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Completion of Locally Convex Cones

Davood Ayaseh?, Asghar Ranjbari?

?Department of Pure Mathematics, Faculty of Mathematical Sciences, University of Tabriz, Tabriz, Iran

Abstract. We define the concept of completion for locally convex cones. We show that how a locally convex
cone with (SP) can be embedded as an upper dense subcone in an upper complete locally convex cone with
(SP). We prove that every upper complete locally convex cone with (SP) is also symmetric complete.

1. Introduction

A coneis asetP endowed with an addition and a scalar multiplication for nonnegative real numbers. The
addition is assumed to be associative and commutative, and there is a neutral element 0 € P. For the scalar
multiplication the usual associative and distributive properties hold, that is a(Ba) = (af)a, (¢ +p)a = aa + Ba,
a@+b)=aa+ab,la=aand0a =0foralla,bePanda,p > 0.

The theory of locally convex cones as developed in [5] and [9] uses an order theoretical concept or
convex quasiuniform structure to introduce a topological structure on a cone. In this paper we use the later.
For recent researches see [1-4].

Let # be a cone. A collection U of convex subsets U € P? = P X P is called a convex quasiuniform
structure on %, if the following properties hold:

(Ul)Ac Uforevery U e U (A ={(a,a):acP});

(U2) forall U,V € Uthereisa W € Usuchthat WC UNV;
(U3) Alopl € (A+ p)U forall U € Wand A, u > 0;
(U4) al € Uforall U € Wand a > 0.

Here, for U V C P?, by UoV we mean the set of all (,b) € $? such that there is some ¢ € P with (a,c) € U
and (c,b) e V.

Let  be a cone and U be a convex quasiuniform structure on . We shall say (%, !) is a locally convex
cone if

(U5) for each a € P and U € U there is some p > 0 such that (0,4) € pU.

With every convex quasiuniform structure 2 on ° we associate two topologies: The neighborhood bases
for an element a in the upper and lower topologies are given by the sets

U@ ={beP:(bja)ye U}, resp. @U={beP:(abel}, Uecl
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The common refinement of the upper and lower topologies is called symmetric topology. A neighborhood
base for a € P in this topology is given by the sets

U@U=U@n@u, Uel.

Let U and W be convex quasiuniform structures on . We say that U is finer than W if for every W € ‘W
there is U € U such that U € W.

The extended real number system R = R U {+0co} is a cone endowed with the usual algebraic operations,
in particular a + 00 = +oo foralla € R, a.(+00) = +oo for all & > 0 and 0.(+o0) = 0. Weset V = {&: ¢ > 0},
where

é“:{(a,b)eﬁzzaﬁb+s}.

Then V is a convex quasiuniform structure on R and (R, V) is a locally convex cone. For a € R the intervals
(—o0,a + €] are the upper and the intervals [a — ¢, +o0] are the lower neighborhoods, while for a = +co the
intire cone R is the only upper neighborhood, and {+co} is open in the lower topology. The symmetric
topology is the usual topology on IR with as an isolated point +co.

For cones P and Q, amapping T :  — Qis called a linear operator if T(a+b) = T(a)+T(b) and T(aa) = aT(a)
hold for alla,b € P and a > 0. If both (P, ) and (Q, ‘W) are locally convex cones, the operator T is called
(uniformly) continuous if for every W € W one can find U € U such that T x T(U) € W.

A linear functional on P is a linear operator i : £ — R. We denote the set of all linear functional on by
L(%P) (the algebraic dual of ). For a subset F of P? we define polar F° as below

Fe={ueL(P): u@) <ub)+1, Ya,b) € Fl.

Clearly ({(0,0)})° = L(#). A linear functional p on (P, N) is (uniformly) continuous if there is U € U such
that u € U°. The dual cone P* of a locally convex cone (#, 1) consists of all continuous linear functionals on
% and is the union of all polars U° of neighborhoods U € L.

We shall say that a locally convex cone (£, ) has the strict separation property if the following holds:

(SP) Foralla,b € £ and U € U such that (a,b) ¢ pU for some p > 1, there is a linear functional p € U°
such that u(a) > u(b) +1 ([5], 11, 2.12).

2. Completion of a Locally Convex Cone

Definition 2.1. Suppose that (P, ) is a locally convex cone. We shall say that the subset A of P is bounded below
(above) whenever for every U € U there is A > 0 such that {0} x A € AU (A x {0} € AU). The subset A of P is
bounded whenever it is bounded below and above.

In [5], a dual pair is defined as follows.

Definition 2.2. A dual pair (P, Q) consists of two cones # and Q with a bilinear mapping
(a,x) ><a,x > PxQ— R.

If (P,Q) is a dual pair, then every x € Q is a linear mapping on . We denote the coarsest convex
quasiuniform structure on # that makes all x € Q continuous by U;(P,Q). In fact (P, U (P, Q)) is the
projective limit of (R, V) by x € Q as linear mappings on % (projective limits of locally convex cones were
defined in [7]).

Let # be a cone. Then (#,L(P)) is a dual pair endowed with the bilinear mapping < a, u >= u(a), for
ae®Pand u € L(P).

A Cauchy net in locally convex cones is defined in [6] as follows:
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Definition 2.3. A net (x;)icr in (P, N) is called lower (upper) Cauchy if for every U € W there is some yy € I such
that (xg, xa) € U (respectively, (xo,xp) € U) for all a,f € I with p > a > yy. Also (xi)ier is called symmetric
Cauchy if it is lower and upper Cauchy, i.e., if for each U € U there is some yy € I such that (xg,x,) € U for all
a,p € 1 withB,a > yy.

The locally convex cone (P, U) is called lower (upper and symmetric) complete if every lower (respectively,
upper and symmetric) Cauchy net converges in lower (respectively, upper and symmetric) topology. It is
proved in [6], that (IR, V)is upper and symmetric complete but not lower complete. Indeed the net (—7),en
is lower Cauchy but it is not convergent with respect to the lower topology.

Theorem 2.4. Let P be a cone. The locally convex cone (L(P), Us(L(P), P)) is complete with respect to the upper
and symmetric topologies.

Proof. If (ui)ier is a Cauchy net in the upper topology of (L(P), Us(L(P), P)), then, for every a € P, (ui(a))ier is a
Cauchy net in the upper topology of (R, V). Now we consider usual order on R and we set u(a) = sup,.; pi(a). Then
u is a linear functional on P by Lemma 5.5 from [9], and u; — p with respect to the upper topology, since for every
ae€P, ui(a) < u)forallie 1.

Let (ui)ier be a Cauchy net in the symmetric topology of (L(P), Us(L(P), P)). Then, for every a € P, (1i(a))ier is
a Cauchy net in the symmetric topology of (R, V). Since (R, V) is complete with respect to the symmetric topology,
there is u(a) € R such that pi(a) — u(a) with respect to the symmetric topology. We prove that u € L(P) and
pi — p with respect to the symmetric topology of (L(P), Us(L(P), P)). It is easy to see that u(a + b) = u(a) + u()
for a,b € P (the addition is continuous with respect to the symmetric topology by Proposition 1.1 from [9]). Let
a € P. Since (ui(a))ier is a Cauchy net and {+oo} is an open subset ofﬁ, there is iy € I such that ui(a) < +oo
forall i > iy or pi(a) = +oo for all i > iy. If pi(a) < +oo for all i > iy, then au;(a) — au(a), by the continuity
of the scaler multiplication on bounded elements(see [9], Proposition 1.1). On the other hand ui(aa) — u(aa) and
wi(aa) = api(a). This yields that p(aa) = au(a), since the symmetric topology of (R, V) is Hausdorff. If u;(a) = +oo
forall i > iy, then u(a) = co. This shows that au(a) = +c0 — +oco = au(a) for a > 0 and 0.y;(a) — 0 = 0.u(a).
Thus aui(a) — au(a) for all a« > 0. On the other hand pi(aa) — p(aa) and pi(aa) = api(a). Then u(aa) = au(a).

We prove that (u;)ier is convergent to u with respect to the symmetric topology of (L(P), Us(L(P), P)). Let
U, € Us(L(P), P). For a € P, we define the linear functional @, : L(P) — R as below

@a(p) = pul@)  peL®P).
Fora € P, we set O, = @, X @,. Therearen € Nanday, ...,a, € P such that ﬂ?zl CD;jl(i) C U,. Since pi(a;) — u(aj)
with respect to the symmetric topology of (R, V), for each j = 1,2,...,n, there is ij € T such that (ui(a)), u(a;)) € 1
and (u(a;), pi(a;)) € 1 for all i > ij. This shows that (u;, ) € qD;,,l(T) and (u, ;) € <D;j1(i) for all i > ij. We set
ip = max{iy, ..., iy}, then we have (u;, ) € ﬂ?:l CD;jl(i) C U, and (u, i) € ﬂ';zl CD;],l(i) C U, forall i > iy. This
shows that y; € Us(u)Us for all i > 1. Thus p; — p with respect to the symmetric topology of (L(P), Us(L(P), P). O

Let (P, Q) be a dual pair. We shall say that a subset B of £ is U, (¥, Q)-bounded below whenever it is bounded
below in locally convex cone (P, U;(P,Q)). Let B be a collection of U;(P, Q)-bounded below subsets of
such that

(@)aBe BforallBe Band a > 0O,

(b) Forall X, Y € B thereis Z € Bsuchthat XU Y c Z.

(c) P is spanned by (Jpeys B.

For B € B we set

U ={(x,y) € Q®:<b,x ><< b,y > +1, forallb € B}and Uy(Q,P) = {Up : B € B}.

It is proved in [5], page 37, that Uy(Q,P) is a convex quasiuniform structure on Q and (Q, Ux(Q,P)) is a
locally convex cone. If b € B for B € B, then b € B C U}. Now P C (Q, Uy(Q,P))* by (c). This shows that
Uy (Q, P) is finer than U,(Q, P).

If B is the collection of all finite subsets of P, then Ug(Q, P) = U,(P, Q).
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Lemma 2.5. Let (P, Q) be a dual pair and let B be a collection of W, (P, Q)-bounded below subsets of P that has (a), (b)
and (c). Then the upper neighborhoods of (Q, U(Q, P)) are closed with respect to the lower topology of (Q, Us(Q, P))
and the lower neighborhoods of (Q, Ux(Q, P)) are closed with respect the upper topology of (Q, Us(Q, P)).

Proof. Let Be B,ve Qand € l,lB(V)lJ (the closure of Ug(v) with respect to the lower topology of (Q, U,(Q, P))).
Then there is a net (u;)icy in Up(v) such that u; — u with respect to the lower topology of (Q Us(Q, P)). Let
beBand e > 0. pib) — u(b) with respect to the lower topology of (R, V). Then there is iy, such that
u®) < pi®) +e <v(b)+1+¢foralli > iy,.. Then u(b) < v(b) + 1, since ¢ is arbitrary. Thus u € Ug(v). The other
claim can be proved in a similar way. [

Corollary 2.6. Under the assumptions of Lemma 2.5, the upper and lower neighborhoods of (Q, Uy (Q, P)) are closed
with respect to the symmetric topology of (Q, Us(Q, P)).

Definition 2.7. Let (P, ) be a locally convex cone with (SP). We shall say that the locally convex cone P, 0) is
completion of (P, ) whenever

(a) fIAinﬁiuces W on P2,

(b) (P, N) is complete under the upper topology,

(c) P is dense in P under the upper topology.

Theorem 2.8. Let (P, Q) be a dual pair and let B be a collection of W, (P, Q)-bounded below subsets of P that has
(a), (b) and (c). Then the completion of (Q, Us(Q, P)) is the subcone

Q={)@Q~+ ({0} x B)?)

Be®B
of L(P), under the convex quasiuniform structure Ug(Q, P), the polar ({0} x B)® being taken in L(P).

Proof. If2 € Qand B € B, then 2 € Q + ({0} x B)°. Therefore there is x € Q such that 2 € x + ({0} x B)°. There is
A > 0 such that x € A({0} X B)°, since B is W,-bounded below. Then Z € (A + 1)({0} X B)°. This shows that each B € B
is U,(P, Q)-bounded below and we can define Uy(Q, P). Also Q is dense in Q under the upper topology, indeed for
every B € Band 2 € Q there is x € Qand p € ({0} x B)° such that 2 = x + . For b € B we have

<bi>=<bx>+<bu>><bx>-1

This shows that x € Q N Up(2).

Clearly, Ug(Q, P) induces Uyp(Q, P) on Q.

Now, we prove that (@, Uy(Q, P)) is complete under whose upper topology. Let (2)icr be a Cauchy net with
respect to the upper topology of (@, Us(Q,P)). Then (2)icr is a Cauchy net with respect to the upper topology of
(L(P), Us(L(P), P)). Since, (L(P), Us(L(P*, P)) is complete with respect to the upper topology, there is u € L(P) such
that 2; — u under the upper topology. For B € B there is iy € 1 such that 2, € Up(Zp) for all p > a > ip. Then
2 € (24)Up for all B > a > iy. This implies u € (2,)Up for a > iy, since (24)Up is closed with respect to the upper
topology of (L(P), Us(L(P),P)) by Lemma 2.5. Thus 2, € Ug(u) for all @ > iy. This shows that 2, — p under the
upper topology of (Q, Uy(Q, P)). We show u € Q. For y > iy we have < b,2, ><< b, i > +1 for all b € B. Since B is
U, (Q, P)-bounded below and zZ, € Q, thereis A > 0 such that —A << b, 2, >forallb € B. Then 0 << b, u > +(A+1)
forallb € B. Then u € (A + 1)({0} x B)°. This shows that j € Q O

Theorem 2.9. The locally convex cone (Q, Uy (@, P)) from Theorem 2.8 is complete with respect to the symmetric
topology.

Proof. Let (2))icr bea Cauchy net in (Q, Wy (Q, P) with respect to the symmetric topology. Since Uy(Q, P) is finer than
U, (Q, P) induced on Q by U (L(P), P), (Zi)ier is a Cauchy net under the symmetric topology of (L(P), Us(L(P), P)).
Now Theorem 2.4 yields that there is u € L(P) such that 2; — p under the symmetric topology of (L(P), Us(L(P), P)).
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Since (2)ics is a Cauchy net with respect to the symmetric topology of (Q, Us(Q, P)), for every B € B there is i € T
such that (2;,2;) € Up for all i, j > iy. For a fix j > ip we have 2; € Ug(2;) for all i > iy. This shows that u € Up(Z)),
since Up(Z;) is closed in the symmetric topology of (@ U,(Q P)) by Corollary 2.6. Then (u, ;) € Up for j = ip.
Similarly, (2, 1) € Up for i > ig. Thus 2; — p with respect to the symmetric topology of (Q, Us(Q,P)). O

Now, we are ready to obtain the completion of a locally convex cone with (SP). Since the convex quasi-
uniform structure of a locally convex cone with (SP) can be represented as a polar-convex quasiuniform
structure, we can use Theorem 2.8 for this aim.

Theorem 2.10. Let (P, ) be a locally convex cone with (SP). The completion P of P is the subcone (e (P + ({0} X
U°)°) of L(P*) endowed with the convex convex quasiuniform structure Ug(P, P, where B = (U° : U € ).

Proof. We consider the dual pair (P*,P) and the collection B = {U° : U € U} of subsets P*. It is proved in
[5], II, that the convex quasiuniform structures U and Ug(P,P") are equivalent. Now Theorem 2.8 yields that

P = Nyeu(® + (10} x U°)°) and 1 = Ux(P,P*). O

Corollary 2.11. Let (P, W) be a locally convex cone with (SP). Then the locally convex cone P, 1) is complete with
respect to the upper and symmetric topologies by Theorems 2.8 and 2.9.

Proposition 2.12. Let (P, W) and (Q, ‘W) be locally convex cones with (SP) and t : (P, N) — (Q, W) be a continuous
linear mapping. Then t has an extension f which is a continuous linear mapping of (P, W) into (Q, W).

Proof. Let t be the transpose of t, mapping Q" into P*, and let t* be the transpose of t, mapping L(P*) into
L(Q). Suppose that f be the restriction of t* to P. Now, we show that f is continuous. Let Uy € Uy(P,P),
where B = {U° : U € Wyand W € W. There is U € U such that t x t(U) c W, since t is continuous. We
claim that £ x HUye) € Uwe. Indeed, if (4,b) € Uy, then u@@) < p®b) + 1 for all p € U°. If A € W° then
A € (¢ x H(U))°, since W° C (t x t(U))°. This shows that t (A) € U°. Then t (A)@) < t (A)(b) + 1. This yields that
(*@)(A) < (D)) + 1. Thus (K@), i(D)) € Uwe.

Now, we prove that for @ € P, {(4) € Q. If & € P, then there is a net (a)icr in P such that a; — 4 with respect to
the upper topology of (P, W). Since f is continuous with respect to the upper topologies of (P, W) and (Q, W), then
tHa;) = Fa;) — F@). This shows that 1) € Q. O

Proposition 2.13. If, in Proposition 2.12, t is an isomorphism, then t is one to one.

Proof. Firstly, we prove that t is onto. If u € P, then pot™' € Q', since t is an isomorphism. Now, we have
t*(pot™) = p.

Let #(a) = E(b). This implies < A, £*(@) >=< A, t*(b) > forall A € @. Then < ' (A),a >=< t' (A),b > for all
A € Q. This yields @ = b, since t is onto. [

Proposition 2.14. Let (P, ) be a locally convex cone with (SP). The completion P, 1) of (P, N) is unique.

Proof. Let (P, ) be another completion of the locally convex cone (P, ). The identity mapping i : (P, 0) — (P, )
is an isomorphism. Then the extensions mappings i (P0) — (P, and 1, : (P, ) — (P, 1) are one to one. This
shows that (P, ) and (P, 1) are isomorphic. [

Corollary 2.15. If (P, ) is a locally convex cone with (SP) and it is complete with respect to the upper topology,
then (P, 1) = (P, ).

Theorem 2.16. Let (P, ) be a locally convex cone with (SP) which is complete with respect to the upper topology.
Then it is complete with respect to the symmetric topology.

Proof. We have #,0) = (P,W), by Corollary 2.15. Then (P, ) is complete with respect to the symmetric topology
by Corollary 2.11. O
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The locally convex cone (R, V) is complete under whose upper topology. Then (i, V) = (R, V) by
corollary 2.15. If (P, 1) is a locally convex cone with (SP) and u : (P, U) — (R, V) be a linear functional, then

there is a continuous extension {1 : @, ) - R, V)= (R,V) by Proposition 2.12. This yields that $* C P,
Let E be a real locally convex Hausdorff topological vector space, and let V be a neighborhood base
of convex, balanced and closed subsets of E. For every V € V we set V =1{@b) : a-b € V). Then
Y ={V : V € V}is a convex quasiuniform structure on E and (E, V) is a locally convex cone. We have
Ve = V° (V° is taken in the dual space of E as a locally convex space and V° is taken in the dual cone of E
as a locally convex cone). This shows that the dual space of E as a locally convex space is equal to the dual
cone of (E, V). We denote it by E*. The locally convex cone (E, V) has (SP). Indeed, let (a,b) ¢ pV for some
p>land V € V. Thena—b ¢ pV. Since E is Hausdorff, V is closed, and then there is u € E* such that
u(a—b) > p > 1 by the Hahn-Banach theorem. Then u(a) > u(b) + 1. Also the algebraic dual of E* as a space
and a cone are equal. It is proved in [8], VI, Theorem 3 that the completion of E as a locally convex space is
E = Nyey(E + V°°). Now we prove that the completion of (E, V) as a locally convex cone is equal to E. For
this we prove that ({0} x V°)° = V°°. Indeed, let ¢ € V°°. If u € V°, then u € V°. This shows that |p(u)| < 1.
Then -1 < @(u) and ¢(0) = 0 < @(u) + 1. Thus ¢ € ({0} X V7°)°. Similarly, we can prove that ({0} x V°)° € V°°.

Example 2.17. The real number system R endowed with the convex quasiuniform structure V = {& : ¢ > 0} isa
locally convex cone. We have R* = (R, V)" = [0, +00) and L(R*) = L([0, +o0)) = R = R U {+o0}, where +oo is a
linear functional on [0, +00) acting as

0 a=0

oo = {

+o0o  else.

Now, we have R = R, since for every & > 0 we have ¥oo € ({0} x £°)°.

Example 2.18. Let (E, ||.||) be a normed space with unit ball B. Let Q be the collection of all setsa+ pB,a € E, p > 0.
Then Q is a cone endowed with the usual addition and scaler multiplication. Its neutral element is {0}. We set

B={ACe@:A-CCB).

Then W = {aB : a > 0} is a convex quasiuniform on Q and (Q, W) is a locally convex cone. We have @ = {u@r:r>
0, u € E*, [|jull <1}, where

u@r(a+ pB) = ua)+rp,

for a € E (see [5], I, Example 2.17). If E is the real number system R endowed with the usual topology, then Q is the
set{a+ pB:a € E,p > 0} U {{oo}}, where {oo} is a linear functional on Q" acting as

0 r=0

(eol(uer) = {
+00 else.

The locally convex cone (Q, W) has (SP) but it is not complete with respect to the upper topology. In fact the net

(nB)nen is a Cauchy net in the upper topology but is not convergent. Since {+oo} € ({0} X (@B)°)° for all & > 0, we

have

Q=QuU {{+}}.
Then the completion of (Q, W) is the locally convex cone (Q Ng(Q,Q), where B = {(aB)° : a > 0).
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