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Multidecomposition of Cartesian Product of Some Graphs
into Even Cycles and Matchings

P. Kandan®

?Department of Mathematics, Annamalai University, Annamalainagar 608 002, India

Abstract. Let C;, and pK; denote a cycle with 2p edges and p vertex-disjoint edges, respectively. For
graphs G, H and H”, a (H’, H") -multidecomposition of G is a partition of the edge set of G into copies of
H'’ and copies of H” with at least one copy of H" and at least one copy of H”. In this paper, we investigate
(Cy, pKy)-multidecomposition of the Cartesian product of paths, cycles and complete graphs, for some
values p > 3.

1. Introduction

All graphs considered here are finite undirected simple graphs only. For the discussions, some termi-
nologies and notations are needed. Let P, for the path on n vertices, C, for the cycle on n vertices, K,
for the complete graph on n vertices, and pK; for p vertex-disjoint edges. Let V(P,) = V(C,) = V(K,) =
{0,1,2,...,n=1},E(P,) = {{i,i+1} : i € {0,1,2,...,n—2}} and E(C,,) = E(P,,) U {{n —1,0}}.

A decomposition of a graph G is a collection ¥4 = {Gy, Gy, ..., G} of nonempty subgraphs of G such that
the sets E(G1), E(G2), . . ., E(G;) form a partition of E(G), where E(G;) and E(G) are, respectively, the edge sets
of G; and G; denote thisby G = G1® G, & - - ® Gs.

Consider a decomposition ¥4 = {Gy,Gy,...,Gs} of G. If, foreveryi € {1,2,...,s}, G; = H, then say that
H divides G and denote it by H|G, and the collection ¢ is called a H-decomposition of G or a H-design of G.

Consider a decomposition ¥ = {G1,Gy,...,Gs} of G;s > 2. If there exists £ € {1,2,...,5 — 1} such that,
foreveryi € {1,2,...,¢},G; = H and foreveryi € {{+1,{+2,...,s},G; = H”,and if H' 2 H”, then say
that the graph-pair (H’, H”) divides G, and the collection ¥ is called a (H’, H"” }ymultidecomposition of G or a
(H', H" ymultidesign of G.

The Cartesian product HiOH, of two graphs H; and H, is the simple graph with V(H;) X V(H,) as its
vertex set and two vertices (11, v1) and (up, v2) are adjacent in H1OH, if and only if either 1 = u, and v; is
adjacent to v, in Hy, or u; is adjacent to u, in Hy and v1 = v».

The study of the (G, H)-multidecomposition was introduced by Abueida and Daven in [2]. Abueida
and Daven [4] investigated the problem of the (K, S¢)-multidecomposition of the complete graph K,,. In [5]
Priyadharsini and Muthusamy gave necessary and sufficient conditions for the existence of the (G,, Hy,)-
multidecomposition of AK, where G,,H, € {Cy, Py-1,S5,-1}, where S,, denote the star on n + 1 vertices.
The graph multidecomposition problems has been widely studied (see [6 — 10]). Abueida and Daven
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[3] have recently established necessary and sufficient conditions for (C4, 2K;)-multidecomposition of the
Cartesian products P,,0P,, P,,0C,, P,0K,, C,0C,, C,0K, and K,,0K,. On this extension, we have consider
(Cyp, pK3)-multidecomposition of the above Cartesian products, for some values of p > 3.

2. Cartesian Product of Paths

In this section, we have proved that P,,0P, admits a (Cyp, pKzymultidecomposition, for some values of
p=3.

As g.c.d.(|E(C2,,) , E(pK2)|) =g.cd.(2p,p) = p and |E(P,,0P,)| = 2mn — m — n. If P,,0P, admits a (Cy, pKz)
multidecomposition, then p divides 2mn—m—n. Observe that, if eitherm = Omodp = norm = 1modp = n,
then p|(2mn — m — n). Note that, for p = 3, 3|2mn — m — n) if and only if either m = 0mod3 = n or
m = 1mod3 = n.Forp = 4, 4|2mn —m — n) if and only if (m mod 4,nmod 4) € {(0,0),(1,1),(2,2),(3,3)}. For
p = 5,5|2mn —m — n) if and only if (mmod 5,nmod 5) € {(0,0),(1,1),(2,4),(4,2)}.

Theorem 2.1. For integers m,n > p and (m,n) # (3,3), either m = Omodp = norm = lmodp = n then
P,,0OP,, admits a (Cop, pKo)}multidecomposition for all p > 3.

Theorem 2.2. Forintegersm ,n > 3and (m,n) # (3,3), P,,OP, admits a (Cg, 3Kz }multidecomposition if and only
if (m,n) # (3,3) and either m = Omod3 = norm = 1mod3 = n.

Theorem 2.3. Forintegersm ,n > 2and (m,n) # (2,2), P,,0P, admits a (Cg, 4K;}multidecomposition if and only
if (mmod4,nmod4) € {(0,0),(1,1),(2,2),3,3)}

Theorem 2.4. For integers m,n > 2 and (m,n) # (2,2), P,,0P, admits a (C1g, 5Ky }multidecomposition if and
only if (mmod 5,nmod5) € {(0,0),(1,1),(2,4), (4,2)}.

Proof of Theorem 2.1 follows from Lemmas 2.5 to 2.9; proof of Theorem 2.2 follows from Theorem 2.1
and Lemma 2.10; proof of Theorem 2.3 follows from Theorem 2.1 and Lemmas 2.11 and 2.12; proof of
Theorem 2.4 follows from Theorem 2.1 and Lemma 2.13.

Lemma 2.5. Ifn = Omodp, and if (p,n) # (3,3), then P,0P, admits a (Cyp, pKz)}multidecomposition.

Proof. Consider two cases.
Case 1. n = Omod 2.
For j € {0,1,..., %52}, the cycle Cyp(j) = (0,2/)(0,2j + 1)(1,2j + 1)(2,2j + 1) - (p = 1, 2j + 1)(p = 1,2))(p —
p-1
2,2j)(p=3,2j) -~ (1,2/)(0,2j) isisomorphic to Ca,. For j € {0,1,..., %5}, the graph M}(j) = D (i, 2j+1)(i, 2j+2)
i=0

p—2
is isomorphic to pK,. For j € {0,1,..., %52}, the graph Mﬁ( 7) =P (i,2j)(i,2j + 1) is a matching of cardinality
i=1

p—2.Furthermore, ]Qo M]%( j)isamatching of cardinality 5(p — 2).If pisodd, thenn = Omodpandn = 0mod 2

implies that 5 = Omodp and therefore 5(p —2) = Omodp. If p is even, then n = 0mod p implies that 5§ =
0mod §; this together with p — 2 = 0mod 2 implies that Z(p —2) = Omod p. In any case, 2(p —2) = 0mod p.

n=2

Consequently, (pKz)I(QMg(j)). Hence, {C(j) : j € {0,1,..., 52} U M) :jelon,..., =2 u {@)Mﬁ(j)}
j= P

form a (Cyp, pKz)ymultidecomposition of P,O0P,,.
Case 2. n = 1mod 2.
Subcase 2.1. p # 3.
Forj € {0,1,..., %53}, the cycle Cy,(j) = (0,2/)(0,2j + 1)(1,2j + 1)(2,2j + 1)---(p = 1,2j + 1)(p — 1, 2))(p —
p-1
2,2j)(p—3,2j)---(0,2j) is isomorphic to Cy,. For j € {0,1,..., %53}, the graph M;(]) =P (,2j+1)(G,2j+2)is
i=0
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p—2
isomorphicto pK,.For j € {0,1,..., %3}, the graph Mz(j) = @ (1,2))(i, 2j+1) is amatching of cardinality p—2.
=1

Foreachj € {0,1,...,’”7 M;(DUIGn-1D(j+1,n-1), (p +jn 1)(”2Ll + j,n — 1)} = Mi(j) is isomorphic

™lds

to pK,. Furthermore, U Mz( j) is a matching of cardinality 2 (p — 2).n = Omodp and n

=%

1mod 2 implies

N[
[

thatp = 1mod2. Thus Tp = 0mod p. Consequently, (pKy)|( U MZ(])) Hence, {Cy(j) : j € {0, ,...,”7*3}} U
-1
j=

*:
N

[}

1—

IMy(j) = j € {0,1,..., 2 U{ U MZ(])} {M;(j) :j € {0, 1,...,’7_73}}forma(Czp,pKz}multidecomposition
]:

N‘

&
N}

of P,0P,.
Subcase 2.2. p = 3.

n = 0mod3 and n = 1mod 2 implies that n = 3mod 6.

Forj e {0,1,..., ”T_‘Q’}, the cycle Co(j) = (0,25)(0,2j + 1)(1,2j + 1) (2,2] + 1)(2, 2))(1, 2§)(0, 2j) is isomorphic
to Ce.Forj € {0,1,. ;} the graphMl(j) 0,2j+1)(0,2j+2)® (1,2j+1)(1,2j+2) U (2,2j+ 1) (2,2j +2),
the graph M3 = (0,n -1)(1,n-1)® (1,n-2)(1,n-3) & (1,n—4) (1,n—5), the graph M3 = (1,n = 1)2,n-1) &
(1,n-6)1,n-7)@®(1,n-8)(1,n—9),and forn > 15and j € {0,1,..., 22}, the graph Mi(j) = (1,6/)(1,6j+1)
®(1,6j+2)(1,6j+3)® (1, 6j+4)(1 6j + 5) are all 1som0rph1c to 3I<2

{Cs()) : ] e {0,1,.. }} IM(j) = j € {0,1,.. }} U (M3} U {Mg} U{M(j):n > 15and j €
{0,1,..., = 6 21} form a (C6, 3K2}mult1decompos1t10n of P3DP

Lemma 2.6. If m = Omodp = nand if (m,n) # (3,3), then P,,OP, admits a (Cyp, pKy}multidecomposition.
Proof. As (m,n) # (3,3), either (p, n) * (3, 3) or (m,p) # (3,3). Without loss of generality assume that
(p,n) # (3,3). Observe that P,0P, 7” (nK3). By Lemma 2.5, P,0P, admits a (Cy, pK2)

multidecomposition. As n = 0mod p, (pKz)I(nKz) and hence, (pKz)I[ £(nKy)]. Thus P,0OP, admits a
(Czp, pKz)ymultidecomposition.

Lemma 2.7. P4O0P, admits a (Cg, 3Ka}multidecomposition.

Proof. P40OPy = the 6-cycle (0,0)(0,1)(0,2)(1,2)(1,1)(1,0)(0,0) ® the 6cycle (2,1)(2,2)(2,3)(3,3)(3,2)(3,1)(2,1)
® the 3K {(0,1)(1, 1), (0,2)(0,3), (1,2)(1,3)} @ the 3K {(2,0)(2, 1), 3,0)(3, 1), (2,2)(3,2)} ® the 3K> {(0,3)(1,3),
1,2)(2,2), (2,0)(3,0)} & the 3K {(1,0)(2,0), (1, 1)(2, 1), (1,3)(2,3)}.

Lemma 2.8. Ifk = 1modp, and ifk # p + 1, then (pK3)|Px.

-1
Proof. For each j € {0,1,..., ]%} consider U z(k Ly +, z(k 1) + 1 + j}. It is a matching of cardinality p.

Hence (pK2)|Py.

Lemma 2.9. If m
p =3

1modp = n with m,n > 4, then P,,OP, admits a (Cyp, pKo}multidecomposition for all

Proof. If (m,n) = (4,4), then p = 3 and hence the lemma follows by Lemma 2.7. Hence, assume that
(m,n) # (4,4). Observe that P,,0P, = apath (m—1,0)(m~-2,0)...(2,0)(1,0)(0,0)(0,1)(0,2)...(0,n-2)(0,n—1)
@ a matching {(7,0)(1,1) : i € {1,2,...,m — 1}} ® a matching {(0, j)(1,/) : j € {1,2,...,n =1} ® (Py—10P,_1).
Sincem —1 = Omodp = n -1, by Lemma 2.6, P,,.10P,_1 admits a (C,p, pKo}multidecomposition if
(m,n) # (4,4). Again, since m —1 = Omodp = n — 1, the matchings {(7,0)(;,1) : i € {1,2,...,m —1}} and
{O,)A,)):j € {1,2,...,n = 1}} are each divisible by pKj. Finally, by Lemma 2.8, the path (m —1,0)(m -
2,0)...(2,0)(1,0)(0,0)0,1)(0,2)... (0,n—2)(0,n—1) is divisible by pK; since its order = 1modp and # p + 1.
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Lemma 2.10. There is no (Ce, 3Kz }multidecomposition for P30Ps.

Proof. Suppose P30P3 admits a (Cg, 3K, ymultidecomposition. Then the removal of the edges of any C¢ from
P3;0P; is a forest and it contains three mutually adjacent edges. These three mutually adjacent edges are
edges of two 3K;’s in the multidecompostion, a contradiction.

Lemma 2.11. Ifm = 2mod4 = n,m,n > 2and(m,n) # (2,2),then P,0OP, admits a (Cg, 4K }multidecomposition.

Proof. If m = 2 and n > 6, then P,0OP, admits a (Cs,4K;) multidecomposition as follows. P,0P, = a
n-6

cycle E{(0,4j + 1)(0,4j +2)(0,4j + 3)(0,4j + 4)(1,4j + 4)(1,4j + 3)(1,4j + 2)(1,4j + 1)(0, 4] + 1)} ® a matching
j=0

{(0,0)(1,0),(0,2)(1,2),(0,3)(1, 3), (0,n—1)(1, n—1)} ® the remaining edges are form a matching with cardinality

22 which is divisible by 4. Now for the remaining values of (n,1), observe that P,,0P, = a path (m —

1,1)(m —1,0)(m —2,0)...(2,0)(1,0)(0,0)(0,1)©0,2)...(0,n —2)(0,n — 1)(1,n — 1) ® a matching {(;,0)(;,1) : i €

{1,2,...,m—2}} ® amatching {(0, )(1,/) : j € {1,2,...,n =2} & (Py—10P;-1).

Since m —1 = 1mod4 = n -1, by Lemma 2.9, P,_10P,_; admits a (Cg, 4K;}multidecomposition.
Again, since m —2 = Omod4 = n — 2, the matchings {(;,0)(i,1) : i € {1,2,...,m —2}} and {(0, /)(1,]) :
j € {1,2,...,n — 2}} are each divisible by 4K;. Finally, by Lemma 2.8, the path (m — 1,1)(m — 1,0)(m —
2,0)...(2,0)(1,0)(0,0)0,1)(0,2)... (0,n —2)(0,n = 1)(1,n — 1) is divisible by 4K, since its order = 1mod 4.

Lemma 2.12. Ifm = 3mod4 = n,m,n > 3and(m,n) # (3,3),then P,,0OP, admitsa (Cg, 4K, }multidecomposition.

Proof. Observe that P,,0P, = a path (m —1,0)(m —2,0)...(2,0)(1,0)(0,0) (0,1)(0,2)...(0,n =2)(O,n - 1) ® a
matching {(7,0)(i,1) : i € {1,2,...,m — 3}} & a matching [{(0,/)(1,/) : j € {1,2,...,n=1}} U {(m - 1,0)(m —
1/ 1)} U {(Wl - 2/ 0)(111 - 2/ 1)}] @ (Pm—lmpn—l)'

Since m —1 = 2mod4 = n -1, by Lemma 2.11, P,10P,_; admits a (Cg, 4K;}multidecomposition.
Again, since m —3 = Omod4 = n — 3, the matchings {(7,0)(7,1) : i € {1,2,...,m = 3}} and [{(0,/)(1,/) : ] €
{1,2,...,n =1} U {(m—1,0)(m —1,1)} U {(m — 2,0)(m — 2,1)}] are each divisible by 4K,. Finally, by Lemma
2.8, the path (m —1,0)(m —2,0)...(2,0)(1,0)(0,0)(0,1)(0,2)... (0,n —2)(0,n — 1) is divisible by 4K; since its
order = 1mod 4.

Lemma 2.13. Ifm = 2mod5 and n = 4mod 5, then P,,0P, admits a (C19, 5Kz }multidecomposition.

Proof. Observe that P, 0P, = a path (1,0)(0,0)(0,1)...(0,n - 2)(0,n —1)(1,n - 1) ® (2,0)(1,0)(1,1)...(1,n -
2)(1,n - 1)2,n — 1) @ the 2(”%2}cycle {51 + 2,2/)(5i + 2,2 + 1)(5i + 3,2j + 1)(5i + 4,2j + 1)(5i + 5,2j +
1)(5i + 6,2] + 1)(5i + 6,2/)(5i + 5,2))(51 + 4,2))(5i + 3,2/)(5i + 2,2j) : i € {0, 1,...,(%) -1},je{01}}®a
matching {(7, )i+ 1,j) : i € {0,1},j € {1,2,...,n =2}JU{(Gi + k,2/)(5i + k,2j+ 1) : i € {0,1,...,(’”7‘2) -
1},j € {0,1},k € {3,445 U{(5i+ 1,2/))(5i + 2,2+ 1) : i € {1,2,...,(’"7‘2) -1}, € {0,1}} @ a matching
{G,2]-1)G,25):i € {2,3,...,m—=1},j € {1,2}} & (Py—20Pp_4).

Sincem—2 = 0mod5andn—4 = 0mod5,by Lemma2.9, P,,_,0P,_4 admits a (C19, 5K;}ymultidecomposition.
Again, since 2(m — 2) = 0mod 5, the matchings {(i,2j - 1)(i,2j) :i € {2,3,...,m—=1},j € {1,2}} and (n - 2) +
3(mT‘z)+2((’”T‘2)—1) = (n—-4)+(m-2) = 0mod5,{(i, )(i+1,j):i € {0,1},j € {1,2,...,n=2}}U{(Gi+k, 2j)(5i+
k2j+1):i € {0,1,...,(%2)-1},j € {0,1},k € {3,4,5)}U{(5i+1,2)(5i+2,2j+1) :i € {1,2,...,(%2)-1},j €
{0, 1}} are each divisible by 5K;. Finally, by Lemma 2.8, the path (1,0)(0,0)(0,1)...(0,n =2)(0,n - 1)(1,n - 1)
(2,0)(1,0)1,1)...(1,n = 2)(1,n = 1)(2,n — 1) is divisible by 5K, since its order = 1mod 5.

3. Cartesian Product of a Path and a Cycle

In this section, we have proved that P,,0C, admits a (Czp, pKsymultidecomposition, fpr some values of
p=3.

As g.c.d.(|E(Cy)|, |[E@K2)|) = g.cd.2p,p) = p and |E(P,,0C,)| = (2m — 1)n. If P,,0C, admits a (Cyp, pKa)
multidecomposition, then p divides (2m — 1)n. Note that, if either 2m = 1modp or n = Omodyp then
pl(2m—=1)n). Forp = 3, 3|((2m —1)n) if and only if eitherm = 2mod3 orn = Omod3.Forp = 4,4|((2m—1)n)
if and only if n = O0mod 4. For p = 5, 5|((2m — 1)n) if and only if either m = 3mod5 orn = 0mod 5.
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Theorem 3.1. For integers m > 2, n > 3, and p > 3, if n
multidecomposition.

Omodp, then P,0C, admits a (Cop, pKo)

Lemma 3.2. Ifk = Omodp, and if k # p then (pKy)|Cy.

p-1
Proof. Let k = pr, r is a positive integer. For each j € {0,1,...,r — 1}, consider J{ri+ jri+ j+1}. Itisa
i=0
matching of cardinality p. Hence, (pK>)|C;.
Proof of Theorem 3.1. Let m = {p + s, wheres € {0,1,...,p — 1}. Decompose P,,0C, as follows: (i) P¢,0P,
with vertex set {0,1,...,¢p — 1} x{0,1,...,n — 1} @ (ii) a matching {(7,0)(i,n —1) : i € {0,1,...,{p — 1}} of
m=1 m=1
cardinality {p @ (iii) (a matching {(i, ))(i + 1, /) : {0,1,. — 1}} of cardinality n) @ (iv) €D (a cycle
i=lp—1 i=(p
(1,0)(1,1)(1,2)...(i,n = 1)(i,0) of cardinality n). If ({p,n) # (3,3), ie., ({,p,n) # (1,3,3), then by Theorem
2.1 graph (i) admits a (Cpp, pKo}multidecomposition. Clearly, graph (ii) and each graph in (iii) admits a
pKs-decomposition. By Lemma 3.2, if n # p, then each graph in (iv) admits a pK,-decomposition. Thus it
is enough to consider the following two cases.

Casel. n = p.
Consider the following subcases
Subcase 1.1. For n = p, assume p and s are odd. Let m = {p + s, wheres € {0,1,...,p — 1}.

Decompose P,0C, as follows: (i) Pg,0OP, with vertex set {0,1,...,¢p — 1} x {0,1,...,p — 1}, by Theo-
rem 2.1 graph (i) admits a (Cy, pKz)multidecomposition ® (i) a matching {(Cp,2))(tp,2j +1) : | €

{0,1,..., ’”2;3}} U{(lp-1, fp D(¢p, tp—1)}U{(E,0)(5,p-1): i € {0,1,. }} of cardmahtyp © (iii) a matching
{(p,2j + D(¢p,2j+2): j € {0,1,.. —}} {(fp -1, 0)(€p,0)} {(1, 0)(z,p -1): {pzl, pgl,...,p 2}} of
cardinality p @ (iv) a matchmg {(tp—1, ])(fp, N:jel{l,2,....p=2Ui{(tp, O)({’p,p - 1), p-10)p-1,p-1)

of cardinality p & (v) the subgraphs %= o1 times PZEIC for each tef{l2..., %}, decompose P,0C, into pKj
as follows: (a) a matching { (€p+2t,2])(€p+2t,2]+1). j€ {0,1,...,? TU{(lp+2t+1,2))(lp+2t+1,2j+1):
j€{0,1,. ”73}} Uflp+2t,lp-1tp+2t+1,¢p-1)} @ (b) a matching {(fp +252j+1)(€p +2t,2j + 2) :

jef0,1,..., B2 u{(tp+2t+1,2j+ D)(¢p+2t+1, 2]+2) j€{0,1,.. }} {(€p +2t,0)(€p + 2t + 1,0)} of
cardmahtypEB(c)amatchmg {(Cp+2t, Nlp+2t+1,j): j € {1,2,.. ,p 2}} {(Cp+2t,0)(lp+2t,p—1),(lp+

2t+1,0)(¢p + 2t +1,p — 1)} of cardinality p & €P (a matching {(£+2i+1,j)((+2i+2,j) : j € {0,1,...,p—1}}
i=0

of cardinality n).

Now assume p is odd and s is even. Except the last decomposition of the above, the remaining are

same, that is decomposition of P,,0C, is (1)@ (ii) & (iii) ® (iv) ® (v) the subgraphs § times P,0C,, for each

e {1, 2 .., 5 — 1}, decompose P,OC, into pK; as follows: (a) a matching {(Cp+2t,2))(tp +2t,2j+1): j €
{01 }}U{(€p+2t+1 2))(lp+2t+1,2j+1): j € {01 . }} {(kp+2t,tp—D(lp+2t+1,{p-1)}®
(b) a matchmg {(Cp+2t,2j+ 1)({p+2t,2j+2): j € {0,1,. }} {(Cp+2t+1,2j+)({p+2t+1,2j+2):
jef{o1,..., 3}} U{(lp +2t,0)({p + 2t +1,0)} of cardmahtyp@( ) amatching {({p +2t, ) ({p+2t+1,7): j €

2
{1,2,...,p =20 U{(tp +2t,0)(lp + 2t,p = 1), (Lp + 2t + 1,0)(¢p + 2t + 1, p — 1)} of cardinality p & €P (a matching

i=1

{(€+2i+1,j)(€+2i+2,j) : j €{0,1,...,p — 1}} of cardinality n).

Subcase 1.2. For n = p, assume p and s are even. Let m = {p + s, where s € {0,1,...,p — 1}.
Decompose P,0C, as follows: (i) P,0OP, with vertex set {0,1,...,¢p — 1} x {0,1,...,p — 1}, by Theo-
rem 2.1 graph (i) admits a (Cy, pKz)}multidecomposition & (ii) the subgraphs § times P,0OC,, for each
€ {0, 1 .., 5 — 1}, decompose P,0C, into (Cyy, pK>) as follows: (a) a matching {({p + 2, j)({p + 2t + 1, ) :
] € {1, Lp=2U{(lp+2t,0)(p +2t,p— 1), (Lp + 2t +1,0)({p + 2t + 1, p — 1)} of cardinality p @ (b) a cycle
(Ep+ 2t, 0)(€p +2t, D(Ep+28,2)...(Lp+2t,n—=1)(lp+2t+1,n—1)...(€p+ 2t +1,1)(€p + 2t + 1,0)(¢p + 21, 0) of
cardinality 2p @ (iii) for each t € {0,1,...,5 — 1}, amatching {({p + 2t =1, j)({p + 2t,j): j € {0,1,...,p = 1}}
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p-1
of cardinality p & (iv) a matching € {((i,0)(i, p — 1))} of cardinality ¢p.
i=0
Now assume p is even and s is odd. Decompose P,,0C; as follows: (i) P¢,0P, with vertexset {0, 1,...,{p—
1}x{0,1,...,p—1}, by Theorem 2.1 graph (i) admits a (Cz,, pK»}multidecomposition ® (ii) the subgraphs !
times P,OC,, foreacht € {1,2,..., %}, decompose P,OC, into (Cap, pK?) as follows: (a) a matching {({p+2t—
1L )pEp+2t,5): j € {1,2,...,p=2}U{(Ep+2t-1,0)({p+2t—1,p-1), (€p+2t,0)(€p+2t, p—1)} of cardinality p @ (b)
acycle (€p+2t-1,0)({p+2t—1,1)(€p+2t-1,2) ... (Ep+2t=1,p=1)(Lp+2t, p-1) ... (Ep+2t, 1)(€p+2t,0)({p+2t-1,0)
of cardinality 2p @ (iii) foreach t € {1,2,..., %!}, amatching {((p+2t-2, j)(€p+2t=1,j): j € {0,1,...,p—1}}
of cardinality p @ (iv)for each t € {0,1,..., %2}, a matching {((p + 2t )(¢p + 2t +1,j) : j € {0,1,...,p — 1}}
of cardinality p @ (v) a matching {(p — 1, j)(¢p,j) : j € {0,1,...,p — 1}} of cardinality p & (vi) a match-
ing {({p,2))({p,2j +1) : j € {0, 1,...,% -1 uf{@E0GEp-1):1i€{0,1,. ..,%p — 1}} of cardinality p & (vii) a
matching {(£p,2j+1)(€p,2j+2) : j € {0,1,..., E=1}U{G,0)G, p-1) : i € (£,2+1,...,Ip—1}) of cardinality p

Case 2. (t,p,n) = (1,3,3). PgysOC, = P3450C3, if s = 0, P30C;, is decomposable into (Cs, 3K2)
multidecomposition as
(i) a cycle (0,0)(0,1)(0,2)(1,2)(1, 1)(1, 0) @ (ii) a matching {(0,0)(0,2), (1,2)(2,2),(2,0)(2, 1)} @ (iii) a matching
{(0,1)(1,1),(1,0)(2,0),(2,1)(2,2)} ® (iv) a matching {(1,0)(1,2), (1, 1)(2, 1), (2,0)(2,2)}. Now assume thats > 1,
consider the following two subcases.

m=2

2
Subcase 2.1. For m is even,Ps3.,0C3, is decomposable into (Cq, 3K;ymultidecomposition as (i) EB (a cycle
i=0
%
(21,0)(2i,1)(21,2)(2i + 1,2)(2i + 1,1)(2i + 1,0) of cardinality 6) & (ii) @ (a matching {(2,0)(21,2), (2i,1)(2i +
i=0

m=4

1,1),(2i + 1,0)(2i + 1,2)} of cardinality 3) @ (iii) €P (a matching {(2i + 1,0)(2i +2,0), (2i + 1,1)(2i + 2,1), (2i +
i=0
1,2)(2i + 2,2)} of cardinality 3).

m=3

2
Subcase 2.2. For m is odd,P3,s0Cs, is decomposable into (Cs, 3K, ymultidecomposition as (i) EB (a cycle
i=0

m=3

(2i,0)(2i,1)(2i,2)(2i + 1,2)(2i + 1,1)(2i + 1,0) of cardinality 6) & (ii) é (a matching {(2i,0)(2i,2), (2i,1)(2i +
i=0

m=7

2
1,1),(2i +1,0)(2i + 1,2)} of cardinality 3) & (iii) @ (a matching {(2i + 1,0)(2i +2,0), (2i + 1,1)(2i +2,1), (2i +

i=0
1,2)(2i + 2,2)} of cardinality 3) @ (iv) a matching {(m — 1,0)(m —1,1), (m — 1,2)(m — 2,2), (m — 3,2)(m — 4, 2)}
of cardinality 3 @ (v) a matching {(m — 1,1)(m - 1,2),(m —1,0)(m — 2,0), (m — 3, 0)(m — 4, 0)} of cardinality 3
® (vi) a matching {(m — 1,0)(m - 1,2), m — 1,1)(m - 2,1), (m — 3,1)(m — 4, 1)} of cardinality 3.

Theorem 3.3. For integers m > 5 and n > 4, P,,0C, admits a (Ce, 3Ky ymultidecomposition if and only if
m = 2mod3 orn = 0mod 3.

Theorem 3.4. For integers m ,n > 4, P,,0C, admits a (Cs, 4K, )ymultidecomposition if and only if n = 0mod 4.

Theorem 3.5. For integers m,n > 3, P,,0C, admits a (Cyo, 5Ky }ymultidecomposition if and only if m = 3mod 5
orn = 0mod>5.

Proof of Theorem 3.3. follows from Lemmas 3.6., 3.7., Theorem 3.1. and P,0C¢ = the 6-cycle (0, 0)(0, 1)(0, 2)
(0,3)(0,4)(0,5)(0, 0) & the 6-cycle (1,0)(1, 1)(1,2)(1, 3)(1, 4)(1, 5)(1, 0) & the 3K, {(0, 0)(1, 0), (0, 1)(1, 1), (0, 2)(1, 2)}
® the 3K; {(0,3)(1,3),(0,4)(1,4),(0,5)(1,5)}.; proof of Theorem 3.4. follows from Theorem 3.1.; proof of
Theorem 3.5. follows from Lemmas 3.8. to 3.11. and Theorem 3.1..
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Lemma 3.6. Ifm = 2mod3 = n, withm,n > 6 then P,0C, admits a (Ce, 3K, ymultidecomposition.

Proof. Asm —1 = 1mod3 = n -1, by Theorem 2.1, P,,_10P,_; admits a (Cs, 3K;}ymultidecomposition. The
deletion of the edges of P,,—10P,—1 from P,0C, results in the subgraph: a matching {(;,0)(i,n —1) : i €
{0,1,...,m=1}} U {(m—-2,1)(m—-1, 1)} of cardinality m+1 @ a matching {(m-2, j)(m-1,j): j€ {0,2,3,...,n-2}
of cardinality n — 2 @ a matching {(i,n —2)(G,n —1) : i € {1,2,...,m — 2}} of cardinality m — 2 @ a path
0,n-2)0,n-1)(1,n-1)2,n-1)...(m-2,n-1)m-1,n-1)(m-1,n-2)(m-1,n-3)...(m-1,1)(m-1,0)
of length m + n — 1. All these matchings are divisible by 3K, and by Lemma 2.8, the path is also divisible by
3Ks. Thus P,,0C,, admits a (Cs, 3Ky }multidecomposition.

Lemma3.7. If m = 2mod3 and if n = 1mod3, with m > 5 n > 4 then P,0C, admits a (Ce, 3K2)
multidecomposition.

Proof. For (m,n) # (5,4). Asm—1 = 1mod3 = n,by Theorem 2.1, P,,_10P, admits a (Cs, 3K, }ymultidecompos
-ition. The deletion of the edges of P,,_10P, from P,,0C, results in the subgraph: a matching {(i,0)(i,n — 1) :
i€ {01,...,m-1}} U {(m—2,1)m —1,1)} of cardinality m + 1 & a matching {(m - 2,/)(m—1,j) : j €
{0, 2,3,...,n—1} of cardinality n —1 @ a path (m—1,0)(m—-1,1)(m—-1,2)...(m—1,n—-2)(m—1,n—1) of length
n—1. Both the matchings are divisible by 3K, and by Lemma 2.8, the path is also divisible by 3K,. Form = 5
and n = 4. Since by Lemma 2.7, P40P, admits a (Cs, 3K, ymultidecomposition. The deletion of the edges of
P4OP4 from Ps0OCy results in the subgraph: a matching {(4,0)(4, 3), (4, 1)(4, 2), (3,0)(3, 3)} of cardinality 3 ® a
matching{(4, 0)(4, 1), (4,2)(4, 3), (2,0)(2, 3)} of cardinality 3 & a matching{(0, 0)(0, 3), (1,0)(1, 3), (3, 0)(4, 0),
(3,1)4,1),(3,2)(4,2), (3,3)(4, 3)} of cardinality 6. Thus P,,0C, admits a (Cs, 3K;}multidecomposition.

Lemma 3.8. Ifm = 3mod5 and ifn = 1mod5, then P,,0C,, admits a (Cyo, 5Ky ymultidecomposition.

Proof. Asm —3 = Omod5 = n —1, by Theorem 2.1, P,,_30P,_; admits a (Cy9, 5K;}multidecomposition.
The deletion of the edges of P,,_30P,_; from P,,0C, results in the subgraph: a matching {(7,0)(i,n —1): i €
{0,1,...,m—4}} of cardinality m —3 & a matching {(i, n—2)(i, n—1) : i € {0,1,...,m—4} of cardinality m -3 &
apath(0,n-1)(1,n-1)(2,n-1)...(m—4,n-1)(m-3,n—-1)(m-3,0)(m-2,0)(m-2,n—1)(m-1,n-1)(m-1,0)
of length m +2 = 0mod5 @ a path (m —3,0)(m —3,1)...(m —3,n—1) of length n —1 = Omod5 a path
(m-2,00m-2,1)...(m—2,n—-1) oflengthn—1 = Omod5 & apath (m—-1,0)(m—-1,1)...(m—-1,n—1) of
lengthn—1 = 0mod 5 ® a matching {(m—4, j)(m—3,j): j € {0,1,...,n—2}} of cardinality n — 1 & a matching
{(m=3,j)(m=2,7): j € {0,1,...,n-2}} of cardinality n—1 @ amatching {(m-2, j)(m-1,j) : j € {0,1,...,n-2}}
of cardinality n — 1 All the matchings are divisible by 5K, and by Lemma 2.8, all the paths are divisible by
5K;. Thus P,,0C,, admits a (Cyo, 5Kz ymultidecomposition.

Lemma 3.9. Ifm

3mod5 and if n = 2mod 5, then P,,0C,, admits a (Cyo, 5Ky ymultidecomposition.

Proof. Asm —2 = 1mod5 = n -1, by Theorem 2.1, P,,_,0P,_1 admits a (Cy9, 5K;}multidecomposition.
The deletion of the edges of P,,_,0P,_; from P,,0C, results in the subgraph: a matching {(;,0)(i,n —1) : i €
{0,1,...,m—4}} of cardinality m — 3 @ a matching {({,n —2)(i,n—1) : i € {0,1,...,m — 4} of cardinality m — 3
®apath(O,n-1)1A,n-1)2n-1)...(m-3,n—-1)(m—3,0)(m —-2,0)(m —2,n —1)(m —1,n — 1)(m — 1,0)
of lengthm +2 = Omod5 ® a path (im —2,0)(m —2,1)...(m —2,n - 2) of lengthn —2 = Omod5 @ a path
(m-1,0)m-1,1)...(m—1,n-2) of lengthn —2 = 0mod 5 ® a matching {(m —3,1)(m —2,1), (m —2,0)(m —
1,0),(m=3,n-2)(m-3,n-1),(m-2,n-2)(m-2,n-1),(m-1,n-2)(m—1,n-1)} of cardinality 5 ® a matching
{(m=3,))(m=2,j): j € {2,3,...,n—1}} of cardinality n—2 @ a matching {(m—-2, j)(m—1,j) : j € {1,2,...,n-2}}
of cardinality n — 2. All the matchings are divisible by 5K; and by Lemma 2.8, all the paths are divisible by
5K;. Thus P,,0C,, admits a (Cyo, 5K;)}multidecomposition.

Lemma 3.10. Ifm = 3mod5 and if n = 3mod5, then P,,0C, admits a (C19, 5Ky ymultidecomposition.

Proof. Asm —3 = 0mod5 = n — 3, by Theorem 2.1, P,,_30P,_3 admits a (Cyg, 5K;)multidecomposition.
The deletion of the edges of P,,_30P,_3 from P,,0C, results in the subgraph: a matching {(;, 0)(i,n 1) : i €
{0,1,...,m—4}} of cardinality m — 3 @ a matching {(i,n —4)(i,n—3) : i € {0,1,...,m — 4} of cardinality m — 3
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® a matching {(i, n —3)(i,n —2) : i € {2,3,...,m—2} of cardinality m — 3 @ a matching {({,n - 2)(i,n—1): i €
{0,1,...,m—4} of cardinality m — 3 @ a matching {(0,n—3)(0,n-2),(1,n -3)(1,n—-2),(m—-3,n—=2)(m—3,n -
1),m-2,n-2)m-2,n-1),(m—-1,n-2)(m—1,n - 1)} of cardinality 5 & a path (0,n - 3)(1,n —3)(2,n —
3)...(m=-1,n=-3)(m-1,n-2)(m-2,n-2)(m-3,n-2)...(2,n-2)(1,n-2)(0,n-2) of length2m -1 = Omod 5
®apath(0,n-1)1,n-1)2,n-1)...(m=3,n—-1)(m—-3,0)(m—-2,0)(m—-2,n-1)(m—-1,n-1)(m—1,0) of length
m+2 = 0mod5 & a path (m—3,0)(m—3,1)...(m—3,n—4)(m —3,n —3) of lengthn —3 = 0mod5 ® a path
(m-2,0)(m-2,1)...(m-2,n—4)(m-2,n-3) oflengthn—3 = 0mod5®apath (m—-1,0)(m-1,1)...(m-1,n—
4)(m—1,n-3) of lengthn—3 = 0mod 5 ® a matching {(m -4, j)(m—3,j): j € {0,1,...,n —4}} of cardinality
n—3®amatching {(m-3, j)(m-2,7): j € {1,2,...,n—4}}U{(m-3,n—-1)(m—2,n—1)} of cardinality n -3 @ a
matching {(m -2, j)(m—1,j): j € {0,1,...,n—4}} of cardinality n — 3. All the matchings are divisible by 5K»
and by Lemma 2.8, all the paths are divisible by 5K;. Thus P,,0C, admits a (C;9, 5K;)}multidecomposition.

Lemma 3.11. Ifm = 3mod5 and if n = 4mod 5, then P,,0C,, admits a (Cg, 5Ky ymultidecomposition.

Proof. Asm -3 = 0mod5 = n —4, by Theorem 2.1, P,,_30P,_4 admits a (Cy9, 5K }multidecomposition.
The deletion of the edges of P,,_30P,_4 from P,,0C, results in the subgraph: a matching {(7,0)(i,n —1) : i €
{0,1,...,m—4}} of cardinality m — 3 @ a matching {(i,n —5)(i, n —4) : i € {0,1,...,m — 4} of cardinality m — 3
® a matching {(i, n —4)(i,n —3) : i € {1,2,...,m — 3} of cardinality m — 3 @ a matching {({,n - 3)(i,n —2): i €
{0,1,...,m— 4} of cardinality m — 3 @ a matching {(i,n - 2)(i,n—1): i€ {1,2,..., m =5} U{(m—=3,n - 2)(m -
3,n-1),(m-2,n-3)(m-2,n-2)} of cardinality m —3 @ a matching {(m—2,n—4)(m—-2,n-3),(m—-3,n-3)(m—
3,n=2),(m-4,n-2)(m-4,n-1),m-2,n-2)(m-2,n-1),(m-1,n-2)(m—1,n-1)} of cardinality 5 @ a path
(m-1,n—-4)(m-2,n-4)...(1,n—4)(0,n—4)0,n-3)(1,n-3)...(m-2,n=-3)(m-1,n-3)(m-1,n-2)(m—-2,n—
2)...(L,n=-2)0,n-2)0,n-1)(,n—-1)...(m—4,n-1)(m-3,n-1)(m—-3,0)m—-2,0)(m—-2,n—-1)(m—-1,n—
1)(m-1,0)(m—1,1) of length 4m+3 = Omod 5@ apath (m—3,0)(m-3,1)...(m-3,n-5)(m-3,n—4) of length
n—-3 = 0mod5@apath (m—2,0)(m-2,1)...(m—-2,n-5)(m—2,n—4)oflengthn -3 = 0mod5 ® a path
(m-1,1)(m-1,2)...(m-1,n—4)(m-1,n-3) of lengthn—3 = 0mod 5@ amatching {(m—4, )(m—-3,j): j €
{0,1,...,n—>5}} of cardinality n —4 @ a matching {(m -3, j)(m—-2,j): j € {0,1,...,n—5}} of cardinality n —4 &
amatching {(m—2,j)(m-1,j): j € {0,1,...,n—5}} of cardinality n—4. All the matchings are divisible by 5K,
and by Lemma 2.8, all the paths are divisible by 5K,. Thus P,,0C, admits a (C19, 5K;}multidecomposition.

4. Cartesian Product of Cycles

In this section, we have proved that C,,0C, admits a (Cy,, pKo}multidecomposition, for some values of
p=3.

If C,,0C,, admits a (Cpp, pKz}multidecomposition, then p divides |E(C,,0C,)| = 2mn and hence for prime
p, either m = Omodp or n = Omodp. By symmetry, assume that n = Omodp. By Theorem 3.1, P,,0C,
admits a (Cyp, pKo}multidecomposition. The deletion of the edges of P,,0C,, from C,,0C, results in nK;. As
n = 0mod p, (pK»)|(nK3). Hence, C,,0C,, admits a (Czp, pKz)ymultidecomposition. Thus,

Theorem 4.1. For integers m,n > p and for prime p > 2, C,,0C,, admits a (Cpp, pKo}multidecomposition if and
only if either m = Omodp or n = 0mod p.

Forp = 3,5, C,,0C, admits a (Cg, 3K>), (C19, 5K2)-multidecomposition respectively by Theorem 4.1.
Theorem 4.2. For integers m,n > 4, C,0C, admits a (Cg, 4Ky )multidecomposition if and only if either m =
Omod?2 orn = 0mod?2.

Proof. By symmetry, assume thatn = 0mod 2. Consider two cases.

Case 1. If n = O0mod4, then C,0C, = P,0C, ® nK,. By Theorem 3.4., P,,0C, admits a (Cs, 4Ky}
multidecomposition and by lemma 2.8., (4K5)|(nK5). Thus C,,0C, admits a (Cs, 4K, ymultidecomposition.
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Case 2. If n = 2mod 4, Consider four cases.

Subcase 2.1. If n = 2mod4 = m then C,,0C, = P,O0P, ® nK, ® mK, = P,,0P, & (n —2)K, ® (m — 2)K, &
4K, by choosing the edges {(0, 0)(m -1, 0), (0, 1)(m—1,1), (1,0)(1, n—1), (2,0)(2,n—1)} of 4K, from nK; and mK,
and since (n —2) = 0mod4 = (m —2), by lemma 2.8., (4K>)|((n — 2)K>) and (4K>)|((m — 2)K>) and by Lemma
2.11., P,,0P, admits a (Cg, 4K;}ymultidecomposition. Thus C,,0C, admits a (Cs, 4K;)}multidecomposition.

Sub case 2.2. If n = 2mod4 and m = Omod4 then C,0C, = C,0OP, & mK,, since m = 0mod4, by
Theorem 3.4, C,,0P, admits a (Cs, 4K;}multidecomposition and by lemma 2.8., (4K5)|(mK3). Thus C,0C,
admits a (Cg, 4K, )ymultidecomposition.

Sub case 2.3. If n = 2mod4 and m = 1mod 4 then C,,0C,, = P,,0P,_1 ® a matching {(0, j)(m—1,j): j €
{0,1,..., u{l,n-2)(1,n-1),2,n-2)2,n-1)} of cardinality (n+2) @amatching {G,0)i,n=-1):1 €
{0,2,3,...,m— 1}}ofcard1nahty (m—1)®amatching {(i, n—-2)(i, n—1) : {0,3,4,...,m—1}}U{(1,0)(1,n—-1)}
of cardmahty (m — 1). Since by lemma 2.9., P,,0P,_; admits (Cg,4K2)mult1decompos1tion and by lemma
2.8., 4Ks|(n + 2)K; and 4K,|(m — 1)K;. Thus C,,0C, admits a (Cg, 4K;}multidecomposition.

Sub case 2.4. 1If n = 2mod4 and m = 3mod4 then C,0C, = P,10P, ® a path (m —2,n — 1)(m —
1L,n=1)(m-1,n-2)...(m—1,0)(0,0)0,n — 1) of length n + 2 & a matching {(m —1,j)(m - 2,j) : j €
{0,1,...,n =2} Uu{(1,001,n-1),2,0)2,n-1),(0,n —1)(m — 1,n — 1)} of cardinality (n + 2) & a matching
{G,0)0(i,n—=1):1 € {3,4,...,m—1}} of cardinality (m — 3) @ a matching {(0, j))(m —1,j): j € {1,2,...,n—2}}
of cardinality (n — 2). Since by lemma 2.11., P,,_10P,, admits (Cs, 4K, ymultidecomposition, by lemma 2.8,
4K5|Py43 and 4Kp|(n + 2)Ky, 4K |(m — 3)K,. Thus C,,0C, admits a (Cs, 4K, ymultidecomposition.

5. Cartesian Product of a Path and a Clique

In this section, we have proved that P,,0K;, admits a (Cpy, pKzymultidecomposition, for some values of
p=3.

If P,,0K, admits a (Cy, pKzymultidecomposition, then p divides |E(P,,0K,)| = — n. Observe that,
if n = Omodp, then p|<mn(n+1) ) and for all odd integers p > 3,if m = 1modp = n then pl(m"("+1) n).

mn n+1)

Theorem 5.1. For integers m > 2, n > 3 and for an odd integer p > 3, then P,OK, admits a (Cyp, pKa)
multidecomposition if m = 1modp = n.

Proof. Consider two cases.
Case 1. If n is even.

As n is even, there is a decomposition of K, into 5 Hamilton paths. Note that each Hamilton path is
of length n — 1 = Omod p. First decompose each of the m disjoint K,,’s in P,,0K,, into Hamilton paths and
in each layer except one Hamilton path decompose each of the remaining Hamilton paths into pK;’s. The
deletion of the edges of these pK;'s results in P,,0P, and, by Theorem 2.1, it clearly admits a (Cy,, pKo)
multidecomposition.

Case 2. If n is odd.

As n +1is even, there is a decomposition of K,+1 into 5! Hamilton cycles and a 1-factor; consequently,
there is a decomposition of K, into 5 Hamilton paths and a near 1-factor. Note that each Hamilton path
is of length n —1 = 0mod p and the near 1-factor is a matching of cardinality “5= = 0mod p. First decompose
each of the m disjoint K,,’s in P,,0K,, into Hamilton paths and a near 1-factor and in each layer except one
Hamilton path decompose each of the remaining Hamilton paths into pK»’s, also in each layer decompose
the near 1-factor into pKy’s. The deletion of the edges of these pK;’s results in P,,0P, and, by Theorem 2.1,
it clearly admits a (Cy,, pKz}multidecomposition.

If P,,0K,, admits a (C¢, 3K;}ymultidecomposition, then 3 divides |[E(P,,0K},)| = w —n and hence either
= 0mod3 orm = 1mod3 = n.
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Lemma 5.2. For integers m,n > 2, P,,0K, admits a (Ce, 3Ky )multidecomposition if m = 1mod 3 = n.

Proof. Consider two cases.
Case 1. Forn = 4mod 6.
Subcase 1.1. n + 4.

Proof follows from Theorem 5.1.
Subcase 1.2. n = 4.

By lemma 2.9., P,,0P; admits a (Cg, 3K;)ymultidecomposition and the deletion of the edges of P,0P,
from P,,0Kj results in mPy. Clearly, (3K2)|(2P4) and (3K»)|(3Ps), by lemma 2.8.. Using this one can find a
decomposition of mP,4 by 3K,.

Case 2. Forn = 1mod6.
Proof follows from Theorem 5.1.

Theorem 5.3. Forintegersm > 2,n > 3and p > 3, P,,0K,, admits a (Cap, pKa}multidecomposition if n = 0 mod p.

Proof. Consider two cases.
Case 1. If n is odd.

As 7 is odd, there is a decomposition of K, into %32 Hamilton cycles. Note that each Hamilton cycle
is of length n = 0mod p. First decompose each of the m disjoint K,’s in P,,0K,, into Hamilton cycles and
in each layer except one Hamilton cycle decompose each of the remaining Hamilton cycles into pK's, by
lemma 3.2.. The deletion of the edges of these pK»’s results in P,,0C,, and by Theorem 3.1., it clearly admits
a (Cop, pKzymultidecomposition.

Case 2. If n is even.

As n is even, there is a decomposition of K, into ”T_Z Hamilton cycles and a 1-factor; Note that each
Hamilton cycle is of length n = 0modp and the 1-factor is a matching of cardinality 5 = 0mod p. First
decompose each of the m disjoint K,,’s in P,,0K, into Hamilton cycles and a 1-factor and in each layer
except one Hamilton cycle decompose each of the remaining Hamilton cycles into pKj's, also in each layer
decompose the 1-factor into pKy’s. The deletion of the edges of these pKj's results in P,,0C,, and by Theorem
3.1, it clearly admits a (Cyp, pKzymultidecomposition.

6. Cartesian Product of a Cycle and a Clique

In this section, we have proved that C,,0K;,, admits a (Cyp, pKzymultidecomposition, for p = 3.

If C,,0K,, admits a (Cg, 3K ymultidecomposition, then 3 divides |E(C,,0K,)| = w
m = 1mod3 = nnorm = 2mod3 and n = 1mod 3.

and hence neither

Lemma 6.1. For integers m,n > 2, C,,0K,, admits a (Cg, 3Ka}multidecomposition if n = 0mod 3.

Proof. Consider two cases.
Case 1. For n = 3mod 6.

As n1is odd, there is a decomposition of K,, into %! Hamilton cycles. Note that each Hamilton cycle is of
length n = 0mod 3. Decompose each of the m disjoint K,,’s in C,,0K, into Hamilton cycles and in each layer
except one Hamilton cycle decompose each of the remaining Hamilton cycles into 3K,’s. The deletion of the
edges of these 3K,’s results in C,,0C,,, and by Theorem 4.1., it clearly admits a (C¢, 3K, }ymultidecomposition.
Case 2. n = Omod 6.

As 1 is even, there is a decomposition of K, into 52 Hamilton cycles and a 1-factor; Note that each
Hamilton cycle is of length n = 0mod 6 and the 1-factor is a matching of cardinality 5 = O0mod 3. First
decompose each of the m disjoint K,’s in C,,0K,, into Hamilton cycles and a 1-factor and in each layer
except one Hamilton cycle decompose each of the remaining Hamilton cycles into 3K;’s, also in each layer
decompose the 1-factor into 3K,’s. The deletion of the edges of these 3K;’s results in C,,0C,;, and by Theorem
4.1, it clearly admits a (Cs, 3K, }multidecomposition.
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Lemma 6.2. For integers m,n > 2, C,,0K, admits a (Ce, 3Ko}multidecomposition if m = Omod3 and n =
1 mod 3.

Proof. Consider two cases.
Case 1. Forn = 4mod 6.

As n is even, there is a decomposition of K, into 5 Hamilton paths. Note that each Hamilton path is
of length n — 1 = 3mod 6. First decompose each of the m disjoint K,,’s in C,,0K,, into Hamilton paths and
in each layer except one Hamilton path decompose each of the remaining Hamilton paths into 3K;’s. The
deletion of the edges of these 3K;’s results in C,,0P, and, by Theorem 3.3., it clearly admits a (Cs, 3K>)
multidecomposition.

Case 2. n = 1mod 6.

As n + 1is even, there is a decomposition of K1 into == L Hamilton cycles and a 1-factor; consequently,
there is a decomposition of K, into 5 Hamilton paths and a near 1-factor. Note that each Hamilton path
is of length n—1 = 0mod 6 and the near 1-factor is a matching of cardinality %! = 0mod 3. First decompose
each of the m disjoint K,,’s in C,,0K,, into Hamilton paths and a near 1-factor and in each layer except one
Hamilton path decompose each of the remaining Hamilton paths into 3K’s, also in each layer decompose
the near 1-factor into 3K;’s. The deletion of the edges of these 3K;’s results in C,,0P, and, by Theorem 3.3.,
it clearly admits a (Cg, 3K;}ymultidecomposition.

Lemma 6.3. For integers m,n > 2, C,,0K, admits a (Ce, 3Ko}multidecomposition if m = Omod3 and n =
2 mod 3.

Proof. Consider two cases.
Case 1. Forn = 2mod 6.

As n is even, there is a decomposition of Kj, into 5 Hamilton paths. First decompose each of the m
disjoint K;,’s in C,,0K}, into Hamilton paths and in each layer except one Hamilton path decompose each of
the remaining Hamilton paths into 3K5’s, by choosing one edge from each Hamilton path, with cardinality
m, m = 0mod 3. The deletion of the edges of these 3Kj,'s results in C,,0P, and, by Theorem 3.1., it clearly
admits a (Cg, 3K, ymultidecomposition.

Case 2. n = 5mod 6.

Asn +1is even, there is a decomposmon of K,41 into %=1 Hamilton cycles and a 1-factor; consequently,
there is a decomposition of K, into =1 Hamilton paths and a near 1-factor. Note that the near 1-factor is a
matching of cardinality 5! = 0mod 3 First decompose each of the m disjoint K,,’s in C,,0K,, into Hamilton
paths and a near 1-factor and in each layer except one Hamilton path decompose each of the remaining
Hamilton paths into 3K;’s, also in each layer decompose the near 1-factor into 3K;’s. The deletion of the
edges of these 3K’s results in C,,0P, and, by Theorem 3.3., it clearly admits a (Cg, 3K, ymultidecomposition.

Lemma 6.4. Ifn = 2mod3,and if n # 6, then (3Ky)|K, — Z.

Proof. For even n, first decompose K, into 5 Hamilton paths, let one of the Hamilton path be &7 =
0,,n-1,2n-23n-3,---,5-2,5+2,5-1,5+1,5} after removing this Hamilton path, from the
remaining Hamilton path deleting the following edges {(%” +i,3+1) i€ {l2,.. }} if 7 is even and
(B2 +i, 2 40) 1§ € {1,2,..., 52} if £ is odd from each Hamilton path. Wthh isa matchlng of cardinality
”72, leaves 2P§ each of the length "T‘z, as nis even, n = 2mod 3, implies 7 = 1mod 3, by the Lemma 2.8,
SKZIPg, hence (3K3)|K,, — Z.

For odd 1 first decompose K, into %! Hamilton paths and a near one factor,let one of the Hamilton path be

2 =10,1,n-1,2,n-2,3,n-3,- ——2 1yl el nd ns 1+1}afterremovmgthlsHamllton
path from the remaining Hamilton path deleting the followmg edges{( SU=L E40) i€ {2,3,..., L))
if 5= is even, {( ("H) +1, ”” +1i) i € {1,2,. }} if == is odd, gives two dls]omt paths. For each

{3( 1)

i€ {2, 3,..., T} 1f 2 is even, on combining the Vertlces + i} and {*32 5+ gives the path P,_;(i)

each of order n — 1 = 1mod3. For eachi € {1,2,..., %} if "21 is odd, on comblnlng the vertices {3(”+1) + i}
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and {”—’r1 + i} gives the path P,_1(i), each of order n — 1 = 1mod 3. Hence by lemma 2.8., 3K5|P,,—1(i). After

removing one 3K, : {(%5+ 11)(3('1 D 1,”4;1 - 1)(3("4 D) ”—1)} from {(3(" D) +i, 22 4+9) i€ {2,3,..., 21}}
if ”2;1 is even, union the near one factor {(n —1)—-i,n+1i) : i € {0,1,.. }} gives the path P,_4

of order n —4 = 1mod 3. Hence by lemma 2.8., 3K;|P,_4(i). Similarly after removmg two disjoint paths

(5, — 1,853 U (3l 028 3ol g 123 4 q) from {(%+'"+1+l) € {1,2,..., 53} if 5L is odd,
union the near one factor {(n - 1) —-i,n+1i) : i € {0,1,..., }} gives the path P,, 7 of order n—-7=
1mod 3. Hence by lemma 2.8., 3K5|P,,_7(i). Now by choosing the edges {(n, 51 5)n-1,%5 3)(” =3 3” L _1)}and

{(n,n— 1)(3”4 sl ”43)(3”4—_1 -1, "4;3 + 1)} are matching and isomorphic to 3Kj. Thus (3Ky)IK, — @.

Lemma 6.5. For integers m,n > 2, C,,0K, admits a (Cg, 3Ko}multidecomposition if m = 1mod3 and n =
2 mod 3.

Proof. After removing m—times K,, — & from C,,0K,, One have C,,0P,, by the Lemma 6.4.,(3K;)|K,, — &
and by the Theorem 3.2., C,,0P, admits a (Ce, 3K, }ymultidecomposition. Hence C,,0K, admits a (Cs, 3K>)
multidecomposition.

Lemma 6.6. For integers m,n > 2, C,,0K, admits a (Cg, 3Ky }multidecomposition if m = 2mod3 = n

Proof. After removing m—times K, — & from C,,0K,, one have C,,0P,, by the Lemma 6.4., (3K;)|K,, — &
and by the Theorem 3.2., C,,0P, admits a (Cg, 3K, }ymultidecomposition. Hence C,,0K,, admits a (Cq, 3K>)
multidecomposition.

7. Cartesian Product of Cliques

In this section, we have proved that K;,0K}, admits a (Cpy, pKzymultidecomposition, for p = 3.

If K,,OK,, admits a (Cs, 3Kz ymultidecomposition, then 3 divides |E(K,,0K,)| = w and hence either
m = 0mod3orn = 0mod3orm = 1mod3 = n.

Lemma 7.1. For integers m,n > 2, K,,0K,, admits a (Cg, 3Ky }ymultidecomposition if m = 0mod 3.

Proof. Consider two cases.
Case 1. For m = 0mod 6.

As m is even, there is a decomposition of K, into 252 Hamilton cycles and a 1-factor. Note that each
Hamilton cycle is of length m = 0mod 6. First decompose each of the n disjoint Kj,’s in K,,,0K,, into Hamilton
cycles and in each layer except one Hamilton cycle decompose each of the remaining Hamilton cycles into
3K,’s by Lemma 3.2 and the 1-factor is a matching of cardinality 7 = 0mod 3. The deletion of the edges of
these 3K, s results in C,,0K,, and, by Lemma 6.1,6.2 and 6.3, it clearly admits a (C¢, 3K ymultidecomposition.
Case 2. For m = 3mod 6.

As m is odd, there is a decomposition of K, into %1 Hamilton cycles. Note that each Hamilton cycle
is of length m = 0mod 3. Decompose each of the n disjoint K,,’s in K,,0K,, into Hamilton cycles and in each
layer except one Hamilton cycle decompose each of the remaining Hamilton cycles into 3K,’s by Lemma
3.2.. The deletion of the edges of these 3K;’s results in C,,0K, and, by Lemma 6.1,6.2 and 6.3., it clearly
admits a (Ce, 3K, ymultidecomposition.

Lemma 7.2. For integers m,n > 2, K,,0K,, admits a (Cg, 3K} multidecomposition if n = 0mod 3.
Proof. Since K,,0K,, = K,,0K,, and n = 0mod 3,by Lemma?7.1., K,,0K, admits a (Cg, 3K, ymultidecomposition.

Lemma 7.3. For integers m,n > 2, K,,OK,, admits a (Cg, 3K }multidecomposition if m = 1mod3 = n.
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Proof. Consider two cases.
Case 1. For m = 4mod 6.

As m is even, there is a decomposition of K;, into 3 Hamilton paths. Note that each Hamilton path
is of length m — 1 = 3mod 6. First decompose each of the n disjoint K;,’s in K,,0K,, into Hamilton paths
and in each layer except one Hamilton path decompose each of the remaining Hamilton paths into 3K;’s.
The deletion of the edges of these 3K;’s results in P,0K, and, by Lemma 5.2., it clearly admits a (Cs, 3Kz}
multidecomposition.

Case 2. Form = 1modé6.

As m+1is even, there is a decomposition of K1 into mT‘l Hamilton cycles and a 1-factor; consequently,
there is a decomposition of K, into 25! Hamilton paths and a near 1-factor. Note that each Hamilton path is
of length m — 1 = 0mod 6 and the near 1-factor is a matching of cardinality 5! = 0mod 3. First decompose
each of the n disjoint K,’s in K,,,0K}, into Hamilton paths and a near 1-factor and in each layer except one
Hamilton path decompose each of the remaining Hamilton paths into 3K;’s, also in each layer decompose
the near 1-factor into 3K,’s. The deletion of the edges of these 3K;’s results in P,,0K, and, by Lemma 5.2.,
it clearly admits a (Cg, 3K }multidecomposition.
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