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(p, q)-Bivariate-Bernstein-Chlodowsky Operators
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Abstract. In this article, we construct Bivariate-Bernstein -Chlodowsky operators based on (p, 9)-integers.
We give the basic estimates for these operators. Moreover, we discuss rate of convergence and pointwise
approximation in Lipschitz class. In the last, we prove weighted approximation results.

1. Introduction

In 1912, Bernstein [5] gave a sequence of polynomials based on binomial distribution which are known
as classical Bernstein operators as follows

B,(f;x) = an,k(x)f(%), neN,0<x<1, (1)
k=0

where f € C[0,1] and pui(x) = (})x*(1 — x)"*. The purpose of these polynomials was to give a simple
proof of Weirstrass approximation theorem which plays a central role in the development of operators
theory. Using these operators, he proved the poitwise and uniform approximation on [0,1]. Bernstein
operators defined by (1) and its various generalizations have applications in numerical analysis, computer
added geometric design (CAGD) and in solving problem of differential equations. Later on, various linear
positive operators have been studied to approximate continuous and Lebesgue measurable functions (see
Wafi and Rao ([17], [19], [20]) and Rao and Wafi [18]. Chlodowsky introduced a generalization of operators
(1) in 1932 on interval [0, b,,] as follows

n k n—k
kb,\(n\[ x X
Bu(f;x) = ;Of(ﬂ(k)(a) (1 - E) , @)
where 0 < x < b, and b, is the sequence of positive numbers such that

lim b, = o0 and lim b—" =0. 3)

n—oo n—oo 1
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For the last two decades, g-calculus influenced as a new field of research in operator theory. Lupas [10]
introduced g-analogue of classical Bernstein operators and another g-extension of Bernstein operators was
given by Philips [14]. The convergence for g-analogue of these polynomials is faster than the classical one.

Recently, the application of (p, q)-calculus emerged in the field of operator theory. First extension using
(p, 9)-integers for Bernstein operators was given by Mursaleen et al [11] (see also [21], [22] and references
therein). (p,q)-analogue in operators increase flexibility in controlling the shapes of curves and surfaces
(see [8], [9]) and increase the radius of convergence i.e. radius of convergence is directly proportional to
the parameter p ([13]). Now, we recall some basic notion and results from [11] as follows, let0 < g <p < 1.
Then (p, q)-integers for non negative integers n, k are given by

P —q
P-4

(p, 9)-binomial coefficient

), - ma
k), Klpglln = Klpg!

and (p, g)-binomial expansion

(klyq = and [kl =1 for k=0.

n
n n) e ey g,
(ax +by),, = Z (k) p T g T a R,
k=0 pAa
X+, = PP+ pyEtx+ Py x—g"y).

(p, 9)-Bernstein-Chlodowsky operators [4] is defined as follows

1 v k]
Cupg(fix) = MMZ:M<v( i J, @)
P 2 k=0
where
1 (n X Kkt x
o - ) S T
p 2 paNTt =0 n
and lim 2~ = 0. In the view of above, we define a Bivariate Bernstein Chlodowsky operators based on

=0 Mg

(p, 9)-integers.

2. Construction of (p, q)-Bivariate Bernstein Chlodowsky Operators

Let J1 X Jo = [0,¢,] X [0,cp] and (x,y) € J1 X J. Then, for a function f € C(J; X |»), the (p, q)-Bivariate-
Bernstein-Chlodowsky operators C,,.(f; x, y, p12, §12) = Cum(f; X, Y, P1, P2, q1, 92) are defined as follows

Com(fi%, Y, p12,912) = =T 1) ) Z Z ) (Y)

P’ 2 ki=0k=0
k k
<A [mf_b [memW) ®
[n]p1q1p1l [m]pzqu 2

where
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1 (n X b "ﬁl i P X
nk n(n=1) 1 1
1 ) 2 kl P bn =0 bn

p
1 m y kZ m—kz—l . . y
P42 — j_
Conks ) = m(m=1) (kz) (E) H (pz - qzb_m)/
Py’ P22 j=0
. by, — 3 bm -
and fim g, = 0, lim g = 0.

Lemma 2.1. [4] For the operators C, 5 defined by (4), we have

Cn,p,q (e;x) = 1,

Cipqler;x) = x,
n—1 bn n—1
Chpqlex) = P e+ ] [ lpa 2,
[n]P/’i [n]p,q
bix s, @GP+ = Upg by Pl = gl = 200
Copa le3i3) = 5P+ Sty LA
(1l [n]5, e,
bix (3 2 4 3gp + 3)[n —1] , b%xz
Cn,p,q (64,' X) = 3 P31’l—3 + qwop qp q3 g pzn_4
]y (1],

P Gp* + 2pg + q*)n — 1pqln — 2],,5bux> s q°ln — 1pqln — 2], 4[n — 314"

[nl3, [n3,

where e,(t) = t*,v=0,1,2,3,4.

Lemma 2.2. Let ¢;j(x,y) = x'y/,0 <i,j < 2 are test functions. Then, we have

Cumleoo; x, ¥, p12,912) = 1,
Com(ero; x, ¥, p12,912) = X,
Comleo; %, ¥, p12,912) = Y,
n—1
P1 by ql[n - 1]P1,’11 2
Cum(e20;x,v,012, = X+ X%,
nm(€2,05 X, Y, P12, G12) [ [
m—1
pz bm qZ[m - 1]}72,172 2
Cnm (& p ;xr 7 7 = + 4
' ( o2 Yop ‘112) [mlﬁzm Y [mlpzﬂz 4
b2x @2p1 + q)qi[n — 11, 4,X%by
Com(es0; X, Y, p1o, o) = —a—p7" 2+ - i
(13,0, (3,0,
Q?[” =1y [ = 2]y, 0,0
(113,00
b2 y (2p2 + q2)q2[m - 1]p2 qzyzbm
Cum(eos; x, ¥, p12,912) = nepd 4 : pt
y p q [ﬂ/l]lzjzrt72 p2 [m]%h,qz 2
qg[m - 1]}32/112 [Wl - 2]p2,5[2y3

2
[(ml, q,

7



Cm(eap; X, Y, p12,q12)

Cum(eo; X, Y, P12, 12)

Proof. In view of definition of the operators defined by 5, we have

Cum(e00; X%, ¥, P12, 912) =
Cum(er0;x, ¥, p12,912) =
Cum(eo; %, Y, p12,912) =
Cum(e20; %, Y, P12, 912) =
Cum(eo2; X, ¥, p12,912) =
Crm(€3,0; X%, Y, P12,912) =
Cumleos; x, ¥, p12,q12) =
Cum(es0; %, Y, P12, q12) =
Cum(eoa; X, ¥, p12,912) =

With the help of these equalities, we can easily prove required result.
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bf,x 31-3 + 5]1(3717% + 3q1p1 + LI?)[” - 1]p1,171b%x2p2n_4

B, [, 0 !

B Gp; +2mq1 + gD — 1]y, 4, [n = 2]y, 4,00 s
(1T, &
q5[n = 1y q,[n = 21y, .1 = 3lp, g x*
(3,0, '

Y s, 92073 30202 + p)lm — Uyl
[m},,, [m1, 4

anes , BOPE+ 2202+ )m — Uy [ = 2 by

? (13,

"3, q5[m = 1y, ulm = 20y, g, [m = 31y, 04"

g (113, 4 .

Cu(eo; x, p1,91)Cule0; Y, P2, 92),
Cule1; x,p1,91)Culeo; ¥, p2,92),
Cu(eo; x,p1,q1)Culer; y, p2,92),
Cu(e2; x, p1,91)Cnle0; Y, P2, 92),
Culeo; x, p1,91)Cule2; ¥, P2, 92),
Cules; x, p1,91)Culeo; ¥, P2, 92),
Cu(eo; x,p1,91)Cnles; ¥, P2, 92),
Culea; x, p1,91)Culeo; ¥, P2, 92),
Culeo; x, p1,91)Cnles; Y, P2, 92)-

Lemma 2.3. For the operators given by 5, we have

Com(t = %%, ¥, 12, 912)
Cum(s = v X, ¥, p12,912)

Com((t = ¥)% %, Y, P12,12)
Com((s = ¥)%5 %, Y, P12, 412)
Com((t = )% %, Y, P12, 412)

Coum((s — )% %, ¥, P12, 12)

0,
0,
plf_lx(bn - x)
[n]l’lﬂh
p?ily (b — )
[n]pw}z
30p'11_1b,4
[n]pl,lh
30p" by,

7

4

IN

ot + 2%+ 2% +x),

1

AP 2 4.
(nlo, V' +y +y +y)

Proof. Using Lemma 2.2, we prove Lemma 2.3. [J

a
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3. Main Results

Definition 3.1. Let X, Y C R be any two given intervals and the set B(X X Y) = {f : X XY — R|f is bounded on
XXY}. For f € B(XXY), let the function wa(f; -, *) : [0, 00) X [0, 00) — R, defined for any (61, 62) € [0, 00) X [0, o0)
by wota(f;61,62) = sup  {If(e,y) = fO, ¥ (oY), (') € [0,00) X [0, 00)}, is called the first order

[x=x'|<61,ly—y'|<62
modulus of smoothness of the function f or the total modulus of continuity of the function f.

In order to get the rate of convergence and degree of approximation for the operators C,, ,,, we consider
P1=Pn, P2 =Pmand g1 = qu, G2 = gm such that 0 < g, <p, <1and 0 < g, < pu < 1 satisfying

lim g — a, lim g3, — b, lim py; — ¢, lim pj, —d (6)
and
fim o = 1 fim o 1, Jim g > 1, fim g = 1, ?

where 0 <4,b < ¢,d < 1. Here, we recall the following result due to Volkov [16]:

Theorem 3.2. Let I and | be compact intervals of the real line. Let Ly, : CUX ) = C(IX]), (n,m) € N X N be
linear positive operators. If

lim Ln,m (eij) = ex,y/ (1/ ]) € {(0/ 0)/ (1/ 0)/ (O/ 1)}

n,m— 00
and

Lim L, (e +e02) = ez +ep,

n,m— 00

uniformly on I X ], then the sequence (Ly f) converges to f uniformly on I X | for any f € C(I X J).

Theorem 3.3. Lete;j(x,y) = xi]/f(O <i+j £2,i,j € IN) be the test functions defined on J1 X J> and (p,.), (§x), (Pm), (Gm)
be the sequences defined by (6) and (7). If

EIBM(Cn,meij)(x/ y) = eij(x/ }/)/ (Z/ ]) € {(0/ 0)/ (1/ O)r (Or 1)}

n,

and

Lim (C;; m(e20 + e02)(x, y) = e20(x, y) + en2(x, y),

n,m—0co

uniformly on [ X J», then
im (o f)x, ) = f(x,),

uniformly for any f € C(J1 X J2).
Proof. Using Lemma 2.2, it is obvious fori= j =0

lim (C;; meo0)(x, y) = eoo(x, y).

n,m— o0

Fori=1and j =0, we have

lim (Cn,melo)(x/y) = X
lim (Cymei0)(x,y) = eon(x, y).

n,m— o0
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Fori=0and j =1, we have

lim (Cn,meol)(x/ }/) = VY

dim (Cmeo)(x,y) = en(x,y)
and
) . p;l_lbn ‘71[71 - 1]171,'71 2 pgi_lbm qZ[m - 1]P2f'72 2}
lim (C,,u(e20 + eg)(x, = lim X+ X+
n,m—wo( m(€2 02)( ]/) n,m—0eo { [n]Plrlh [n]Pqul [m]PZ/qZ Y [”]pz,qz
Jim (Crp(e2o +e)(x,y) = ex(x, y) +eo(, y).

From Theorem 3.2, we completes the proof of Theorem 3.3.

Theorem 3.4. [15] Let L : C([0, 00)X[0, 0)) — B([0, 00)x [0, 00)) be a linear positive operator. Forany f € C(XXY),
any (x,y) € X X Y and any 61,62 > 0, the following inequality

LAY = FEnl < ILeooey) = UFG I+ [Leaor, y) + 57" Leonr, v)(LE = 1)7(x,y)
87" Lenox LG~ P, Y)
4571651 Lo, )L = )0 YLC = 1) | (fi51,62),

holds.

Theorem 3.5. Let f € C(J1 X J2) and (x,y) € J1 X Jo. Then, for (n,m) € N and for any 61,0, > 0, we have
|(Cn,mf)(xr y) - f(xr y)| < 4wtotal(f; 01, 62)/

where 61 = [Com((t — X)2, X, Y, P12, 412) and 63 = [Cum((s = Y)2, X, Y, P12, G12).

Proof. From Theorem 3.4, we have

ComHy) = fxy)
< 1446 Con(t = X, 1) + 85" Cun((s = ¥P)(x, )
+ 6I15£1 \/Cn,m((t - x)z)(x/ y))cn,m((s - y)z)(x/ y)]wtatul(f; 61/ 52)

On choosing 6 = /Cum((t — x)?)(x, y) and 62 = /Cym((s — ¥)?)(x, y), we get the required result. [

Now, we shall prove degree of approximation for the operators C, ,, in Lipschitz class. We consider the
Lipschitz class Lipp(y1,y2) in terms of two variables as follows:

If(t,s) = f(x, y)| < Mt —x["|s — y|”?,

where M > 0,0 < y1,y2 < 1 and for any (¢,s), (x,y) € J1 X J>.
Theorem 3.6. For f € Lippm(y1,y2), we have

|Cn,m(f; AnsGms Prs Pms X, ]/) - f(x/ y)l < M5%1/2(x)52;f/2(y)

where 6,(x) = Cpm((t — x)%; Grr Gy Pris Ps X, Y) and
Om(Y) = Cum((S = ¥)% Gy G Py Pris X, ).
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Proof. Since f € Lipp(y1,y2), we can write

ICon(f5 G Qs s s %, y) - = f(x, )|

< Cn,m(|f(t/ S) - f(x/ ]/)|, Gnr Gms Prs Pms X, y)
< MCn,m(lt - xP’l s — ]/P/Z; Gns Gms Prs Pms X, ]/)
= Mcn,m(lt - xP/l} Gns Gms Prs Pms X, y)
X Com(Is = Y1 Gy Gons Prs P X, Y)-
Using Holder inequality with a; = %, p1= ﬁ and a; = )%2, B2 = 2%)/2’ respectively, we get
|Cn,m(f; Gns Gms Prs Pms X, ]/) - f(x/ ]/)l < {Cn,m((t - x)zl' Gns Gms Prs Pms X, y)}7
X |Com (L3 G, G s P 2, )}
Y2
X {Cn,m((s - x2)2; Gnr Gms Prs Pms X, y)} ’
2
X {Cn,m(l; AnsGns Prs Pms X, y)} e

M8 ()8 ().
Which completes the proof of Theorem 3.6. [J

Here, we discuss degree of approximation in weighted space for the operator defined by (5). We recall
some basic notions from [7] as
B,([0, 00) X [0, 00)) is the space of all functions defined on R2 = [0, ) x [0, o0) with the condition |f(x, y)| <
M¢p(x, y), where My is a positive constant depending on f and p(x, y) = 1 + x* + 2 is a weight function.
Cy([0,0) x [0,00)) = {f : f is a continuous function belongs to B,([0, o) X [0, »))} equipped with the norm

lfll, = sup lgg’iil and C’;([O, 00) X [0, 00)) = {f :feCpand lim l’;gg;' < k}. For all f € C, the weighted
wyer: e

modulus of continuity is defined as

I,y + ) - f(x,
wp(f;01,02) = sup sup [fCe+ T,y + ha) = [, y)l
(0 y)ER? Ii|<5r hal<5 p(x, y)p(hi, ha)

and

Ft9) = Fpl < 8(L+2% + 1), (f; 00, Ou) (1 + 't(;nx')(1 + %) A+ -D)A+6-p?). ©)

Theorem 3.7. If the operators C,,,, defined by (5) satisfying the conditions
Jm WCon (L Gns Qs s s X, y) = 1= 0,
1o v o P P, ) = ¥l = 0,
i N (S; G Gons P P %, Y) = YT = 0,

and

i (Con( + % s G, P P, ) = (62 + Y = 0.
Then

S NCon (S5 Guns s Prs Py %, y) = Sl = 0,

for each f € C5([0, ) X [0, 0)).
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Proof. In view of Lemma 2.2, we completes the proof of Theorem 3.7. [
Theorem 3.8. Let f € Cj([0, o) X [0, 00)). Then, we have

Con(f; Gns G Pris P X, Y) — ’
sup Comlf G Gois Prs P %, y) = f (X y)|SKCUP(f;6n/6m)

(ty)eR (1+x%+y?)3

holds for the large value of n, m where 6, = o ( P b ) and 6, =0 (ﬁ)

[0 [mpy.4,
Proof. From (8) and the operators (5), we have

|Cn,m(f; Gns Gms Prs Pms X, ]/) - f(x/ ]/)|

< 81+ 2+ yz)wp(f; On, Om)

« (1 + Cn,m(lt - x|; Gns Gms Prs Pms X, y))
On

Cnm — Y90, Gms Prs Pms X,

N (1+ (1S = YL Gn G, s p xy))
o

X (14 Coum((t= %) Gy G P P X, Y))

X (L4 Cuml(s = ¥)% Gns Gous Prs Prus X, ).

Applying the Cauchy-Schwarz inequality, we get
Covn(f3 Qs Qs s P X, ) = F( Y

< 8(1 +x% + yz)a)p(f; On, 6m)[1 + Cn,m((t - x)z; Gns Gms Prs Pms X, ]/)

+ \/Cn,m((t -x)% Gnr Gms Prs Pms X, ]/)
On
% \/Cn,m((t - x)2; Gnr Gms Prs Pms X, y)cn,m((t - X)4,‘ Gnr Gms Prr Pms X, y)]
On

NCom((s = ¥)% G, Gy P Ps X, V)
Om

X[ 1+ Com((s = Y)% Gy Gy Py Py X, Y) +

% \/Cn,m((s - y)z; Gnr Gms Prr Pms X, y)cn,m((s - y)4; Gnr Gms Prr Pms X, y)}
On )

From Lemma 2.3, we have

PT_lbn

Com((t =X Gy Gy Prs Prs X, Y) < 0 X,
[n]pl,ql
m—1
Py b

Cnm S — 2; nsYms Pns mrxr S 0 12

(8 = V)75 @ns Gons P P X, Y) [m]m)y

pn—lbn

Co((t = %)% Gy G P P X, y) < 0] = (ot + 27+ 2% + 1),
[n]m,m
Py b

Coum((5 = %)% Gy G P Prs X, ) < 0 W+ +y +y).
[m]pz,qz

(10)
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Combining (9) and all identities in (10), we have

|Cn,m(f; Gnr Gms Prr Pms X, y) - f(xl y)|

Py,
PT_lbn 0 (["]Plﬂl )x
X+
[n]pl,ql

pal-lbn) (p;l‘lbn) 4043 42
O\ | X0 X*+x°+x+Xx
\/ (["]Plr'h [y, ( )]
X

o

<81+ 2% + y)wp(f; 6n,6m)[1 + o[

X

[m]pz,qz 6??1 671

Py b Py b Py b
1 (Pgn—l bm ] JO ( [m]pzﬂz ) y \/O ([m]!'z/ﬂz ) yO ( [m]pzrqz ) (y4 + y3 + y2 + y)]
+0 y+ .

n-1 m—1
Choosing 6, =0 ( P bn ) and 6,, =0 (pz b ), we find

[n]pl,ql [m]VquZ

|Cn,m(f; Gnr Gms Prs Pms X, y) - f(x/ y)|

4 3 2 4 3 2
$8(1+x2+y2)wp(f;6n,6m)[1+6nx+ NG H(; o ”)H1+5my+ \/y‘/y(y “g A

For sufficiently large large value of n and m, we have

Com(f; Gnr G Prs Prs X, Y) — ’
sup |Con(f5 Grur Gons Py P %, y) = f(X y)|sKa)p(f;(5n,5m)/

(6y)eR2 (1+x2+2)3

where K is a positive constant independent of n, m and 6, < 1, 0,, < 1.
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