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Bounds for Generalized Normalized 6-Casorati Curvatures for Bi-slant
Submanifolds in T—space Forms

Mohd. Aquib?

?Department of Mathematics, Jamia Millia Islamia, New Delhi-110025, India.

Abstract. In this paper, we prove the inequality between the generalized normalized 6-Casorati curvatures
and the normalized scalar curvature for the bi-slant submanifolds in T—space forms and consider the
equality case of the inequality. We also develop same results for semi-slant submanifolds, hemi-slant
submanifolds, CR-submanifolds, slant submanifolds, invariant and anti-invariant submanifolds in T—space
forms.

1. Introduction

In 1993, Chen [9] establish the simple relationships between the main intrinsic invariants and the main
extrinsic invariants of the submanifolds know as the theory of Chen invariants, which is one of the most
interesting research area of differential geometry. Chen has given a basic inequality in terms of the intrinsic
invariant 6y and the squared mean curvature ||[H || of the immersion as

m?(m — 2)

om < ——=
M="2m-1)

IR + 5 + 1o = 2),
for m—dimensional submanifold M of a real space form M(c).This inequality also holds good if M in anti-

invariant submanifold of complex space form M(c)[10]. Similar inequality is also obtained for C—totally
real submanifolds of a Sasakian space form with constant ¢p—sectional curvature ¢ [15], given by

c+3
T

m?(m — 2)
2(m—1)

b < IFIF = S0n -+ 1)0m = 2)

In the initial paper Chen established inequalities between the scalar curvature, the sectional curvature
and the squared norm of the mean curvature of a submanifold in a real space form. He also obtained
the inequalities between k-Ricci curvature, the squared mean curvature and the shape operator for the
submanifolds in the real space form with arbitrary codimension [8]. Since then different geometers obtained
the similar inequalities for different submanifolds and ambient spaces [6, 7, 23, 27, 28].
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In 2002, Carraiazzo [3] introduced bi-slant submanifolds of an almost Hermitian manifold as a natural
generalization of semi-slant submanifolds.

Casorati [4] introduced Casorati curvature (extrinsic invariant) of a submanifold of a Riemannian man-
ifold and defined as the normalized square length of the second fundamental form, which extends the con-
cept of the principal direction of a hypersurfaces of a Riemannian manifold [19]. The geometrical meaning
and the importance of the Casorati curvature discussed by some distinguished geometers [13, 14, 22, 32, 33].
Therefore it attracts the attention of geometers to obtain the optimal inequalities for the Casorati curvatures
of the submanifolds of different ambient spaces [17, 24, 25, 31].

In this paper, we will study the optimal inequalities for the generalized normalized 6-Casorati curvature
for the bi-slant submanifolds of T—space forms. We also develop same results for semi-slant submanifolds,
hemi-slant submanifolds, CR-submanifolds, slant submanifolds, invariant and anti-invariant submanifolds
in T—space form.

2. Preliminaries

Let (M, g) be a Riemannian manifold with dim(]\_/I) = 2m + s and the Lie algebra of vector field in M
denote by TM . Then M is said to be an S—Manifold if there exist on M an f—structure ¢ [34] of rank 2m
and s global vector fields &y, ..., & (structure vector fields) such that [2]

(1) if 1]1, ..., 11" are dual 1-forms of &1, ..., &;, then:

$si=0, op=0, ¢*=-I+) ne (1)
i=1
FOX,6Y) = 7(X,Y) = Y /(' (Y) @)
i=1
97X, &) =n'(X) &)

forany X, Y € T™,i=1,..,s.
(ii) The f—structure ¢ is normal, that is

[p,¢1+2) " &@dif =0
i=1

where [¢, ¢] is the Nijenhuis tensor of ¢.
(iii) n' A ... A A (dn) # 0 and for each i, dn' =0

In a T-manifold M, beside the relation (1) and (2) the following also hold:
(Vx$)Y =0 (4)

Vxéi =0 (5)

for any vector fields X, Y € TM
Let D denote the distribution determined by —¢? and D the complementary distribution. D s
determined by d)z +1and spanned by &, ..., &, If X € D, then r]i(X) =(0foranyiandif X € ﬁl, then pX = 0.
A plane section IT in T,M of an T—manifold M is called a ¢p—section if 7 L D" and ¢(n) = m. Mis of
constant ¢—sectional curvature [2] if at each point p € K(r), the sectional curvature K(rr) does depend on
the choice of the ¢—section 7 of T,M. If K(m) is constant for all non-null vectors in 77, we call M to be of
constant ¢—sectional curvature at point p. The function of c defined by c(p) = K(n) is called the ¢p—sectional
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curvature of M. A T—manifold M with constant ¢—sectional curvature c is said to be a T-space form and
is denoted by M(c).
The curvature tensor R of a T—space form ]\_/I(c) is given in [20]

FRXNZW) = X 2050, W) =504, 25X, W) = 3(X,2) ) w(0u' (W)
=50, W) Y W@l (X) +FX, W) Y W (Nu'(2) + (Y, 2) Y (X (W)
+() @ )Y M) = (Y Wy (x)) + () w((2))
G, $X)G(Y, $Z) + GOV, YWIF(X, §Z) — 25(X, pY)G(W, $Z)).
(6)

When s = 0, a T-manifold M becomes a Kaehler manifold. When s = 1, a T-manifold M becomes a
cosymplectic manifold [20].

The Equation of Gauss for submanifold M of M(c) is given by

R(X,Y,Z,W) = R(X, Y, Z, W) + g(h(X, Z), h(Y, W)) = g(h(X, W), (Y, Z)), (7)

for any vectors X, Y,Z and W tangent to M, where we denote as usual R(X, Y, Z, W) = g(R(X, Y)Z, W).
From (6) and Gauss equation (7), we have

RXY,ZW) = 25X 250, W) =50, 250X W) = 3(X,2) Y w (Y (W)
=GO, W) ) W2 (X) +GX, W) Y Wl (N (2) + G, 2) )l (Xyu (W)
+() w @ X)) w W) = () w W' (X) + () w (N (2))

+g(W, ¢X)g(Y, 9Z) + g(Y, pW)g(X, 9Z) — 29(X, $Y)g(W, ¢ Z)}
—9(h(X, Z), (Y, W)) + g(h(X, W), h(Y, Z)). (8)

From now on, we suppose that the structure vector fields are tangent to M and we denote by n + s the
—1l
dimension of M. We consider n > 2. Hence, if we denote by L = Dy & D, the orthogonal distribution to D

—1
in TM. We can write orthogonal direct decomposition TM =L ® D .
For any orthonormal basis {ey, ..., ey, ..., €445} of T,M, the scalar curvature

T= Z K(ei Aej) ©)

i<j

where K(e; A ej) denoted the sectional curvature of M associated with the plane section spanned by e;,e;. In
particular, if we put ;.o = &, fora =1, 2, ..., s, then (9) implies

27 = Z K(ei Aej) + 2i Z Kei A &) (10)

i#] i=1 a=1

Let M be an (n + s)-dimensional submanifold of a T—space form M(c) of dimension 2m +s. Let V and

V be the Levi-Civita connection on M and M(c) respectively. The Gauss and Weingarten equations are
respectively defined as

VxY = VxY + h(X,Y),

Vx& = =S:X + VyY,
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for vector fields X, Y € TM and & € T*M. Where h, S and V* is the second fundamental form, the shape
operator and the normal connection respectively. The second fundamental form and the shape operator
are related by the following equation

g(X,Y), &) = g(SX, Y),

for vector fields X, Y € TM and & € T*M. .

Let M be an (n + s)-dimensional submanifold of a T—space form M(c) of dimension 2m + s. For any
tangent vector field X € TM, we can write $X = PX + FX, where PX and FX are the tangential and normal
components of X respectively. If P = 0, the submanifold is said to be an anti-invariant submanifold and if
F = 0, the submanifold is said to be an invariant submanifold. The squared norm of P atp € M is defined as

n+s

IPI = )" g(ei e, (11)

i,j=1

where {ey, ..., e,} is any orthonormal basis of the tangent space T,M.

A submanifold M of an almost Hermitian manifold M is said to be a slant submanifold if for any p € M
and a non zero vector X € oM, the angle between JX and T,M is constant, i.e., the angle does not depend
on the choice of p € M and X € T,M. The angle 0 € [0, 7] is called the slant angle of M in M.

A submanifold M of an almost Hermitian manifold M is said to be a bi-slant submanifold, if there exist
two orthogonal distributions D; and D,, such that (i) TM admits the orthogonal direct decomposition i.e
TM = D + D,. (ii) For i=1,2, D; is the slant distribution with slant angle 6;.

In fact, semi-slant submanifolds, hemi-slant submanifolds, CR-submanifolds, slant submanifolds can
be obtained from bi-slant submanifolds in particular. We can see the case in the following table:

Table 1: Defination

M(c) M Dy D, 01 0,
S.N.
1 | M semi-slant invariant | slant 0 slant angle
2) | M hemi-slant slant anti-invariant slant angle 7
B) | M CR invariant | anti-invariant 0 5
4) M slant either D; =0orD, =0 either 61 =6, =0or6, =0, # 6

Invariant and anti-invariant submanifolds are the slant submanifolds with slant angle 6 = 0 and 6 = 7
respectively and when 0 < 0 < %, then slant submanifold is called proper slant submanifold.

If M is a bi-slant submanifold in T—space form M(c), then one can easily see that

n+s

IPI? = Y *(Pei,e;) = 2(d1c0s*01 + dacos6r). (12)
07

Let M be a Riemannian manifold and K(7t) denotes the sectional curvature of M of the plane section
nC TyMatapointp € M. If {ey, ..., €15} and {€u4s11, - - -, €2m+s} be the orthonormal basis of T,M and T;M at
any p € M, then the scalar curvature 7 at that point is given by
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(p) = Z K(ei A e))

1<i<j<n+s

and the normalized scalar curvature p is defined as

2T

p= n+s)(n+s—-1)

The mean curvature vector denoted by H is defined as

n+s

1
H = Tt Z{h(ei,ei).
i,j=

We also put

h; =g(h(eiej),e)), i,j€1,2,.,n+s, ye{n+s+1,n+s+2,..,2m+s).

The norm of the squared mean curvature of the submanifold is defined by

1 2m+s n+s 2
S
HP= o 2 (L
y=n+s+l i=1
and the squared norm of second fundamental form & is denoted by C defined as
1 2m+s  n+s 5
- 4
C= s, 2, 1)
y=n+s+11i,j=1

known as Casorati curvature of the submanifold.
If we suppose that L is an r-dimensional subspace of TM, ¥ > 2, and {ey, €, . . ., ¢;} is an orthonormal basis
of L. Then the scalar curvature of the r-plane section L is given as

(L) = Z K(e, A eg)

1<y<B<r

and the Casorati curvature C of the subspace L is as follows

2m+s  n+s

co=1 ¥ Y,0)

y=n+s+11,j=1

A point p € M is said to be an invariantly quasi-umbilical point if there exist 2m —n mutually orthogonal
unit normal vectors &, 441, - - -, 2mss such that the shape operators with respect to all directions &, have an
eigenvalue of multiplicity n + s — 1 and that for each &, the distinguished eigne direction is the same. The
submanifold is said to be an invariantly quasi-umbilical submanifold if each of its points is an invariantly
quasi-umbilical point.

The normalized 6-Casorati curvature d.(n + s — 1) and 6.(n + s — 1) are defined as

n+s+1.

[6c(n+s-T1)], = %Cp + mznf{C(L)lL : a hyperplane of T,M} (13)

and
2n+s)—1

[6C(1’l +5s— 1)];7 = ZCP + W

sup{C(L)IL : a hyperplane of T,M}. (14)
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For a positive real number t # (n + s)(n +s — 1), put

a(t) = t(n +s—Dm+s+t)((n+s)*—-m+s)—1), (15)

_1
(n+5s)
then the generalized normalized 6-Casorati curvatures 6.(t; 7 + s — 1) and a(t; n+s— 1) are given as
[6c(t;n + 5 —1)], = tC, + a(t)in f{C(L)IL : a hyperplane of T,M},
if0<t<(n+s)>—(n+s),and
[a(t; n+s—1)], = tC, + a(t)sup{C(L)IL : a hyperplane of T,M},

ift > (n+s)?—(n+s).

3. Main Theorem

Theorem 3.1. Let M be a (n + s)-dimensional bi-slant submanifold in T—space forms M(c) of dimension 2m + s.
Then
(i) The generalized normalized 6-Casorati curvature 6.(t;n + s — 1) satisfies

o< O(t;m+s—1) c

Sts)nts—D + s mrs—1D) {(n(n — 1) + 3(d1c0s*6 + dc0s*0; + s(1 — 5))} (16)

for any real number t such that 0 <t < (n +s)(n +s—1).
(ii) The generalized normalized 0-Casorati curvature 6.(t;n + s — 1) satisfies

a(t;n+s—1) c
p<

Stiromrs=D I omTs oD {(n(n = 1) + 3(d1c05*01 + drc0s?6, + 5(1 — 5))} (17)

for any real number t > (n + s)(n +s — 1). Moreover , the equality holds in (16) and (17) iff M is an invariantly quasi-umbilical
submanifold with trivial normal connection in M(c), such that with respect to suitable tangent orthonormal frame {ei, ..., e,.s)
and normal orthonormal frame (€441, . . ., €2m+s), the shape operator S, = S, r € {(n +s+1,...,2m + s}, take the following form

a 00 ... 0 0
0a 0 ... 0 0
00 a ... 0 0
Sn+s+l = . . . . . . ’ Sn+s+2 == 52m+s =0. (18)
000 ... a 0
000 .. (0 @D,

t

Proof. Let{ey, ..., en, ens1 = E&1,.. ., en4s = &b and {€u4s11, - - -, €2ms} be the orthonormal basis of T,M and T;M
respectively at any point p € M. Then from (8), (10) and (12), we have

27 = (n +s)*|H|? = (n +5)C + i{n(n — 1) + 3(d1c0s*01 + dcos?6, + 5(1 — 5))}. (19)

Define the following function, denoted by Q, a quadratic polynomial in the components of the second
fundamental form

Q= tC +a(t)C(L) - 27 + i{n(n — 1) + 3(d1c05*0;1 + dc0s*0, + (1 —5))}, (20)

where L is the hyperplane of T,M. Without loss of generality, we suppose that L is spanned by ey, ..., €y15-1,
it follows from (20) that



Mohd. Aquib /Filomat 32:1 (2018), 329-340 335

2m+s  n+s 2m+s  n+s-1 2m+s n+s 2
n+s+t "V _at) y\2 y
phrralp M MU 2 Loy ), (L)
n+s B n+s— 1 ij ii
y=n+s+1i,j=1 y=n+s+1 i,j=1 y=n+s+1 i=1

which can be easily written as
2m+s  n+s—1 2(1’1 +s54+ t)

]

y=n+s+1 i=1

2m+s n+s+ f a(t) n+s n+s
7y2 yny 2
" Z [2( n+s n+s ) Z (h ) Z huh]] + n+ (hn+sn+s) ]
n+s+1 (i<j)=1
(21)
From (21), we can see that the critical points
he = (g™ W
of Q are the solutions of the following system of homogenous equations:
Q _ +s+t o _alh) n+s Y _
‘9_’131 - 2( ”nis n+s— 1)(hzz) 22‘4k 1 hkk
0Q _ _ 2ty 1y _
ahrt+sn+9 - ”.:shn+sn+s Zn+s h Kk B (22)
9Q s+t _a(l) 4
Bh’ - 4(nn-is n+s— 1)(h )=
9(,2 — +s+t
o T 4( nnis (hm+s) =0,

in+s

wherei, j=1{1,2,...,n+s—-1},i#jandye{n+s+1,...,2m+s}.
Hence, every solution /¢ has hiy]. = 0fori # jand the corresponding determinant to the first two equations

of the above system is zero. Moreover, the Hessian matrix of Q is of the following form

H O O
7‘((@) = O HZ ) s
O O Hj;
where
n+s a(t)
2(;T;f+m)—2 -2 2 2
n+s a(t)
2 2(;T;f + m_l) —2 . 2 2
H; = ,
-2 ) 2(Ls+f + ﬁ) -2 -2
e n+s n+s—1
2
2 2 2 2

H, and Hj are the diagonal matrices and O is the null matrix of the respective dimensions. H, and H3 are

respectively given as

n+s+t o al) )4(n+s+t+ a(t) )...,4(n+s+t+ a(t) )),

H, = di (4( , ,
2 g n+s n+s-1 n+s n+s-1 n+s n+s-1
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and

H3:diag(4(n+s+t) 4n+s+t) 4(n+s+t))‘

n+s  n+s 7 n+s
Hence, we find that H(Q) has the following eigenvalues
2
t N a(t)
n+s n+s-—1

/\11=0,/\zz=2( n+s+t+ a(t) )/

)'AEB:W:AMS"H:Z( n+s n+s-1

o (nts+t a(t) _Amn+s+t) .. .
/\l]—4( P +n+s—1)'/\m_ o , Vi jef(l,2,...,n+s=1}, i # |

Thus, Q is parabolic and reaches at minimum Q(h°) = 0 for the solution 1 of the system (22). Hence Q > 0
and hence

2t < tC +a(t)C(L) + i{n(n — 1) + 3(d1c0s%*01 + dpcos?05 +s5(1 — 5))},

whereby, we obtain
t c a(t)
nm+s)y(n+s—-1) n+s)yn+s-1)

C _ 5 5 _
+4(1’l + S)(l’l +s— 1) {I’Z(Tl 1) + 3(d1COS 01 + dycos“0, + S(l S))}

for every tangent hyperplane L of M. If we take the infimum over all tangent hyperplanes L, the result
trivially follows. Moreover the equality sign holds iff

p C(L)

h‘:.;.:O,Vi,je{l,...,n+s},i¢jandye{n+s+1,...,2m+s} (23)
and
¥ (n+s)n+s-1) , (n+s)n+s-1) ,
hn+sn+s = fhll == f n+s—1n+s—1’
Vye{n+s+1,...,2m+s). (24)

From (23) and (24), we obtain that the equality holds if and only if the submanifold is invariantly quasi-
umbilical with normal connections in M, such that the shape operator takes the form (18) with respect to
the orthonormal tangent and orthonormal normal frames.
In the same way, we can prove (ii).
|

Corollary 3.2. Let M be a (n + s)-dimensional bi-slant submanifold in T—space form M. Then
(i) The normalized 6-Casorati curvature 5.(n + s — 1) satisfies

p<om+s—1) {(n(n — 1) + 3(d1cos*01 + drcos>0 + s(1 — s))}.

c
M dn+s)(n+s-1)
Moreover, the equality sign holds iff M is an invariantly quasi-umbilical submanifold with trivial normal connection

in ]\_/I(c), such that with respect to suitable tangent orthonormal frame {e1, ..., en+s} and normal orthonormal frame
{€n+s+1, - .., €omss), the shape operator S, = S, r € {n+1,...,2m + s}, take the following form

a 00 ... 00
0O aoO ... 00
0 0a ... 00
Sptssl = . .. . . . , Spass2 =+ = Sopas = 0.
0 0O a 0
0 0O 0 2a
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(i) The normalized 6-Casorati curvature ES\C(n + 5 — 1) satisfies

c

+ rs)nes—0) {(n(n — 1) + 3(d1cos*01 + drcos>0, + s(1 — s))}.

psgc(n+s—1)

Moreover, the equality sign holds iff M is an invariantly quasi-umbilical submanifold with trivial normal connection

in ]\_/I(c), such that with respect to suitable tangent orthonormal frame {e, ..., en+s} a and normal orthonormal frame
{€n+s+1, - - -, €2mss), the shape operator S, = S,,, r € (n+s+1,...,2m + s}, take the following form

2¢. 0 0 ... 0 O
0 22 0 ... 0 O
0 0 22 ... 0 O
Spast1 = . . . . . . s Snist2 = 0+ = Somes = 0.
0O 0 0 ... 2a 0
0O 0 O 0 a

Theorem 3.3. Let M be a (n + s)-dimensional submanifold in T—space form M(c) of dimension 2m + s. Then we
have the following table for generalized normalized 6—Casorati curvatures:

Generalized Normalized —Casorati curvatures
S.N.| M(c) M Inequality
(1) | M(c) semi-slant

Oc(bn+s—1
1 p < el st (n(n=1)+3(dy +dacos? 0 +5(1-5)))

2 < Oc(tn+s—1)

B s ey (n(n=1)+3(d1 +doc0s*0,+s(1—5))}

+ 4(n+s)(cn+s—1) {

2) | M(c) hemi-slant

Oc(tn+s—1)
1. p=< (n+s)(n+s—1) 4(n+s)(cn+s—1){

de(tin+s—1)
2. p < oD T e ((n(n = 1) + 3(dicos® 01 +5(1 - s))}

(n(n — 1) + 3(d1cos?01 +s(1 — s))}

(3) | M(c) |CR

Oc(tn+s—1)
1. p < (n+s)1(1n+s-s—1) + 4(n+s)(cn+s—1){(n(n - 1) + 3(d1 + S(l - S))}

Oc(kn+s—1)
2. p < G5t + e (((n = 1) +3(dy +5(1 - 9))}

(4) | M(c) slant
1 p < il st ((n(n = 1) +3((n +5)cos?0 +5(1-5)))

P= Grsymrs—) T Znrs)(nrs—1
{(n(n=1)+3((n+5)cos>0+s(1—5))}

Se(tn+s—1)
2. p= (n+s)(n+s—1)

+ 4(n+s)(cn+s—1)

(5) | M(c) invariant

Oc(tn+s—1)
L p < (n+s)(n+s—1) + 4(n+s)(cn+s—1){(n(n - 2) + 35(2 - S))}

Oc(tn+s—1)
2. p < (n+s)(n+s—1) + 4(n+s)(cn+s—1){(n(n - 2) + 35(2 - S))}
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S.N.| M(c) M Inequality
6) | M(c) anti-invariant
Oc(tn+s—1)
L. P = (n+s)?n-¢s—s—1) 4(n+s)(cn+s—1){(n(n - 1) + 35(1 - S))}
de(tin+s=1)
2. P < (n+s)1(1n+ss—1) 4(n+s)(cn+s—1){(n(n - 1) + 35(1 - S))}

Moreover, the equality holds iff M is an invariantly quasi-umbilical submanifold with trivial normal connection

in ]\_/I(c), such that with respect to suitable tangent orthonormal frame ey, ..., en+s} and normal orthonormal frame
{n+s+1, - ., €omss), the shape operator S, = S,,, r € {n+s+1,...,2m + s}, take the following form

Spast1 =

a 0 0
0 a O
0 0 a
0 0O
0 0O

0
0
0

a
0

0
0
0
0

(n+s)(n+s—1)
t

a

’ Snisi2 =+ = Somys = 0. (25)

Proof. First four results of the Theorem 3.3 can be simply obtained with the help of Table 1 and the results
in Theorem 3.1. And the next two results of the Theorem 3.3 can be seen by putting 6 = 0 and 6 = 7 in case
of invariant and anti-invariant submanifold respectively in result of slant submanifold given in Theorem

33. O

Corollary 3.4. Let M be a (n+s)-dimensional submanifold in T—space form M(c). Then for the normalized 5—Casorati
we have the following table

_ Normalized 5—Casorati curvatures
S.N.| M(c) M Inequality
(1) | M(c) semi-slant
L p < Oc(t;n+s=1)+ sty | (n(n=1) +3(d1 +dacos* 02 +5(1-5))}
2. p < 8c(t; nts=1)+ grgfrey ((1(n=1) +3(d1 +dacos* 02 +5(1~5)))
) | M(c) hemi-slant
L p <oc(tn+s=1)+ ggime (101 = 1) + 3(dicos*01 +5(1 —9)))
2. p<Oc(tin+s=1)+ prger i = 1) + 3(d1c0s%01 +s(1 - s))}
3) | M(c) |CR
1. p<odtEn+s—1)+ m{(n(n —1)+3(d1 +s(1 —5))}
2. p<Be(tin+5—1) + g {(n(n — 1) + 3(dy +5(1 - 5)}
4) | M(c) slant
1. p<oct;n+s—1)+ m{(n(n— 1) +3((n+s)cos*0 +s(1—s))}
2. p < Oc(t;n+s=1)+ gty (= 1) +3((n +5)cos*0 +5(1—s))}
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S.N.| M(c) M Inequality
(5) | M(c) invariant

1. p<o(t;n+s—1)+ ){(n(n—2)+3s(2—s))}

_c
4(n+s)(n+s—1

2. p<Be(tin+5—1) + grrire {(n(n — 2) + 35(2 — 5)))

4(n+s)(n+s—

(6) | M(c) anti-invariant

1. p<o(t;n+s—1)+ 1){(n(n —1)+3s(1 —s))}

c
4(n+s)(n+s—

){(n(n — 1) +3s(1 —s))}

_c
4(n+s)(n+s—1

2. psa(t;n+s—1)+

Moreover, the equality sign for the inequalities 0. in the above holds iff M is an invariantly quasi-umbilical
submanifold with trivial normal connection in M(c), such that with respect to suitable tangent orthonormal frame
le1, ..., enss) and normal orthonormal frame {ep1s41, - - - , €2m+s), the shape operator S, = S,,, v € {n+s+1,...,2m+s},
take the following form

a 00 0 O
0 aoO ... 00
00a .. 0O
Spast1 = . . . . . , Snts2 =+ = Sopys = 0.
000 ... a0
0 00 ... 0 2a

and the equality sign for the inequalities 8. in the above table holds iff M is an invariantly quasi-umbilical submanifold
with trivial normal connection in M(c), such that with respect to suitable tangent orthonormal frame {ey, ..., €ps}
and normal orthonormal frame {€y45+1, . .., Comss), the shape operator S, = S, r € {(n +s+1,...,2m + s}, take the
following form

22 0 O 0 0
0 22 0 0 0
0 0 2a 0 0
Spyse1 = . . . . . . s Snast2 = 0+ = Somas = 0.
0 0 O 2a 0
0 0 O 0 a
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