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Abstract. In this paper, we investigate the uniqueness problem of meromorphic functions when nonlinear
differential polynomials generated by them share a set of values with finite weight and obtain some results
which generalize the results due to H.Y. Xu [ ]. Computational Analysis and Applications 16 (2014) 942-954].

1. Introduction, Definitionnitions and Results

In this paper, by meromorphic function we shall always mean meromorphic function in the complex
plane. We shall use the standard notations of the Nevanlinna’s theory of meromorphic functions as ex-
plained in [4], [5] and [21]. For a nonconstant meromorphic function f, we denote by T(r, f) the Nevanlinna
Characteristic function of f and by S(r, f) any quantity satisfying S(r, f) = o{T(r, f)} for all r outside a possible
exceptional set of finite logarithmic measure. Fora € C U {oo} and S € C U {0}, we define

ES f) = U{z : f(z) —a =0, counting multiplicity},

aes
EGS, f) = U{Z : f(z) —a =0, ignoring multiplicity}.

aes
Let f and g be two nonconstant meromorphic functions. If E(S, f) = E(S, g), we say that f and g share

the set S CM and if E(S, = E(S, g), we say that f and g share the set S IM. Especially if S = {a}, we say that
f and g share the value a CM when E(S, f) = E(S, g) and a IM when E(S, f) = E(S, 7).

Let k be a positive integer or infinity. For a € C U {0}, we denote by Ey (4, f) the set of all a-points of f
whose multiplicities are not greater than k. Also by Ey(a, f), we denote the set of all distinct a-points of f
whose multiplicities are not greater than k. If E.)(a, f) = E«)(a, g), we say that f and g share the value a CM

and if Ec)(a, f) = Ew)(a, ), we say that f and g share the value a IM. For a € C U {oo} and S € C U {oo}, we
define

Eo(S, f) =) En(a, f)and Ex(S, f) = | JEoa, ).

aesS aes
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Many research works on differential polynomials of meromorphic functions sharing certain value have
been done by many mathematicians worldwide (see [1], [3], [10], [12], [14], [15], [16], [17], [19], [20]).
Recently, there have been an increasing interest in studying differential polynomials of meromorphic
functions sharing a set of values. In this direction we need the following definitions.

Definition 1.1. [6, 7] Let f be a nonconstant meromorphic function and k be a positive integer or infinity. For
a € CU {oo}, we denote by Ny (v, a; f) the counting function of those a-points of f whose multiplicities are not greater

than k and by Ny(r, a; f) the corresponding reduced counting function of f. We denote Ny,1(r, a; f) by the counting

function of those a-points of f whose multiplicities are greater than k and N1 (r, a; f) by the corresponding reduced
counting function of f.

Definition 1.2. [7] Let f be a nonconstant meromorphic function and k be a positive integer or infinity. For
a € C U {oo}, we denote by Ni(r,a; f) the counting function of a-points of f, where an a-point of multiplicity m is
counted m times if m < k and k times if m > k. Then

Ni(r,a; f) = ﬁ(r,a;f) + N(Z(r,a;f) + ... +N(k(r,a;f).
Clearly Ni(r,a; f) = ﬁ(r,a;f).

Definition 1.3. [21] Let f and g be two nonconstant meromorphic functions such that f and g share the value 1 IM.
We denote by N}E)(r, 1; f) the counting function of common simple 1-points of f and g.

In 1997, C.C. Yang, X.H. Hua [18] proved the following theorem.

Theorem 1.1. Let f and g be two nonconstant meromorphic functions, and n (> 11) be an integer. If f" f" and g"g’
share the value a CM where a € C\{0}, then either f = tg for 1+l =1 or g =c1e” and f = cpe™%, where c, ¢ and ¢,
are constants satisfying (c1c2)"'c? = —a?.

Regarding Theorem 1.1, one may ask the following question.

Question 1.1. Whether there exists a differential polynomial d such that for any pair of nonconstant meromorphic
functions f and g we can get f = g when d(f) and d(g) share one value CM?

In 2002, C.Y. Fang, M.L. Fang [2] and in 2004, W.C. Lin, H.X. Yi [9] gave a positive answer to the above
question and proved the following results respectively.

Theorem 1.2. [2] Let f and g be two nonconstant meromorphic functions, and n be a positive integer. If Ex(1, f"(f -
1)2f") = Ex(1,9"(g — 1)*¢’) and one of the following conditions is satisfied: (a) k > 3 and n > 13, (b) k = 2 and
n>15,(c)k=1andn > 23, then f = g.

Theorem 1.3. [9] Let f and g be two nonconstant meromorphic functions satisfying ©(co, f) > -2 and n (> 12) be
an integer. If f*(f —1)f" and g"(g — 1)g’ share 1 CM, then f = g.

In 2006, I. Lahiri, R. Pal [8] also proved the following results corresponding to the above question.

Theorem 1.4. Let f and g be two nonconstant meromorphic functions and n (> 13) be an integer. If E3)(1, f"(f —
1)2f") = E3(1,9™(g — 1)%9’), then f = g.

Theorem 1.5. Let f and g be two nonconstant meromorphic functions and n (> 14) be an integer. If Es) (1, f*(f° -
1)f") = E3)(1, 9" (9> = 1)g’), then f = g.

In 2014, H.Y. Xu [13] investigated the uniqueness of meromorphic functions when differential polynomials
generated by them share aset S,, = {1, @, @?, ..., @™}, where w = cos 2 + isin 2&, m is an integer and
obtained the following results.
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Theorem 1.6. Let f and g be two nonconstant meromorphic functions and n, m (> 2) be two positive integers. For

a, b € C\{0}, let Exy(Sp, f"(f —a)(f — b)f’) = E(Sm, 9" (g — a)(g — b)g’) and let f or g be meromorphic function
having only multiple poles. If the expressions “2 g I ( ) -y, ( ) and Y143 ( )S have no common simple
zeros and one of the following conditions holds:

(i)k23:n>4+%when2£m§3andrz>4+%whenm24;

(i)k=2n>4+L when2 <m<3andn>4+ 2 whenm >4

(iz'i)k:1:n>4+%when2§m§3andn>4+%whenm24,
then f = g.

Theorem 1.7. Let f and g be two nonconstant meromorphic functions and n, m (> 2) be two positive integers. If
Ex(Sm, f"(f —a)*f’) = E@(Sm,g (g — a)*g’) and one of the following conditions holds:

(Jk>=3andn >4+ +

(ii)) k=2 and n > max{4 + %,2 + 1—n?};

(iii)k:1:n>4+%when2§m§3andn>4+%whenm24,
then f = g.

Note 1.1. There are some lacuna in the lower bound of n in Theorem 1.7. In the proof (not given in details) of the
theorem, Case (i) of Lemma 2.4 [13] is required where the lower bound of n is taken as n > 8.

In this paper we consider the more general differential polynomial namely, f"(f — a)(f — b)(f — c)f’ where
a, b, c € C\{0} and obtain the following results.

Theorem 1.8. Let f and g be two nonconstant meromorphic functions and n, m (> 2) be two positive integers. Let
Exy(Sm, f'(f —a)(f =D)(f —c)f") = Exy(Sm, g"(9 —a)(g — b)(g — c)g’), wherea, b, c € C\{0} and a # b # cand let f
or g be meromorphic function having only multiple poles. If the expressions “2 g 2y ( )S abtberan Yo ( )

ey ( ) and Z”+3 ( ) have no common simple zeros and one of the following conditions holds:

(i) k > 3: n>5+ when2<m<3undn>5+ when m > 4;

(ii) k = 2n>5+ when2<m<3undn>5+ when m > 4;

(iii) k = 1: n>5+mwhenZSmS3andn>5+mwhenm24
then f = tg, where t" = 1.

Theorem 1.9. Let f and g be two nonconstant meromorphic functions and n, m (> 2) be two positive integers. Let
Ex(Sm, f"(f —a)*(f = b)f') = Eiy(Sm, 9"(g — a)*(g — b)g’), where a, b € C\{0}, a # b and let f or g be meromorphic

function having only multiple poles. If the expressions 2L g Z"+2( ) Y Z”“( ) Lh gy (f) and

n+3 n+2 n+l g
Yo (5)5 have no common simple zeros and one of the following conditions holds:
(k>3:n>3+2 when2<m<3andn>5+ 2 whenm > 4;
(iz')k:2:n>3+%when2§m§3andn>5+%whenmzél;
(iz'i)k:1:n>3+%when2§mS3andn>5+%whenm24,
then f = tg, where t" = 1.

Theorem 1.10. Let f and g be two nonconstant meromorphic functions and n, m (> 2) be two positive integers.
For a € C\{0}, let Exy(Sm, f*(f - a)3f ) = Ei(Sm, 9" (g — a)’g’) and let f or g be meromorphic function having only

multiple poles. If the expressions 2% g Z”+2( )s — 3 gy ( ) e 0( ) and ):"+3( ) have no common

n+2
simple zeros and one of the following condltzons holds:
(i) k > 3: n > max{10, 2 + &} when 2 < m < 3 and n > max{10, 2} when m > 4;
(ii) k = 2: n > max{10, 2 + 10} when 2 < m < 3 and n > max{10, 10} when m > 4;
(iii) k = 1: n > max{10, 2 + 16} when 2 < m < 3 and n > max{10, 2} when m > 4,
then f = tg, where t" = 1.
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2. Lemmas

We now state some lemmas which will be needed in the sequel.

Lemma 2.1. [11] Let f be a nonconstant meromorphic function and let

R(f) apff +ap fP 4+ L +af +ag
N= byfl+by_1fi™ 0+ ... +bif +Dbo
be an irreducible rational function in f where a, (# 0), a1, . .., ai, ag and by (# 0), by, ..., by, bo are

constants. Then
T(r,R(f)) = dI(r, f) + S(r, f),

where d = max{p, q}.

Lemma 2.2. [21] Let f be a nonconstant meromorphic function and k be a positive integer. Then

T(r, f®) < T(r, f) + kN(r, 00; f) + S(r, f)

and
N(r,0; f®) < N(1,0; f) + kN(r, 00; f) + S(r, f).

Lemma 2.3. [2] Let f and g be two nonconstant meromorphic functions and k be a positive integer. If Exy(1, f) =
Ey(1, g), then one of the following cases holds:

(i) T(r, )+ T(r,g) < Na(r,00; f) + Na(r,0; f) + Na(r, 0; g) + Na(r,0; g) + N(r, 1; f) + N(r, 1; 9)
—N,? (1,1 f) + N1 (r, 1; f) + Ngeaa (7, 1, 9) + S(r, f) + S(r, 9);

(ii)f — (B+1)g+(A-B-1)

Bgr B where A (# 0), B are two constants.

Lemma 2.4. Let f and g be two nonconstant meromorphic functions and n, m be two positive integers such that
n>2Z+ 4 1 Ifone of fand g is meromorphic function having only multiple poles and the expressions

S
“:ﬁ;cgz Z"+2 ( ) — thtberar gy ntd ( ) + dbe 3 (—) and Y13 ( ) have no common simple zeros, and

pa A+ b+cC "3 ab+bc+ca ., il
(n+4f n+3 T n+2 BTV n+1f

_ ( 1 .4 a+b+c n+3+ab+bc+ca wio  abc n+1)m
- 7

n+4 n+3 n+2 n+1

where a, b, c € C\{0}, then f = tg where t" = 1.

Proof. From the assumption of Lemma 2.4, we have

aa _ A+b+c "3 ab+bc+ca ., i+l
(n+4f n+3 iv3 ) n+2 BTV n+1f

3 (1 ey a+b+c .5 ab+bc+ca ., abc n+1)
= — _— — ,

1)

n+4g n+3 g n+2 g n+1g

where t" = 1. From (1), we see that f and g share co CM. Without loss of generality, we assume that g has
some multiple poles. Put h = g. Suppose that  is not constant. Then from (1), we have

AP W™ —t) + B3 — t) + Cg(h™* — t) + DK™ =) = 0,
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2hn+3 —t hn+2 —t hn+1 —t

. 3 _
Le., Ag” = -Bg W4 — t - Cghn+4 —t - Dhn+4 —t (2)
_ 1 _ b _ ab+b _ _ab
where A = — B= -2 C= 2% and D = — 7%
Let z) be a pole of g with multiplicity po (= 2), which is not a zero of & — uy, where u** = t = @'
(k=0,1,...,n+3;,r=0,1, ..., m—1)such thatw = cos% +isin%“. From (2), we have 3py = 2py i.e.,

po = 0. Thus, we get a contradiction. Hence the poles of g are precisely the zeros of i — 1 ,.

Let z; be a zero of h — u, with multiplicity q; which is a pole of g with multiplicity p;. From (2), we
have 3p1 = 2p; + g1 i.e., p1 = q1. Since g has no simple pole, it follows that such points are multiple zeros of
h—uy,. Forr=0,1, ..., m—1, we obtain from (2),

BgZ(hn+3 _ wr) + Cg(l’l”+2 _ wr) + D(hn+1 _ wr)
- hn+d — o7 4

_ _1 _ _ atb+c __ ab+bctca _ _ abc
where A = o, B=-226, C= "% and D = — 7%

Ag = 3)

Letz; beasimple zeroof h—uy, (k=0, 1, ..., n+3;r=0, 1, 2, ..., m—1)whichis a zero of multiplicity
g2 (> 2) of numerator of (3). Then from (3), we see that z; would be a zero of g° of order g, — 1. Therefore
z, would be a zero of h"*! — @". We note that the number of common factors of #"*! — w" and h"** — w" are
less or equal to the number of common factors of #""*1) — 1 and K" — 1 forr =0, 1, 2, ..., m—1.
Since ged(m(n + 1), m(n + 4)) is either m or 3m, it follows that h"*! — @" and h"** — @" may have at most 3m
common factors forr =0, 1, 2, ..., m—1, where gcd(p, q) means greatest common divisor of p and g.
Again a meromorphic function can not have more than two Picard exceptional values. Therefore, we see
that I — 1, has multiple zeros for at least (n + 4)m — 3m — 2 valuesof k € {0, 1, ..., m(n +4) — 1} when
r=0,1,2, ..., m=1. Thus, O(ux,; h) > %foratleast (n+4)m-3m—-2valuesofke {0, 1, 2, ..., m(n+4)-1}
whenr=0, 1, 2, ..., m—1,whichisa contradiction as n > % + % —1. Hence h is a constant. If i # ¢, from
(2) we see that g will be a constant function which is impossible. Thus f = tg where " = 1. This proves the
Lemma. O

Lemma 2.5. Let f and g be two nonconstant meromorphic functions and n, m be two positive integers such that
n > 2. Then

(f"(f —a)(f =b)(f - f)"(g"(g—a)g - b)g—c)g)" £1,
wherea, b, ce C\{O}anda # b # c.

Proof. In the contrary, we may assume that

(f"(f —a)(f =b)(f =) f )"(g" (g —a)g - b)(g—c)g')" = 1.
Then

fif=a)f-b(f-of g(g-ag-bg-cg =t (4)

where t" = 1. Let zg be a zero of f with multiplicity pp. Then from (4), we see that z is a pole of g (say with
multiplicity qo). Thus, we have npg +po—1 =nqo+3q0 +qo+1,ie,3q0+2=n+1)(po —q0) =2 n+1, ie,
qo = ”—51 Hence, we obtain

n+4)(n-1)+6 n+2
( )(3 ) re., po= 3

Let z; be a zero of f —a with multiplicity p;. Then from (4), we see that z; is a pole of g (say with multiplicity
g1). Thus, we have p; +p1 —1=(n+4)q1 +1,1i.e, 2p; = (n + 4)q1 + 2. Hence, we obtain

n+ 1)P0 >

(5)

mn+4)qp+2 n+6
> > .
p1= > 2= (6)
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We can get the similar results for the zeros of f —b and f —c. Similarly, we get the same results for the zeros

of g(g — a)(g — b)(g — ¢).
Since a pole of f is either a zero of g(g — a)(g — b)(g — c) or a zero of g’, we have
N(r,00f) < N(,0;9)+N(r,a;9) + N(r,b; 9) + N(r,c; 9) + No(r,0; ) + S(r, f) + S(1, 9)
< %N(r, 0;9)+ nZT6N(r, a;9) + %%N(r, b;g) + nL%N(r, c9)
+No(r,0;9") + S(r, f) + S(1, 9)
(-5 + =) T + No,0:91) + 50,11+ 5019, ?)

n+2 n+6

where Ny(r,0; g’) denotes the reduced counting function of those zeros of g° which are not the zeros of
9(g —a)(g = b)g —o).

By the second fundamental theorem of Nevanlinna and from (5)—(7), we obtain

3T(r,f) < N(,0;f)+N(ra; f) + N, b; f) + N(r,c; f) + N(r, 00; f) = No(r,0; f) + S(r, f)
< SN0 f) + =N f) + =N b ) + ——N(r,c; f)
+ (n ‘:’ 5+ i 6)T(r,g) +No(r,0;9') = No(r, 0; f) + 5(r, f) + (1, 9)
(n i 2" i 6) (T(r, ) + T(r, )} + No(r,0;9') = No(r,0; ) + 51, f) + 5(1,.9). ®)
Similarly, we have
6 — —
3T(0) < (g + g 0P + T000) + No(r,0: £) = N, 0:97) + 500, £) + 50,9, ©)
Adding (8) and (9) we get
6 12
(3- =25 - 2 )10, )+ T6.9)) <56, + 50,9,

a contradiction as n > 2 and the proof of Lemma 2.5 is complete. [

Lemma 2.6. Let f and g be two nonconstant meromorphic functions and n, m be two positive integers such that
n > 4. Then

(f"(f = a*(f =) f)"(g" (g - )* (g~ b)g)" £ 1,
wherea, b € C\{0} and a # b.

Proof. In the contrary, we may assume that
(f'(f = (f =0)f)"(g"(g - a)* (g~ b)g)" = 1.
Then
f{f=a(f=b)f'g"(g-a)(g-byg =t, (10)

where t" = 1. Let zg be a zero of f with multiplicity po. Then from (10), we see that zj is a pole of g (say
with multiplicity qo). Thus we have npg +po —1=ngo +3q0 + qo + 1,i.e, 30 +2 = (n + 1)(po — q0) = n + 1,
i.e., qo > %51 Hence we obtain

nm+4)(n-1)+6 . n+2
3 .

(n+1)py > . (11)
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Let z be a zero of f —a with multiplicity p1. Then from (10), we see that z; is a pole of g (say with multiplicity
q1). Thus we have 2p; + p1 — 1= (n +4)q1 + 1,i.e., 3p; = (n + 4)q1 + 2. Hence
;> (n+4)q; +2 S n+6.
3 3
Let z; be a zero of f —b with multiplicity p,. Then from (10), we see that z; is a pole of g (say with multiplicity
q2). Thus wehavep, + po —1 = (n +4)q2 + 1, i.e., 2p> = (n + 4)q2 + 2. Hence we obtain

(12)

S (n+4)q2+2>n+6.

p2 = > 2 — (13)
Similarly, we have the same results for the zeros of g(g —a)(g — b).
Since a pole of f is either a zero of g(g — a)(g — b) or a zero of g’, we have
N(r,00; f) < N(r,0;9) + N(r,a;9) + N(1,b; 9) + No(r,0; ¢') + S(1, f) + S(r, 9)
3 3 2 X7 ’
< mN(r, 0;9)+ mN(r, a;g) + mN(r, b;g) + No(r,0;9") + S(r, ) + S(r, 9)
3 5 — ,
(=25 + )10 + o0, 03 + 501, /) + 50,9, (14

where Ny(r,0; g’) denotes the reduced counting function of those zeros of g’ which are not the zeros of
g(g — a)(g — b). By the second fundamental theorem of Nevanlinna and from (11)—(14), we obtain

2T(r,f) < N(,0; f) + N(r,a; f) + N(r,b; f) + N(r, 00; f) = No(r, 0; f') + S(r, f)
< %N(V,O;f) + ni%N(r,u;f) - i 6N(r,b;f) + (n i 5+ — 6)T(r,g)
+No(r,0; 9") = No(r,0; f') + S(r, f) + S(r, 9)
(n i 5t i 6) {T(r, f) + T(r,9)} + No(r,0; 9') = No(r, 0; ') + S(r, ) + S(r, 9)- (15)
Similarly,
2T(ng) =< (n i >t i 6) {T(r, f) + T(r, 9)} + No(r, 0; f') = No(r, 0; ¢') + +S(r, ) + S(r, 9)- (16)

Adding (15) and (16) we get

n+2 n+6

(2 _ 6 10 ){T(T,f) + T(r/g)} < S(V,f) + 5(7’, !7),

which contradicts to the assumption that # > 4. This proves the lemma. [

Lemma 2.7. Let f and g be two nonconstant meromorphic functions and n, m be two positive integers satisfying
n > 10. Then

(f'(f=al f)"(g" (g - a)’g)" 1,
where a € C\{0}.
Proof. If possible, we may assume that
(f"(f =aP f)"(g"(g - a)’g)" = 1.
Then
fAf-ayf'g'g-ay’y =t, (17)

where " = 1.
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Let zg be a zero of f with multiplicity po. Then from (17), we see that zy is a pole of g (say with multiplicity
go0). Thus, we have npg +po—1=nqo+3g0+qo+1,ie., 30 +2=(n+1)(po—qo) =2 n+1,ie., g0 > ”3;1 Hence
we obtain

nm+4)n-1)+6 . n+2

(n+1)py = ie., po= 3

: (8)

Let z; be a zero of f —a with multiplicity p;. Then from (17), we see that z; is a pole of g (say with multiplicity
g1)- Thuswehave3p; +p1 —1=(n+4)q: + 1,1ie,4p; = (n + 4)q1 + 2. Hence

S (n+4)q1+2>n+6.

S (19)
Similarly, we have the same results for the zeros of g(g — a).
Since a pole of f is either a zero of g(g — a) or a zero of g’, we have
N(r,00; f) < N(,0;9) + N(r,a;9) + No(r,0;¢') + S(r, f) + S(r, 9)
< %N(n 0;9)+ %N(r, a;g) + No(r,0; ¢') + S(r, f) + S(1, 9)
(n i >t i 6)T(T, 9) + No(r,0;9') + S(r, f) + S(r, 9), (20)

where Ny(r,0; ¢’) is the reduced counting function of those zeros of g’ which are not the zeros of g(g — a).

By the second fundamental theorem of Nevanlinna and from (18)—-(20), we obtain

T(r,f) < N(,0;f)+N(ra; f) + N(r,00; f) = No(r,0; f') + S(r, f)
< NGO+ NG P+ (= + ) T6.0) + Nl 004)
—Nor,0; f') + (1, f) + S(r,9)
< (s )TN+ T+ Nolr,0:9) = No,0:5) + 5, )+ S(1,9). @1
Similarly,
T0,9) < (g4 =116 1)+ T0 )+ No(,0:f) = Nolt,0:9) + 50, ) + S(,.9) 22)

Adding (21) and (22) we get

(1 - niz - i 6){T(7ff) +T(r, )} < S(r, f) + 5(r, 9),

a contradiction to the assumption that n > 10. This proves Lemma 2.7. O

Lemma 2.8. Let f and g be two nonconstant meromorphic functions and n, m be two positive integers such that
n>5+ % Let F= f*"(f —a)(f =b)(f —c)f" and G = g"(g — a)(g — b)(g — ¢)g’ wherea, b, c € C\{O}anda # b # c.

If one of f and g is meromorphic function having only multiple poles and the expressions “E¢ 42 Z’“Z( )

S
abtbetan 5yt ( ) + 2y (-) and Y'"%3 ( ) have no common simple zeros, and

(B+1)G" +(A-B-1)

m o _
B = BG"+(A-B) '

(23)

where A (# 0), B are two constants, then f = tg, where t" = 1.
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Proof. Let

PQ) = 1 Zn+4_a+b+czn+3+ab+bc+cazn+2_ abc ey
n+4 n+3 n+2 n+1

Then we have

= (P = f'(f—a)(f =D)(f —of", G=(Py)) = g"(g-a)g-b)g—)g.

By Lemma 2.1, we have

(n+4T(, f)

T(r, P(f))

T(r, (P(f))") + N(r,0; P(f)) = N(r, 0; (P(f))) + S(r, f)
T(r,F) + N(r,0; f) + N(r, y1; f) + N(r, y2; f) + N(r, y3; f)
=N(r,a; f) = N(v,b; /) = N(r,c; f) = N, 0; f) + S(r, ),

INIA

; 1,3 _ atbtc,2  abibetca abe
where )1, 2 and y; are three roots of the equation .-5z° — £75¢2" + #2257 —

(n+4)I(r,g) T(r, P(g))
T(r,G) + N(r,0;9) + N(r, 1, 9) + N(r, 2, 9) + N(1,73; 9)
—N(r,a;9) — N(r,b;9) = N(r,c; 9) — N(r,0; 9°) + S(r, 9).

IA

We now consider the following three cases.

n+1

465

(24)

(25)

(26)

= 0. Similarly, we can get

(27)

Case 2.8.1. Suppose B # 0, —1. From (23), we have N (r, = B+l pmy = N(r, c0; G™). By the second main theorem

and Lemma 2.1, we get

mT(r,F) = T(r,F")

IA

N(r, o0 E") + N(r, 0: ) + N(r, 2Ly 4 5¢r, £

B
= N(r, oo; F™) + N(r, 0;F") + N(r, 00; G™) + S(r,f)

N(r,0; f) + N(1,0; f) + N(r,a; f) + N(1,b; f) + N(r,¢; f)
+N(r,0; f') + N(1, 00; g) + S(r, f).

IA

From (26), (28) and Lemma 2.1, we can get
(1 + TG ) < NG00 )+ (14 NGO )+ N6y f) 4 NG,y )
+N(1, 735 f) + lN(r 00; 9) + S(r, f)

(4+ )T(r e+ T(r 7) + 50, f).

IN

Similarly, we have

(n+4)T(r,g)S(4+2)T(rg)+ ~T(, f) + S, 9).

Adding (29) and (30) we have

(n—g) {T(r, /)+T(r,g)} < S(r, f) + S(r, 9),

3

which is a contradictionasn > 5 + % > =

(28)

(29)

(30)

Case 2.8.2. Suppose B = 0. From (23), we have N(r —L. Fmy = N(r,0; G"). We consider two subcases as

follows.
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Subcase (i). Let A # 1. By the second main theorem and Lemma 2.1, we have
mT(r,F) = T F")
N(r, 00; F™) + N(r,0; F™) + N(r, A- ;

IA

2 f)

N(r, 00; F™) + N(r,0; F™) + N(r,0; G™) + S(r, f)

N(r,00; f) + N(1,0; f) + N(r,a; f) + N(r, b; f)

+N(r,c; f) + N(r,0; f') + N(r,0; 9) + N(r,a; 9)

+N(r,b; 9) + N(r,c; g) + N(r,0; ¢') + S(r, f). (31)
From (26) and (31), we get

IA

n+HTC, ) < (4+ )T(r N+ T(r )+ 50, ). (32)

Similarly, we have

(n+4)T(r,g) < (4 + )T(r g)+ T (r, f) + S(r, 9). (33)

From (32) and (33), we have
( RAY
m
8

which is a contradictionasn > 5 + 2 3 > .

(T(r, f) + T(r, 9)) < S(, ) + S(r,9),

\/

Subcase (ii). Let A = 1. Then from (23) we obtain F” = G", i.e., F = tG where t" = 1. On integration we
obtain P(f) = tP(g) + d, where d is a constant. If d # 0, by the second main theorem and Lemma 2.1, we
obtain

(n+4HT(, f)

T(r, P(f))

N(r, 00; P(f)) + N(r,0; P(f)) + N(r, d; P(f)) + S(r, f)

N(r, 00; P(f)) + N(1,0; P()) + N(1,0; P(9)) + S(r, f)

N(r,00; f) + N(1,0; ) + N, y1; f) + N, y2; f) + NG, 33 f)

+N(,0;9) + N(r,v1;9) + N(r,v2;9) + N(v, y3; 9) + S(r, f)

5T(r, f) + 4T (r, 9) + S(r, f). (34)

I IA

IA

IN

Similarly,
(n+4)I(r,g) <5T(r,g) +4T(r, ) + S(r, 9). (35)
Combining (34) and (35), we get

(n =5NT(r, f) + T(r, 9} < S(r, f) + 5(r, 9),

a contradiction as n > 5+ 2 > 5. Hence d = 0 and so P(f) = tP(g). Therefore by Lemma 2.4, we get f = tg,
where t" = 1.

Case 2.8.3. Let B = —1. Arguing similarly as in the proof of Case 2.8.2, we get F"G™ = 1, a contradiction by
Lemma25. O

Lemma 2.9. Let f and g be two nonconstant meromorphic functions and n, m be two positive integers such that
n>5+2 LetF=f'(f —a)*(f - b)f and G = g"(g — a)*(9 — b)g’ where a, b € C\{0} and a # b. If one of f

and g is meromorphic function having only multiple poles and the expressions %f:f Py ( )S - “Z;Tzzab gy (J;f)s +

Leay 0( ) and Z’“S( ) have no common simple zeros, and (23) holds, then f = tg, where t" = 1.

n+l
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Proof. Let

1 2a+b a% + 2ab a%b
P — n+4 _ n+3+ n+2 _ n+1
@) n+4 n+3Z n+2Z n+1Z

Then we have
= (P(N) = f"(f —a)*(f = b)f", G=(P(9) = g"(g—a)’(g - b)g'.

Proceeding similarly as in Lemma 2.8 and using Lemmas 2.4 and 2.6 we can get the required result. [

Lemma 2.10. Let f and g be two nonconstant meromorphic functions and n, m be two positive integers such that
n>10. Let F = f'(f —a)*f" and G = ¢g"(g — a)’g’ wherea € C\ }. If one of f and g is meromorphzc functzon

having only multiple poles and the expressions 2% g% ¥'"*3 ( )s g Z"” ( ) + Ly (—) and Y43 ( ) have
no common simple zeros, and (23) holds, then f = tg, where t" = 1

Proof. Let
P(Z): 1 n+4 _ 3a n+3 3612 n+2 a n+1.

n+4z n+3Z n+2Z n+1

Then we have

=(P(f)) = f'(f-a’f, G=(P©@) =g"(g -0’7 .
Proceeding similarly as in Lemma 2.8 and applying Lemmas 2.4 and 2.7 we can deduce the required
result. O

3. Proof of Theorems

Proof. [Proof of Theorem 1.8] Let F and G be given by (25) and P(z) by (24). From the hypothesis of the
Theorem we have Ey(Sy, F) = Ey(Sm, G) ie., Ey(1, F") = Ey(1,G™). It is obvious that

Na(r,0; F™) + No(r, 00, F") < 2N(r,0, f) + 2N(r,a; f) + 2N(r,b; f) + 2N(r, ; f)
+2N(1,0; ) + 2N(r, 00; f) + S(r, f), (36)
and
Na(r,0; G™) + Na(r,00;G™) < 2N(1,0,9) + 2N(r,a; g) + 2N(r, b; g) + 2N(r, c; 9)
+2N(r,0; g') + 2N(r, 00; g) + S(1, g). (37)
We now consider the following three cases.
Case 3.1. Let k > 3. We can easily see that
N(r LF") + N(r 1;G™) + Ngea1 (1, ,F™) + Ngeaa (1, 1, G™) = N (1, 1, F™)
< —N(r 1L,F") + N(r 1,G™) + S(r, F") + S(r,G™)
< ET(r,F) + ET(r, G) + S(r,F) + S(r, G). (38)
Suppose that F™ and G™ satisfy (i) of Lemma 2.3. Then using Lemma 2.1 and (38), we get
mT(r,F) +mT(r,G) = T(@F")+ T G")
< ST F) + ZT(1,) + Na(r, ;F") + No(r, 00; F")

2
+Ny(r,0; G™) + Na(r, 00; G™) + S(r, F) + S(r, G),

. 2 m 2 m 2 m
ie, T(r,F)+T(,G) < aNz(r,O;F )+EN2(1’,00;F )+EN2(1’,0;G )

+%N2(r, c0; G™) + S(r, F) + S(r, G). (39)
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Now we consider following two subcases.

Subcase 3.1.1. We assume that 2 < m < 3. Then from (26), (27), (36), (37) and (39) we have
(n+4T(r, f)+ (n+4T(r,9)

< (1 + %)N(r, 0; ) + N(t, y1; f) + NG, y2; ) + NG, v3; f) + NG, a3 f) + N, b; ) + NG, ¢; f)

A

4 — 4
+N(r,0; f') + EN(Y' oo; f) + (1 + E)N(r,O;g) + N(r,v1;9) + N(r, 72, 9) + N(v, 73, 9)

+N(r,a;9) + N(r,b; 9) + N(r,c; 9) + N(r,0;9') + %N(r, 00; )+ S(r, f) + 5(r, 9)

IA

(9 + %)T(r, e+ (9 + %)T(r, )+ 50, f) + 50, 9),

ie. (n _5- %) (T, )+ T(r,9)) < S, ) + S(r, 9),

which is a contradiction asn > 5 + %. Thus, by Lemma 2.3, we have

(B+1)G"+(A-B-1)

m o __
B = BG"+(A-B) '

where A (# 0), B are two constants. Therefore f = tg, where t™ =1, by Lemma 2.8.
Subcase 3.1.2. Next we assume that m > 4. Then from (26), (27), (36), (37) and (39), we have

n+4)T( )+ n+4)T(r,9)

(1 2 N0 P + Ny )+ NC v )+ NG s f) + 8,003 )+ (142 ING,0:9)

IA

4 —
+N(r,71;9) + N(r,v2;9) + N(r, 73, 9) + EN(r, 00; g) + S(r, f) + S(r, 9)

(4 + %)T(r,f) + (4 + %)T(r, 9) + S, f) +5(1,9),

IA

ie, (n - %) (TG, f) + TG, g)) < S(r, ) + S(r, 9),
a contradiction asn > 5+ 2 > 2 Thus by Lemma 2.3, we have

_(B+1)G"+(A-B-1)
- BG"+(A-B) '

Pm
where A (# 0), B are two constants. Then by Lemma 2.8 and n > 5 + 2, we have f = tg, where t" = 1.
Case 3.2. Let k = 2. We can easily see that

_ _ 1— 1—
N, LF") + N, 1;G") + 5No(r, LF") + 7 No(, 1,6") - N2, 1;F™)

IA

%N(r, 1LF") + %N(r, 1,G™) + S(r, F") + S(r,G™)

IA

%T(r, F)+ %T(r, G) + S(r,F) + S(r, G). (40)
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Suppose that F" and G™ satisfy (i) of Lemma 2.3. Then from Lemma 2.1 and (40), we get
mT(r,F)+mT(r,G) = T F")+T(r,G")
< %T(r, F)+ %T(r, G) + Na(r, 0; F™) + Na(r, 00; F™) + Na(r, 0; G™)

1— 1—
+No(r, 00; G™) + EN(g(r, 1,F"™) + EN@(r, 1,G™) + S(r,F) + S(r, G),

. 2 2 2 2
1.e., T(T, F) + T(?’, G) < aNz(T, 0; Fm) + aNz(T, 00, Fm) + aNz(T, 0; Gm) + aNz(]’, 00, Gm)
1— 1—
+%N(3(1’, 1,F™) + aN(g(V, 1,G™) + S(r,F) + S(r, G). 41)
Also we see that
— m 1 s
N(3(1’, 1/F ) = ZN(r/ 0, (Fm)/)

_ lN( (Fm),)+S(r F)

A

Frm
EN(r, 00; F™) + %N(r, 0; F™) + S(r, F)

IA

IN

1— 1— 1— 1—
EN(T’, OO,f) + EN(T’, 0,‘ f) + EN(r,a;f) + EN(T, b,f)

+%N(r, ¢ f)+ %N(r, 0; f') +S(r, f), (42)

and N@(r, 1,G") < %ﬁ(r, 00; g) + %ﬁ(r, 0;9)+ %N(r, a;9) + %N(;’, b; g9)
+%N(r, c;g) + %N(r, 0;9') + S(r, 9). (43)
Now we discuss following two subcases:
Subcase 3.2.1. We assume that 2 < m < 3. From (26), (27), (36), (37), (41)—(43), we have
n+4)T(@r, )+ (n+4)T(r,9)
(1+ zi)N(r, 0 )+ N, 713 )+ N2 ) + Ny )+ (14 ZL)N(r,a;f)

IN

)N(rbf)+(1+2l)N(rcf)+(1+2i)N(rof)+—N(roof)

+1+—)N(rbg)+(1+2L)N(rcg)+(1+2i)N(rOg)+iN(roog)
(r, f) +5S(r,9)
< (9+2—)T( f)+(9+—)T(rg £ 50, )+ 5, ),

(13

+(1 + )N(r 0;9)+ N(r,71;9) + N(r, v2;9) + N(r,v3; 9) + (1 + Z—)N(r a;9)
(
+S

ie., (n—5—22—3) {T(r, f) + T(r,9)} < S(r, f) + S(1, 9),

which is a contradiction as n > 5 + 2. Thus by Lemma 2.3, we have

(B+1)Gm+(A—B—1)

B =——3cra-s
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where A (# 0), B are two constants. Then by Lemma 2.8 and n > 5 + %, we have f = tg, where t" = 1.

Subcase 3.2.2. Next we assume that m > 4. Proceeding similarly as in Subcase 3.1.2, we can get

(n+4)TI(, f)+n+4)T(r,9)

(1 + %)N(r,();f) + N, 71, f) + N(t, y2; f) + N(r, ys; f) + %N(r,a;f) + ﬁN(r/ b; f)

IA

1 1 9= 9 ‘ '

+%N(r,c,f) + %N(r,O,f )+ %N(r,oo,f) + (l + 2m)N(;’,O,g) + N(,y1;9)
1 1 1

+N(r,v2;9) + N(r,73; 9) + %N(T/ﬂ, g)+ %N(TO b;g) + %N(T’, cg)

1 , 9 — )
+EN(1', 0,9')+ %N(r, o0; q) + 5(r, f) + 5(1, 9)

IN

(4 + %) T(r, f) + (4 + %) T(r,9) + S(r, f) + S(r,9),

ie. (n - %) (T(r, f) + T, )} < S, f) + S(r, 9),

a contradiction as n > 5+ 2 > 2 and m > 4. Then using (ii) of Lemma 2.3 and Lemma 2.8 we can conclude that
f =tg, where t" = 1.

Case 3.3. Let k = 1. We have
N(r, 1 F") + N(1,1,G") = N (r, 1, F")
< %N(r, 1L,E") + %N(r, 1,G") + S(r, F") + S(r, G")
< %T(r, F)+ %T(r, G) + S(r, F) + S(r, G). (44)

Suppose that F™ and G™ satisfy (i) of Lemma 2.3. Then from Lemma 2.1 and (44), we get
mT(r,F) + mT(r,G) = T(r,F")+ T(r,G")
< %T(r, F)+ %T(r, G) + Na(r, 0; F™) + Ni(r, 00; F™) + Na(r, 0; G")
+Na(r,00;G™") + Neo(r, 1,F™) + No(r, 1, G™) + S(r, F) + S(r, G),

. 2 2 2 2
ie, T@F)+TrG) < ZN2(r’ 0;F") + ZN2(r, oo; F'™) + ENZ(Y’ 0;G™) + aNz(r, o0; G™)

2 2 —
+EN(2(T' 1L, F") + EN(Z(V' 1,G™) + S(r,F) + S(r, G). (45)

Also we see that

IN

_ Fm
1.Fm .
N(2(1’, ’ ) N(T’, oo, (Pm)/)
N(r, o0; Q) +S(r,F)
Fm
N(r, 00; F™) + N(r,0; E™) + S(r, F)

N(r, 0; f) + N(1,0; f) + N(r,a; f) + N(r,b; f) + N(r, ¢; f) + N(r,0; f) + S(r, f), (46)

IANIA

and
No(n1;G™) < N(r,00;9) + N(,0; 9) + N(r,a; g) + N(r,b; g) + N(r,¢; ) + N(r,0; ') + S(r, 9). (47)

We now discuss following two subcases.
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Subcase 3.3.1. Let 2 < m < 3. Then using (26), (27), (36), (37), (45)—(47), we obtain
n+4)T@, )+ n+4)T(r,9)

(1 + E)N(r, 0; f) + N(r,y1; f) + N(r, y2; f) + N(r, y3; f) + (1 + %)N(r, a; f)

IA

)N(r b f) + (1 +2 )N(r,c;f) + (1 + E)N(r,o;f') + gN(r, o; f)

¥ 1+—)N(rbg)+(1+ )N(rcg)+(1+—)N(r0g)+ —N(r,00; 9)
(r, f)+ S g)
(9 + %)T(r,f) + (9 + %)T(r,g) +5(r, )+ 5(r,9),

(1

+(1+ )N(r 0;9) + N(r,71;9) + N(r, v2; 9) + N(r, y3,g)+(1+ —)N(ra 9)
(
+S

IN

ie, (n-5- 2) (TG, ) + T(,9)} < S(r, f) + S(r,9),
which contradicts the fact that n > 5 + 2. Thus by Lemma 2.3, we have

(B+1)G"+(A-B-1)
BG"+(A-B) '

F" =

where A (# 0), B are two constants. Thus f = tg, where t" =1, by Lemma 2.8.

Subcase 3.3.2. Let m > 4. Proceeding similarly as in Subcases 3.1.2 and 3.3.1 we can get
n+4HT, f)+ (n+4T(,9)

(1 + %)N(r,o;f) +N(r,v1; f) + N(r,v2; f) + N(r,v3; f) + %N(r,a;f) + %N(r, b; f)

IN

2 2 00 £+ S 00 o 6\ nir o |
FZNG,Gf) + N0 )+ NG, 007 ) + (14 2 ING,039) + NG, 1)
2 2 2
+N(r,v2;9) + N(r, 3, 9) + EN(r,a;g) + n—1N(r, b;g) + %N(r,c;g)

+%N(r, 0;9') + %N(;’, 00; g) + S(r, f) + S(r, 9)

A

< (4 + %)T(r,f) + (4 + %) T(r, 9) + S, f) + S(r, 9),

ie, (n—g) (T(r, f) + T(r, 9)} < S(r, f) + S(r, 9),

which contradicts the fact that n > 5+ 2 > 2 and m > 4. Then using (ii) of Lemma 2.3 and Lemma 2.8 we obtain
f = tg, where t" = 1.

This completes the proof of Theorem 1.8. [J

Proof. [Proof of the Theorem 1.9] Proceeding in a similar manner as in the proof of Theorem 1.8 and using
Lemmas 2.4, 2.6 and 2.9 we can get the result of the theorem and we omit the details here. O

Proof. [Proof of the Theorem 1.10] Proceeding similarly as in the proof of Theorem 1.8 and using Lemmas
2.4,2.7 and 2.10 we can deduce the conclusion of the theorem. [
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