1,0 tor all n, we see that
(ii) L Le(M; &), th yub. Choosing x\) d x? = y,b for all h

Xp = xf})xff), Y n.

Since M is finite and a,b € Lpi2(M), we have (X\V) € Lpi2(M; €99), (x?) € Lpia (M; £).
This completes the proof. [J

Proposition 2.2. Let E be a r—convex symmetric quasi Banach function space on [0;1] for some 0 < r < oo and E
do not contain cy. Then

He(A; €o) = {(xn) € LEM; €0) © () € HE(A)}. 1)
Moreover,
N lromiesy = Nl ey, YV (xn) € HE(A; o). )

Proof. The inclusion Hg(A; €x) C {(x) € LE(M; €s) © (x,) € He(A)}is clearly. Let (y,) € {(xn) € LEM; €) :
(xn) € Hg(A)}. Then by (i) of Lemma 2.1 there exist a,b € Hgi2(A), and z,, € M such that

Yn =azyb, Vn,
anda1,b7! € A, and sup, [|zull < 1. By Proposition 3.3. (ii) in [4], we have that
Zy = ailynbfl eHANM=A Vn
Hence (y,) € HE(A; ). So (1) holds. Using (i) of Lemma 2.1 we get (2). O

Theorem 2.3. Let E be a r—convex symmetric quasi Banach function space on [0;1] for some 0 < r < co and E do
not contain co. Then He(A, €w) is a quasi-Banach space.

Proof. By (2), it is suffices to show Hg(A, {«) is a closed linear subspace of Lg(M, {x). Let (x,(})), (xﬁ,z)) €
Hp(A, ls) and , p € C. Then (axﬁ,l) + ﬁx,(f)) € Lg(M, €s) and for all n, axﬁ,l) + ﬁxf) € Hp(A). By Proposition
2.2, we have that (axi,l) + ﬁﬁ'cf)) € Hp(A, ls), i.e., HE(A, L) is a linear subspace of Lg(M, £). Next to prove
Hp(A, ) is closed. Let (x,(j)) € HE(A, l) (j=1,2,..) and (x,) € Lg(M, £-) such that

tim 163) = @l ) = 0.

Since 0 0

I = xullpen < 107) = G)llEp@ae,), YneN,
it follows that lim; o ||x£lj) — Xuller @y = 0, s0 x,, € He(A). Using Proposition 2.2 we obtain (x,) € Hg(A, {),
i.e., He(A, {) is closed. O

Corollary 2.4. Let E be a r—convex symmetric quasi Banach function space on [0;1] for some 0 < r < co and E do
not contain cy. Then
HE(A; o) = Hpa(A; £3°) - Hpa (A, £2).

Lemma 2.5. Let E be a r—convex symmetric quasi Banach function space on [0; 1] for some 0 < v < oo and E do not
contain cy. If x € Lg(M; €1), then for each n there exist (ax,)k>1 C Hp12(A), (bu)iz1 € Hp2(A) and (Y1 € M
such that

(o]
Xn = Zaknynkbnk/
k=1

where (4 Vis1, (U1 C A, and sup, ||yl < 1 for all n and k. Moreover,

D" b

nk=1

1/2 1/2

)

Y, Gty

kn=1

IXllL: e, = inf

7

He(A)

sup ||Vklleo
Hi@)

where the infimum runs over all decompositions of x as above.
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Proof. Let (x,) € Le(M;{1). Then for € > 0 there are two families (ux,), (Vi) € Lpiz(M) such that x, =
Yot UknOnk € LE(M), X 03, 0, X ki, € L(M) and

(o]
D, Uit
nk=1

Let up, = Sulu;, | and vy = vyrlva| be the polar decompositions of u; and vy, for all n and k, respectively.
Put ¢, = (11, 2 + 55)? and dy = (lowl® + 55)7. Itis clear that [u}, > < 2 and [oul? < d2,. By Remark
2.3 in [9], there exist contractions wy,, O,x € M such that lup, | = @knChn, 10nk|l = Ourdyk. Notice that ¢y, €
Lgin(M), dux € Lgiz(M) and c,:nl,d;,} € M. Hence, by Proposition 3.3 (i) in [4], there exist unitary operators
Vin, Wax € Mand g, € Hpi2(A), gux € Hpa(A) such that ¢y, = hiyve, and di = wiigur, and b}, g7l € A
Clearly,

1/2 1/2

[o0]

Y iy,

kn=1

< Ixllzpmiey) + €-
Le(M)

Le(M)

(e8]
Xn = Z hkn[anwznuznvnkgnkwnk]gnk-
k=1

Set
— * * 9
Ynk = Vin@y,, Uy, Onk Onk Wik
Then
(o]
Xp = thnynkgnk and  sup [yulleo < 1.
k=1 n

The norm estimate is clear. [

Similar to Proposition 2.2, we have the following result.

Proposition 2.6. Let E be an r—convex symmetric quasi Banach function space on [0;1] for some 0 < r < co and E
do not contain cy. Then
Hp(A; 0) = {(xn) € LM 61) = (xn) € HE(A))

Moreover,
NGl mey = Nz ey, ¥ (x0) € HE(A; 61).

Using Lemma 2.5 and Proposition 2.6 we obtain the following result.

Theorem 2.7. Let E be a r—convex symmetric quasi Banach function space on [0;1] for some 0 < r < oo and E do
not contain cy. Then Hg(A; £1) is a quasi-Banach space.

Proposition 2.8. Let E be an r—convex symmetric quasi Banach function space on [0;1] for some 0 < v < co and E
do not contain cg. Then

He(A; €) = HA(A; €0) 0 Le(M; b)) and HY(A; €o) = HYA; bo) N LE(M; o).

Proof. We prove only the first equivalence. The proof of the second equivalence is similar. It is obvious
that He(A; €e) € Hi(A; {0) N LE(M; £o). To prove the converse inclusion let (1,)n>1 € HA(A; €o) N LE(M; €s),
then (y,)n>1 € LE(M; {). By Proposition 3.3. in [4], (y,) € H(A) N Lg(M) = Hg(A). Applying Lemma 2.2
we find (y,) € He(A; {e). O

Proposition 2.9. Let E be a r—convex symmetric quasi Banach function space on [0;1] for some 0 < r < oo and E
do not contain cyg. Then

HE(A; &) = H{(A; &) N Lg(M; €1) and HY(A; &) = HY(A; &) 0 Le(M; 6).

The following proposition is analogue of Proposition 2 in [20] on the Hr(A; ) space.
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Proposition 2.10. Let E be a symmetric Banach function space on [0; 1] and E do not contain co. Then we have the
following, where Hg(ﬂ; le) = {x € HE(A; ) : D(x,) =0, Vn}:

Hp(A; ) = {x € LEM; L) = T(xnc) =0, for all ¢ € Ay and n}.
Moreover,
HY(A; ) = {x € LE(M; bo) : T(x4c) = 0, for all c € A and n}. (3)

Proof. The inclusion Hg(A; {w) C {x € LE(M;{€s) & t(x4c) = 0, for all ¢ € Ay and n} is clearly. Let
y e {x € LEM; ts) & T(xpc) = 0, for all ¢ € Ay and n}. Then by Lemma 2.1 (i) there exist a € Hgi2(A),
b € Hp2(A) and z,, € M such that

Yn =az,b, Vn

where a7!,b7! € A and sup,, [[yulle < 1. On the other hand, we have t(y,c) = 0, Yc € Ap. Since a~'sb™! €
Ao, Vs € Ay, substituting c by a~'sb~! we obtain z, € A (see [4, Lemma 3.1.]), so (yn) € He(A; ). Now
we prove the (3). It is obvious that Hg(ﬂ;foo) C {x € LEM; ) @ T(xyc) = 0, for all ¢ € A and n).
Let x € Lg(M;{), then as above by using Lemma 2.1 (i) and since t(x,d) = 0, ¥V d € Ay we get that
x € Hp(A;{x). On the other hand we have 7(x,c) = 0, VY ¢ € A. Then since x,, € Lg(M), we deduce
X, € Hg (A) (see [4, Lemma 3.1.]), which is the conclusion. O

3. Contractibility of ® on Hg(A; {) and He(A; £1) Spaces

It is well-known that conditional expectation @ extends to a contractive projection from L,(M) onto
L,(D) for every 1 < p < oco. In general, @ cannot be, of course, continuously extended to L,(M) for p < 1.
However, in [3] proved that ® contractive projection from H,(A) onto L,(D) for p < 1. In this section we
prove that @ extends to a contractive projection on Hg(A; {o) and Hg(A; £1) spaces.

Theorem 3.1. Let E be a symmetric quasi-Banach function space on [0;1] with M"(E) = 1 for some 0 < r < co and
let h = (hy)n>1 C HE(A). Define (hy)nz1 = (P(hy))n=1, then @ extends to a contractive projection from He(A; {oo)
onto LE(D; €, i.e.

IO Die.) < Wller (e,

forall h € HE(A; €«). The extension will be denoted still by ©.

Proof. Let h = (hy)n=1 € He(A; {), then for all € > 0 there exist a,b € Hpi2(A) and a bounded sequence
(x,) € A such that for all n, h,, = ax,b, and

()=l e + € 2 Nalla,, , (a Sup xalle 1Bl , ) -
n
Hence, by Corollary 2.3. and Theorem 2.2. in [4],

D(hy) = Dlax,b) = (a)D(x,)D(b),

where
®(a) € Le(D), P(x,) € D, O(b) € Lg(D)
and
IP@L,, .0 < Nlallu,, )/ NPEeo < Xalloo MNPOL, ) < Wbl 0 1) -
Therefore,

||(q)(hn))n21||LE(z);fw) < ||q)(a)||LE1,2(z)) sup ||‘D(xn)||Lw(z)) ||CD(b)||LEl/2(z))
n

< lallg,, (2 sup Xl Wbl () < 1)) + €-
n

Then letting ¢ — 0 we obtain the desired inequality . O
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Theorem 3.2. Let E be a symmetric quasi-Banach function space on [0;1] with M"(E) = 1 for some 0 < r < co and
let y = (Yn)n>1 € He(A). Define (Yn)n=1 = (P(Yn))us1, then © extends to a contractive projection from Hp(A; (1)
onto Le(D; 1), i.e.

Hq)(y)”LE(D;[]) < HJ/HHE(ﬂ;m
forall y € He(A; £1). The extension will be denoted still by .

Proof. Let y = (Yu)nz1 € He(A; €1), then for all € > 0 there are (uj, )k n>1 and (Vpx)n k=1 in Hpi2(A) such that

(o8]

Xn = Z UknUnk, V1,
k=1

and Y0 Uity € LE(M) and Z;:k:l 0! Unk € LE(M), and

8] 2 (o] 2
”(y”)”Zl”Hg(fﬂ;é’l) tez Z WienUy, 2 Vi Unk
k,n:l Hg(ﬂ) k,n=1 HE(ﬂ)

Hence, by Corollary 2.3. and Theorem 2.2. in [4]

q)(yn) =0 Z UknOnk | = Z (D(”knvnk) = Z (D(ukn)q)(vnk)/ v n.
k=1 k=1 k=1

Then by using the inequality in the proof of Lemma 5.1 in [4] we obtain

@@l e, = | T Pa)@@a ), o
~ 1/2 o 1/2
< || X 1@, Y 0 (0.0P
equation fn=l " Lp1p2(D) kn=1 ” Lap(D)
<\ D s P Y loul
kn=1 Hy (A) k,n=1 Hyp (A
<

‘|(y")"21‘|HE(ﬂ;€1) +é&.

So letting ¢ — 0 we obtain verifies inequality. [
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