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Dunkl Generalization of g-Sz4sz-Mirakjan Operators which Preserve x>

Mohammad Mursaleen?, Shagufta Rahman?

?Department of Mathematics, Aligarh Muslim University, Aligarh-202002, India

Abstract. In the present paper we construct g-Szdsz-Mirakjan operators generated by Dunkl generaliza-
tion of the exponential function which preserve x*. We obtain some approximation results via universal
Korovkin’s type theorem for these operators and study convergence properties by using the modulus of
continuity. Furthermore, we obtain a Voronovskaja type theorem for these operators.

1. Introduction and Preliminaries

Bernstein [3] introduced a sequence of operators B, : C[0, 1] — C[0, 1] defined by

n

Bi(fv) =) (Z)xk(l —xyrk f(%) xe[0,1], (1)

k=0

forn e Nand f € C[0,1].
Szész [16] introduced the operators

(nx)*

Sulf, ) = e_’”‘i y f(%) £ Cl0,0), x> 0. @)
k=0

It has been observed that a sequence of linear positive operators preserves constant as well as linear
functions i.e. Ly(e;, x) = e;(x) for e;(x) = x' (i = 0, 1). These conditions hold for Bernstein polynomials, Szasz-
Mirakjan operators, Baskakov operators, Phillips operators and so on. For each of the above operators
Ly(e2,x) # ex(x). King [8] gave the modification of the well known Bernstein polynomials in order to
preserve ¢y and e,. He considered r;,(x) as

__1 Va2 4 1 i =
D T ‘/(nﬁl)x + Iy if n=273,---,

) = )
x2 if n=1.
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The modified form of Bernstein operators becomes

Va0 =Y, (Z)(r;(ac))k(l - o(E) @

k=0

with0<r(x) <1, n=1,2,---, 0<x <1 Obviously, lim,_e 7} (x) = x. Also,
Vn(e()/ x) = 1/ Vn(el/x) = r::(x)/ VH(EZ/ x) = xz’

Approximation results on Szdsz-Mirakjan operators, g-Szdsz-Mirakjan operators and g-Stancu-Beta
operators preserving e; have been studied in [6], [9] and [11], respectively. The purpose of this paper is to
construct and investigated Dunkl analogue of g-Szdsz-Mirakjan operators which preserve the functions ey
and e;. Recently, work on Dunkl analogues has been done in [10], [13], [14] and [12].

We recall some definitions and notations of g-calculus which plays an important role in approximation
theory (see [2]).

Let k € Np and g € (0, 1). Then g-integer [k], is defined as

1-g* .
1y if q 1,
[klq =

k if g=1.
The g-factorial [k],! is defined as

[klglk = 1],---[1], if ke,

[kl,! =
1 if k=0.

and for k € IN, g-binomial coefficient [ I; ] is defined by
q

[K],!

k —
[r]q 1 ifTZO,
0 if r> k.

There are two g-analogues of the exponential function e* (see [7])

ks 1 1
eq(X)_kZ:;‘[k_]q!_m’ |X|<m, lql <1,

and
E - g, <1
= 2 = - <
1) kZ_;q i = A A-907, lal<1,
where
(1-2)7 = H(l — glx).
j=0

It is obvious that for g = 1, g-calculus reduces to ordinary calculus.
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Sucu [15] defined Dunkl analogue of Szdsz operator by

1 x> (k+2ub\ (nx)

Sn ;x = ( ) 7
(f;x) e, (nx) kZOf n Vu(k)
where u >0, n€lN, x>0, feC[0,o)and

b k

X
eu(x) = Z )/H(k)'

k=0

Here
2k} 1
ya(2k) = ki((:: g; )
and
22Tk + i+ 3)
T(u+3)

Recursion relation for y,, is given by

Yuk+1) =

Yulk+1) = (k+1+2u61)yu(k), k€N,
where

0. = 0 if k is even,
“TY1 ifk is odd.

Cheikh et al. [5] defined the Dunkl analogue of classical g-Hermite polynomials and gave definitions
of the g-Dunkl analogue of exponential functions, explicit formula and recursion relations for y > —1 and
0 < g <1, respectively.

i k

X
€y, (x) = —, X€ [O/ 00)/ (6)
a émﬂ)
and
> k(k—1) xk
E..(x)= q 7 , x€]0,00), (7)
“ kzz;‘ Vi (k)

An explicit formula for y, 4(k) is given by

(@, ‘12)[&21](‘72/ qz)[g]

Viag(k) = (1-qF , keNo, 8)
where
k-1
Coqne = [ [ -q").
n=0

Some of the special cases of y,, (k) are as follows

_ L2u+l

q 1- q2y+1 1- q2
Va0 =1, yu) = ﬁ/ Vua(2) = ( 1-g )( 1-g ),
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1-— 2u+1 1-— 2 1-— 2u+3
N
q I-gq I-gq

1- 2u+1 1_2 1- 2u+3 1_4
= (S5 (=05 )(F=)
q J\1-qJ\ 1-g9 J\1-¢

Recursion relation for y,, , is given by

Vugk +1) = [k +1+2u0k1157u4(k), k€ No, 9)

where

0, = {0 if k is even,

1 ifk is odd.

Let B,,[0, o) be the set of all functions f satisfying the condition | f(x)| < M¢(1+x™), where x € [0, c0), m > 0
and My is a constant depending on f. We write

Cinl0, 00) = B,u[0, 00) N C[0, e0),

and

C.[0, 00) = VEC[O c0) - A1im L m}

—>ool+x

These spaces are endowed with the norm

I )I

xEOoo) 1+

1l =

Let f € C[0, c0). The modulus of continuity w(f, 6) is defined by
w(f,0) = sup Lf(t) — f(x)l. (10)

lt-xI<8, x,t€[0,00)
If A is any positive real number then
w(f,A6) < (1 + Aaw(f,0). (11)
If f is uniformly continuous on (0, o) then it is necessary and sufficient that

15130160(]‘,6) =0

2. Auxiliary Results

We define a g-Dunkl analogue of Szasz-Mirakjan operator as follows:

' = [k + 2y6k]q) ([n]qx)
Dn/q(f/ x) q([n]qx) Z ( k 1[1’1 q Vy,q(k) (12)

where y>1, nelN, x>0, 0<g<1land f € C[0,c).

Lemma 2.1. For u > 1, 0 <q <1, and m € N, we have a recurrence relation given by

m m 2#[1 2#]57 m— ]x
Zo(])( [Tl]q ) q] "q(e]’x) < D, q(em+1, X)

u [1+2u],\"™
]Z( )( [n]:lq) ;] nq(e],x)

\.
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Proof.
1 S (ke + 206\ e ([n]g20)F
Dy, g(ems1; 2
’q(e 1:%) Ey,q([n]qx) kZ:O‘( qk_l[”]q ) Yy,q(k)

3 x o Lk +2u0k],\" ETE] ([n]yx)
B Ey,q([”]qx) ;( qk_l [n]q ) Vy,q(k -1)

Using [k + 1 + 2u0kily = [k + 2u6]; + ¢*OF 2u(-1)F + 1],

x O ([ =1+ 2u6k]g + g0 2u(=1)F T + 1]\

E,q([n]gx) 1;‘ ( q-1nl, )
ey ([n]gx)*!

i Vp,q(k -1)

o x “’ji(m)ﬂk—1+2y9bﬂﬂﬂf“h““W%K—D“l+1hW”
j

Ey,q([n]qx) =1 j=0 q(k_l)’”[ﬂ]?
(=12 ([n]qx)k‘l
Vgl =1)
_ X . i (m)([k — 1+ 200k 1)) (% [2u(=1)" + 1])"
Euq([nlgx) 45 44\ J q*=i[n]y
(=162 ([n]qx)k’l
Vy,q(k -1)
— ; - m 26 m— %
= E“,q([”]q )Z( ) ][ ];1 ]kZ(qF 2u(- 1) +1]q) ]( k 1[;1]L7 )

% ke ([n]qx)
T

Separating even and odd terms,

x m
- Eyfq([”]qx)z‘( )

2 ([n]x)*

11y ™ = g

(qzﬂezkﬂ [zlu( 1)2k+1 + 1] )m ]([Zk +1+ 2y62k+1]q)
q

@ 7],
w ([n]qx)2k+1 )
Vuq(2k +1)
x o (m\ 1 - [2k + 2001, Ay
— m— j
T zo( j)—qj[n];n_,. Y (2 (Z ) o™
([n]x)*

[2k+1 + 2H62k+l]q )] 2k(2k+1) ([7’1] x)2k+1 )

2u m—
+( [1 2#]11) ]( 2k[1’l]q qu(2k+ 1)

Vi (Zk)

i( 2002 Ru(- 1)% + 11" (W)]

737
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Using [1 —2u]; < [1 +2u],,

X i m ([1 + Zy]q)mfj = [Zk + Zygzk]q i Zk(zk 2k(2k-1) ([n]qx)”‘
= Eyq([nlgx) ;)‘ (]) ginl;™ ;)‘ (( 7*1nl, ) Vua(2k)
N ([2k + 1+ 2u0x41]y )j 2k ([n]gx)*+1 )
q%*[nl, Vug(2k +1)
x S () (1 +2u])" o [k + 200,/ () ([nlgx)*
= Eyq4([n]gx) ;)‘ (]) qj[n]qm_j ; ( qk_l[n]q ) i Vi (k)
LA
=Y q'[nlg

Similarly, on the other hand we have

o\ X[~ 2u],)"
Dn, (em+ ;x) > (m) " Dn, (6 ir x)'
q 1 ]Z‘ j q][l’l] i q\*j

O

Lemma 2.2. Let D, 4(.;.) be the operator given by (12). Then we have the following identities and inequalities:

1. Dy4(e0;x) =1,
Dn,q(el;x) = x/

2 qzu[l—Zp],,x . %2 [1+2u],x
3. 4+ T, < Dy 4(e2;x) < T T
2 2
2 Q) Pell-2u)y | (1-2u], . O @gr1 [2ul, | ([+2u],
4. Pl + 7 [, +( [l x< Dn,q(ea,X) < pe + 7 o, + o, X,

¥ GPr2g+D)e (142,
F ¥ P o, T

2 3
K GP+2g+1) HF[-2uly | BP+3g+ D (P [1-2u], PH-2u, .
5. 116 + qs [n]q + q3 [n]q + [Vl]q x < Dn,q(&l/ x) <

B2 +3g+1)x2 [ [1+2u], 2 + [1+2u], 3
7P [, m, )

Proof. Proof is based on Lemma 2.1. We calculate only D;, 4(e3; x) and D;, 4(e4; X).

2 [1+2u],\2>7
Dy (e x) < Z( )( +n]:l ) qx] Dyq(ej; %)
l+2y 2\([1+2u]g\x '
< ( ) anq(eO,x) + (1)(W)5Dn,q(81,30
( ) nq(eL

[1+2u], [1+2u], x (x2 [1+2u]yx
= ( [, )’” 7( [, ) ?(7 YT, )

¥ 29+ a2 ([1+2u], [1+2u];\2
= PYT 7 ( ], )+( [, )x
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On the other hand, we have

D nq (ez;x) =
>
>
>

Similarly,

D nq (64} X ) <
<
<
<

On the other hand,

Dy 4(es;x) =

v

2#{1 2ul, 2-j
e

[”]q

g1 = 2u]5\2 (2 = 2]
( [, )xD”f"(eO’x)+(1)( [, )

H‘MN

~— O

]
2
0

X 2\ x
X 5Dn,q(elr x) + (2)?Dn,q(62; X)

(tf“[l -2yl )Zx i (qz*‘ll - 2ulq) . ﬁ(xZ g1 - 2#qu)

[, A AR AV T
(2 + 1)x? (g*[1 - 2u] g1 = 2u],\2
R G e TR A
> (3)([1+ 20l x
ZO( )( n]q ) q] nq(E‘J X)
[1+2u]
(3)( ’ [J Xan(O ) ( )( ) nq €1; x)
+ (i)([l Fn]z:l]q q nq(€2 X) + (2) nq(ea,X)
[1+2u]4\3 [1+2ulg\* 3x/[1+2uly\(x®  [1+2u]x
( o ) " ( [, ) " qZ( o )(q T, )
x (x> (2g+ 1)« [1+2u], [1+2u]4\?
+$@+ 7 (mq%4[m))
B +2q+ D) [1+2uly\ (B +3q + 1)a? (g*#[1 - 2uly\2
q_6 " q° ( [n], q)+ g3 ( [n], q)
7 = 2ulg\?
+(—[n]q )x.
S (3) =20l x
Y (2 T
= (])( [n] ) g
=
7 - 2pl, _ [ = 2u],
(0 (T) an,q(EO/x)"‘(l)(T) q nq(el X)

+

Avo

2011 -2
yﬁ%T&LnAMHQ%M@ﬂ

739
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(ff”[l —2uly )3x L (42“[1 —2ul, )2 .\ 3x(q2“[1 —2ul, )

- ], g\ I, P\
(F o PO 2 LoDy
)
2 _ 2 —
N ;c_: .\ B + zg +1)x° (q “[L]qzy]q) .\ G + 3;2 +1)x? (q H[}n];y]q )2
2ul1 — 3
N (q [}n];ulq) .

O

Now, we want to transform the operators defined by (12) in order to preserve the quadratic function e,.
We define the functions

_q2p+1 [1—2ul, + \/(qZMH [1- 2‘u]q)2 + 45][1’1]53{2
Vng(X) = 20, , x>0, (13)

and the linear positive operators

[k + Zyek]q) K- ([n]qvn,q(x))k

Dnalfi3) = Dualfitna00) = 5 nlqvnqu»z( i, R -

Lemma 2.3. The operators defined by (14) satisfy the following identities:

1. Dj 4(e0;x) =1,

2. Dj, o(e1;%) = vy q(x),

3. D (e2;x) = x?,

4 D,w((e1 —epx)%;x) = 2x(x — Upq(%)).

Proof. Using Lemma 2.2 and (14), we have

D, 4le;x) = 1

D ;,q (e1;x) = On,gq (x)
(Un,q(x))z + 612“[1 - ZH]qvn,q(x) < D () < (vn,q(x))z + [1+ ZH]qvn,q(x)
q [ g q [n]y

Now,
(vn,q(x))z 072“[1 - ZH]qvn,q(x)
+
q 1]

( — 1 = 2u], + \/(q2“+1[1 —2ulg)* + 4’1[”]3"2)
4qlnl;

D (e2;x) =

2

I\
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41— 2,J]q( = P = 2p + - 202 + dqln)
+

2[n];
§ 2411 - Zy]g + 4[71]?] 2 — 2971 - 2u], \/(q2ﬁ‘+1[1 —2u]y)? + 4q[n]3x?
- A[n];
=241 = 2u]7 + 24741 - 2], \/(‘12”+1[1 = 2up)? + 4q[n]zx*
" 4nP
4[rz]§x2 .,
4[n];

Similarly, on the other hand

(Vng(0))?  [1+2u]40n,0(x)
< +
q [,

x2.

D:z,q(ez; x)

IA

Hence, we have
D:L,q(EZ} x) = .
Now, we have to prove (4). Since
D;, ((e1 = e0x)*; X) = Dug((e1 — €0x)7; 0 q(x))
By linearity of D,,; and from (1), (2) and (3), we have

D;,q((el - er)z}x) = Dn,q(e2;vn,q(x)) - ZXDn,q(el}Un,q(x)) + xan,q(eO/' Un,q(x))
= x*- 2x0y,4(x) + x?
2x(x = Uy (x)).

O

Lemma 2.4. For u> 1, neNandq € (0,1) let v, be defined by (13). Then the following statements hold:

1. 0,4(0) =0,
2. 0<0,4(x) <%,
3. x — vy 4(x) is strictly increasing in x and

1 (A =gx+[1+2u]
[n], 1+ 7 !

X = Upq(x) <

2 (1—g")x+[1+2u]x
[n], 1+ 9 ’

Proof. To prove (3) we can consider the function % : [0, c0) — R defined by

D;, ,((e1 — eox)*; %) <

h(x) = x - Un,q(x)
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Clearly, h is strictly increasing.

—g?A 1 = 2u], + \/ (@11 = 2uly)* + 4qln]ix®
. )
2[”]:1

= g 2+ 0 2l = T 2+ o)

0 < h(x)

2

| @l = 2012 = (g1 - 201, + gl
2[n],

2[nlgx + g211 - 2u], \/(qz!’“[l 2ulg)? + 4q[n]3x?
1 4[n]y(1 = g")a* + 4[n],g* 1 - 2ulx

20y o1, + 21 - 2], + @1 = 21,2 + aglnp
1 4lnlg(1—g")x? + 4[nlg* 11 - 2ulx

= 2, 2[nlx(L+ )
. L (1 —q")x + g2+ 1 - 2u],
~ nly 1+ v9)

- 1 (IT—g"x+[1+2u],

[, 1+
[}

3. Convergence of Modified q-Dunkl Szasz Operators

In order to obtain the convergence results for the operators D}, , we take g = (4,) where g, € (0,1) such
that

gn— 1, g —a as n — oo. (15)
Lemma 3.1. Let q = (g,) with g, € (0,1) for all n € N satisfy (15). Then for every x € [0, c0) we have,

(I—-a)x+(1+2up)

’}1_{2 [1)4,D;,5,(e1 = eox; X) = — > , (16)
lim [n]y, D}, ((e1 — eox)% %) = (1 —a)x® + (1 +2u)x, (17)
33 (1= 2p)* +6(1 = a)(1 - 2p)x° + 3(1 — a)’x* < lim [n]7 D, ((e1 — e0x)"; )

<321 +2u)* +6(1 — a)(1 + 2u)x® + 3(1 — a)*x*. (18)

Proof. The proof is based on the following limit

ign [Tl] (x — Vg, (JC)) — (1 - ll)x ‘; (1 + 2#)

Using Lemma 2.3, proof of (16) and (17) are obvious. To show (18), we give an explicit formula for
D;.,, ((e1 — e0x)*; x). With the help of Lemma 2.3, we have

D;lq”((el — eox)4;x) D;, qn (e4;x) — 4xD;, q1(63,x) +6x°D7 _ (ep;x) — 4x3D’;,qn (e1;x) + Xt

n,qn
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< (qu# + (3% + 24, + 1)( nq;:x)f = Ern]z:]qn
RETIRCIC, FE T8 CE T
)
et L 0 0) =400, 1)+
o (L ]2:1%) () + (%) (08 300+ Do, (0 ~ 427301,
(%)q ((3% + 200 + )0, (09)° = 427,200 + D)@, (0) + 6300, ("))
. ((Un,qngx)) B 3_?15 (Ong, (V) + Z_(Un () = 430, 4 (x) + X )

< Ang () + Big, (X) + Cig, (x) + Dyg, (x).
Simple but tedious calculation shows that
lim [n]gnD:,,qn((el —epx)tx) <0+ 3x%(1 + 2;1)2 +6(1+2u)(1 - a)x® + 3(1 — a)*x*

Let us show details of third limit,

M) ((3% + 200+ 1)(0ng, (1))

im[n]? C,, (x) < limnz(
lim 112, Co, () ()=

~ 43220 + D0y, (O + 6530, (9)

< lim (%[l + 2015, 303 + 201 + (00, (1) = (g, ()
[ ?Sj" [1+ 2p1q, (347 + 24 + 1 = 845, — 443) (Vn g, (x) = X)x0p g, (%)
+ #Il + 241y, (90 = 1645, = 647, = 243, = 34 = 120y, (x))
N —6(1n+2 ya ”)x;(l Y2 2 461+ 2 _“)x;(l T2 .

+6(1 +2u)(1 —a)x®
= 6(1+2u)(1—a)x’.

Similarly, on the other hand
lim [n]] D;,, ((e1 = e0x)*; ) 2 0+ 3x*(1 = 2u)” + 6(1 = 2u)(1 — a)x® + 3(1 — a)’x*
O

Theorem 3.2. Let q = (q,) with q, € (0,1) for all n € IN satisfy (15). Then the sequence D, , (f;x) converges
uniformly to f on [0, A] for each f € C;[0, ) if and only if lim;, e g, = 1.



M. Mursaleen, S. Rahman / Filomat 32:3 (2018), 733-747 744

Proof. Assume that lim,_,« g, = 1. Fix A > 0 and consider the lattice homomorphism T4 : C[0, c0) — C[0, A]
defined by

Ta(f) = f lio,a1
Now, we see
Ta(D;, 4, (e0; x)) = Ta(1),
Ta(D;q,(e1;%)) = Ta(Vn,g,(x)) = Ta(x)
and

Ta(D;,(e2;%)) = Ta(x?),

uniformly on [0, A]. We see that C;[0, ) is isomorphic to C[0,1] and the set {1, ¢, 2} is a Korovkin’s set
in C;[0, ) (see [1]). By Korovkin’s theorem, D;.,. (f;x) = f(x) uniformly on [0,A] as n — oo, provided
f € C5[0, ) and A > 0. Now we prove converse result by contradiction. Suppose that {g,} does not converge
to 1. Then it has to contain a subsequence {g,,} C (0,1) such that g,, — a € [0, 1), as k — oo. Therefore

[nkl]q”k = 1:32% —1-aask — oo,
Also,
and we have

D}, (;X) =X = Upg, () —x

=2y, + [T 20, P+ g I, 2

2[nl,,,
—q12 —_al-2u
—a () + (@ () + da( )
- 2
1-a
= 0

This is a contradiction. Thus g, = 1asn — co. O

The following result is a Dunkl g-analogue of Theorem 1 of [4].

Theorem 3.3. Let D;, (.;.) be the operators defined by (14) and f € C;,[0, o). Let

fz) = f(zz),z € [0, ).

Then for all t > 0 and x € [0, o), we have

1—qi)x + [1+2u],,

where w(f, ) is the modulus of continuity of the function f € C,,[0, co) defined in (10). Therefore D;, , (f; x) converges
to f uniformly on [0, A] as n — oo, whenever f is uniformly continuous.
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Proof. Lett > 0,x € [0, ) and f € C;,[0, o) be fixed.
By the definition of f*, we have

D, (f:) = Dy, (f(1); %)

Thus,

ID},q,(f3%) = f(OI 1D}, (F (V%) = (V)

= g)‘ Snk(@ns Ung, (x))f*( A ’ [:;(;j—;e]:?) - f \/;)I

0 o [k +2u6k,,
= kzz;‘sn,k(qn, U",qn(x))(f ( T:ﬂq) f (\/_))’
< i Sn,k(Qn, On,q, (x)) f*( w f ( \/_)'
L “n ]qn
< i Suk(dns Vng, (X))w( g % \/_‘
k=0 ”
< L Snk(Gns Ung, (X))| nq”(| \/_ ) n,qn( V- x|; x) ).

From the inequality (11), we obtain

[k+2,u@k]qn 3
> [,
|mwmrﬂmf;;%mmwwﬁ nwv e
(f ann(l\/—_ \/_|X))
< (5D, (V- = VX[X)) ) 50k(qns Ung, (%))

k=0

[(k+2u0clg,

g,
DZ PRV ﬁl;x))
= 20(f; D}, (V- — V).

In order to complete the proof we need to show that for all £ > 0 and x € [0, o),

2 (1—gpx+[1+2],
D}y (1 - w@_%wn v

745
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Using Cauchy Schwartz inequality and Lemma 2.4, we have

- / [k+2u0

Z 1[‘1 k]‘h \/;

k=0 [n]qn

= k + Z‘qu]qn
g,

J Z g, W nl,

D54, ((- = %)% %)

Sn,k(qnl Onq, (X))

D;,,. (V- = V&%)

- X Sn,k("]n/ On,g, (X))

2
-X Sn,k(qnl Un,q,, (X))

=%l ﬂl

IA

2x(x = Uy q,(X))

X
\IZ(X - Un,q,, (x))

2 (I=gpx+[1+2u],
[n],, 1+ qn) '

IA

This completes the proof. [J

Next, we prove Voronovskaja type result for Dunkl analogue of g-Szasz operators.

Theorem 3.4. Let q = (q,) with q, € (0,1) for all n € N satisfy (15). For any f € C}[0, c0) such that f', f" €
C5[0, 00), we have

lim [1], ( (i) - f(x)) —ax ; (d+2p) (x F7(x) - f’(x)),

uniformly on any [0,A], A > 0.

Proof. Let f, f', f”” € C;[0, 00) and x € [0, o) be fixed. By Taylor formula, we have

fO) = f) +(E-x)f"(x) + %(t = 0% f"(x) + (t = x)*r(t;x), (19)

where r(t; x) is the Peano form of the remainder (.;x) € C;[0, c0) and limy,, r(t;x) = 0. Applying D}, , to
(19), we obtain

D, (f:0) = f(x) = f D}, ((e1 - eo);x) + 1f"(x)D;;,f,,,«el — o) %)
+ D, (r(t; x)(e1 — eox)%; x).

By Cauchy-Schwartz inequality, we have

D5, (1 0(. = )% %) < \/D (2(;%;%) \/Dn 2 (= X)% ). (20)
Observe that r%(x, x) = 0 and 7%(.; x) € G510, 00). Then from Theorem 3.2, we have

lim D}, (r(;x);x) = r*(x,x) = 0, (21)
n—oo sn
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uniformly with respect to x € [0, A]. Now from (20), (21) and Lemma 3.1, we have

f'() lim [n], D;, 5, ((e1 = eox); x)

tim (il (D, (703 ) - f)

1 4 : *
+ 5f () lim[n], D, ((e1 = eox)?; )

1- 142
_ f,(x)(_( a)x;( + u))
+ f”(x)((l —a+(1+ Zy)x)
1-a

= {0 - r )
s e - Fw)

1- 1+2
_ a)x;( + u)(xf,,(x)_ f,(x)).

This completes the proof. [J
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