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Warped Product Pointwise Pseudo-Slant Submanifolds of Locally
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Abstract. In [3], it was shown that there are no warped product submanifolds of a locally product
Riemannian manifold such that the spherical submanifold of a warped product is proper slant. In this
paper, we introduce the notion of warped product submanifolds with a slant function and show that there
exists a class of non-trivial warped product submanifolds of a locally product Riemannian manifold such
that the spherical submanifold is pointwise slant by giving some examples. We present a characterization
theorem and establish a sharp relationship between the squared norm of the second fundamental form
and the warping function in terms of the slant function for such warped product submanifolds of a locally
product Riemannian manifold. The equality case is also considered.

1. Introduction

Pseudo-slant submanifolds were defined and studied by A. Carriazo as a particular class of bi-slant
submanifold under the name of anti-slant submanifolds in [10]. We note that a pseudo-slant submanifold
is a special case of generic submanifold which was introduced by Ronsse [33]. We also note that the
pseudo-slant submanifolds are also studied under the name of hemi-slant slant submanifolds (see [31],
[34]).

On the other hand, F. Etayo [20] introduced the notion of ponitwise slant submanifolds of almost
Hermitian manifolds under the name of quasi-slant submnifolds. Recently, B.-Y. Chen and O.]. Garay [17]
studied these submanifolds in almost Hermitian manifolds and obtained several fundamental results. We
note that every slant submanifold is a pointwise slant submanifold. Pointwise slant submanifolds of other
structures are also studied in [26] and [21]. Recently, B. Sahin [32] introduced the idea of pointwise semi-slant
submanifolds of Kaehler manifolds. Using this notion, he investigated warped product pointwise semi-slant
submanifolds of Kaehler manifolds. In [31], Sahin studied warped product pseudo-slant submanifolds of
Kaehler manifolds under the name of warped product hemi-slant submanifolds. He proved a non-existence

result of the warped product of the form M, x My of a Kaehler manifold ]\71, where M, and Mg are totally
real and proper slant submanifolds of M, respectively. Then he introduced the notion of hemi-slant warped
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products of the form Mg X M, and obtained many important results, including a characterization and an
inequality for such warped products.

In [3], M. Atceken proved the non-existence of warped product submanifolds of the form M, X Mg and
Mr X¢ My of a locally product Riemannian manifold M, where My, M, and My are invariant, anti-invariant
and proper slant submanifolds of M, respectively. The warped product submanifolds of locally product
Riemannian manifolds are also studied in (see [2], [5, 6], [29, 30], [35]).

In [39], we investigated the geometry of warped product pseudo-slant submanifolds Mg X M, of a
locally product Riemannian manifold M. The warped product pseudo-slant submanifolds also have been
studied for different structures in [31] and [37, 38, 40, 41]. For the survey on warped product submanifolds
we refers to Chen’s books [15, 18] and his survey article [16].

In this paper, we introduce the idea of pointwise pseudo-slant submanifolds of locally product Rieman-
nian manifolds and using this notion we investigate the geometry of warped product pointwise pseudo-
slant submanifolds of the form M, Xy My of a locally product Riemannian manifold M where M, is an
anti-invariant submanifold of M and My is a proper pointwise slant submanifold of M with slant function
0. As we know that the warped product pointwise pseudo-slant submanifold Mg Xy M., where My is
poinwise slant submanifold is a particular class of warped product pseudo-slant submanifold Mg x; M,
studied in [39], therefore we are not interested to repeat this study for pointwise pseudo-slant warped
products.

The paper is organised as follows: Section 2 is devoted to give preliminaries and basic definitions.
In Section 3, we define and study pointwise pseudo-slant submanifolds of locally product Riemannian
manifolds. In this section we investigate the geometry of the leaves of the involves distributions. In Section
4, we study warped product pointwise pseudo-slant submanifolds. In this section, we give some examples
and prove a characterization theorem of such type of warped products. In Section 5, we establish Chen
type inequality for the squared norm of the second fundamental form in terms of the warping function.
The equality case of the inequality is also considered.

2. Preliminaries

Let M be a m-dimensional differentiable manifold with a tensor field F of type (1,1) such that F? = I and
F # +I, then we say that M is an almost product manifold with almost structure F. If an almost product
manifold M has a Riemannian metric g such that

g(FX,FY) = g(X,Y) 1)

forany X, Y € I(TM), then M is called an almost product Riemannian manifold [43], where I(TM) denotes the

set all vector fields of M. Let V denotes the Levi-Civita connedtion on M with respect to the Riemannian

metric g. If (VxF)Y =0, for any X,Y € I (TM), then M is called a locally product Riemannian manifold [23].
Let M be a Riemannian manifold isometrically immersed in M and denote by the same symbol g the

Riemannian metric induced on M. Let I'(TM) be the Lie algebra of vector fields in M and I'(T+M), the set
of all vector fields normal to M. Let V be the Levi-Civita connection on M, then the Gauss and Weingarten
formulas are respectively given by

VxY = VxY + h(X,Y) )
and

VxN = —AyX + VAN ?3)

for any X, Y € T(TM) and N € I'(T*M), where V+ is the normal connection in the normal bundle T*M and
Ay is the shape operator of M with respect to N. Moreover, i : TM x TM — T+M is the second fundamental

form of M in M. Furthermore, Ay and / are related by
g((X,Y),N) = g(ANX,Y) 4)
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for any X, Y € I'(TM) and N € I(T+M).
For any X tanget to M, we write

FX = TX + wX, )

where TX and wX are the tangential and normal components of FX, respectively. Then T is an endomor-
phism of tangent bundle TM and w is a normal bundle valued 1-form on TM. Similarly, for any vector field
N normal to M, we put

FN = BN +CN, (6)

where BN and CN are the tangential and normal components of FN, respectively. Moreover, from (1) and
(5), wehave g(TX,Y) = g(X, TY), for any X, Y € ['(TM).

A sumanifold M is said to be F-invariant if w is identically zero, i.e., FX € I'(TM), for any X € I'(TM). On
the other hand, M is said to be F-anti-invariant if T is identically zero i.e., FX € T(T*+M), for any X € I'(TM).

A submanifold M of a locally product Riemnnian manifold M is said to be totally umbilical submanifold
if (X, Y) = g9(X, Y)H, for any X, Y € I'(TM), where H = % Y., h(ei,e;) , the mean curvature vector of M. A
submanifold M is said to be totally geodesic if h(X,Y) = 0. A totally umbilical submanifold of dimension
greater than or equal to 2 with non-vanishing parallel mean curvature vector is called an extrinsic sphere.

Also, we set

h:] = g(h(ei/ef)rer)/ Z/] = 1/ M r=n+t 1/” C,m (7)
and
P =) g(htei,e), heie) (®)
ij=1

where {ey, - -+, e,} is an orthonormal basis of the tangent space T,M, for any p € M.
For a differentiable function f on a m-dimensional manifold M, the gradient Y f of f is defined as
g(ﬁ f,X) = Xf, for any X tangent to M. As a consequence, we have

VA2 =) () 9)
i=1

for an orthonormal frame {e; --- ,¢,,} on M.
By the analogy with submanifolds in a Kaehler manifold, different classes of submanifolds in a locally
product Riemannian manifold were considered.

(1) A submanifold M of a locally product Riemannian manifold M is called a semi-invariant submanifold
[27, 29] of M if there exist a differentiable distribution D : p — D, C T,M such that D is invariant
with respect to F and the complementary distribution D+ is anti-invariant with respect to F.

(2) A submanifold M of a locally product Riemannian manifold M is said to be slant (see [11, 12], [28]),
if for each non-zero vector X tangent to M, the angle 0(X) between FX and T,M is a constant, i.e., it
does not depend on the choice of p € M and X € T,M.

(3) A submanifold M of a locally product Riemannian manifold M is called semi-slant (see [25], [9] and
[23]), if it is endowed with two orthogonal distributions D and DY, where D is invariant with respect
to Fand DY is slant, i.e., O(X) is the angle between FX and DY is constant for any X € D} and p € M.

(4) A submanifold M of alocally product Riemannian manifold M is said be pseudo-slant (or hemi-slant)
(see [31] and [37]), if it is endowed with two orthogonal distributions D+ and DY, where D+ is
anti-invariant with respect to F and DY is slant.
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(5) A submanifold M of a locally product Riemannian manifold M is called pointwise slant [21], if at each
pointp € M, the Wirtinger angle 6(X) between FX and T,M is independent of the choice of the non-zero
vector X € T,M. In this case, the Wirtinger angle gives rise a real-valued function 6 : TM — {0} — R
which is called the Wirtinger function or slant function of the pointwise slant submanifold.

We note that a pointwise slant submanifold of a locally product Riemannian manifold is called slant, in
the sense of [28] and [4], if its Wirtinger function 0 is globally constant. Moreover, F-invariant and F-anti-
invariant submanifolds introduced in [43] and in [1] are pointwise slant submanifolds with slant function
0 =0and 0 = 7, respectively. A pointwise slant submanifold of a locally product Riemannian manifold is
called a proper pointwise slant submanifold if it is neither F-invariant nor F-anti-invariant.

On the similar line of Chen’s result (Lemma 2.1) of [17], it is known that M is a pointwise slant

submanifold of a locally product Riemannian manifold M if and only if
T? = (cos? O)I, (10)

for some real-valued function 0 defined on M, where I denotes the identity transformation of the tangent
bundle TM of M. The following relations are the consequences of (10) as

g(TX, TY) = cos® 0 9(X, Y), (11)

g(@X, wY) =sin’ 0 g(X, Y) (12)

for any X,Y € I'(TM). Another important relation for a poitwise slant submanifold of a locally product
Riemannian manifold is obtained by using (5), (6) and (10) as

BwX =sin’?0X, CwX =-wTX (13)

for any X € I'(TM).

3. Pointwise pseudo-slant submanifolds

In this section, we define and study pointwise pseudo-slant submanifolds of a locally product Rieman-
nian manifold. We give examples of pointwise pseudo-slant submanifolds and investigate the geometry of
the leaves of distributions.

Definition 3.1. Let Mbe a locally product Riemannian manifold and M a real submanifold of M. Then, we
say that M is a pointwise pseudo-slant submanifold if there exists a pair of orthogonal distributions D*
and DY on M such that

(i) The tangent space TM admits the orthogonal direct decomposition TM = D+ & D?.
(ii) The distribution D+ is F-anti-invariant, i.e. F(D*) ¢ T*M.
(iii) The distribution D? is pointwise slant with slant function 6.

In the above definition, the angle 0 is called the slant function of the pointwise slant distribution D?. The
anti-invariant distribution D+ of a pointwise pseudo-slant submanifold is a pointwise slant distribution
with slant function 0 = Z. If we denote the dimensions of D and D* by p and g, respectively, then we
have the following possible cases:

(i) If p = 0, then M is an anti-invariant submanifold.
(ii) If g =0, then M is a pointwise slant submanifold.
(iii) If ¢ = 0 and 0 = 0, then M is an invariant submanifold.
(iv) If 0 is constant on M, then M is a pseudo-slant submanifold with slant angle 6.
(v) If 6 = 0, then M is a semi-invariant submanifold.

We note that a pointwise pseudo-slant submanifold is proper if g # 0 and 6 is not a constant.
Now, we construct the following examples of pointwise pseudo-slant submanifolds.
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Example 3.2. Consider a submanifold M of R® = R® x R® with cartesian coordinates (x1,x2, %3, Y1, Y2, ¥3)
and the product structure

J o L [I)_ 0 -
F(z9_36i)__(9_3q’ F(a_yj)_Tw’ 1<i,j<3. 1

Forany 6,¢ € (0, %), consider a submanifold M of R® defined as
X(0,p) =(cos O cosp, sinf cosp, sing, sin0 sing, cosO sing, cos )

such that @ is a real-valued function on M. Then, the tangent space TM of M is spanned by the following
vector fields

Zy =—sin0 COS(paixl + cos 0 cosqoaix2 + cos 0 singo&iy1 —sin0 singoaiyz,

Z, = —cos 0 sin i—sin@sin i+cos i+sir19cos i+cos@cos =— —sinp——
27 (P8x1 (Paxz (p8x3 (P&yl (p&yz (ngs )
Thus, with respect to the product Riemannian structure F, we obtian

. J J .o d . d
FZ; =sin 0 cos (pa—x1 —cos 0 cosqo&—x2 +cos O sm(p8—y1 —sin0 sm(p&—yz,

. d . . d d : d d . d
FZ; = cos© sm(pa—x1 + sin 0 sm(pa—x2 - COS(pa—xs +sin 0 Cosgoﬂ + cos 0 Cosqoa—y2 - smqoa—ys.

It is easy to see that FZ, is orthogonal to TM, thus the anti-invariant distribution is D* = Span{Z,} and
9(FZ1,Z1)
IFZAlIZ1

D% = Span{Z,} is a pointwise slant distribution with slant function 6; = arccos( ) = 2¢ and hence

M is a proper pointwise pseudo-slant submanifold with slant function 6; = 2¢.

Example 3.3. Consider a submanifold M of R* = R? x R? with cartesian coordinates (x, x», Y1, Y2) and the
product structure

J d d J .
F(a—m)‘a—m' F(a—yi)-‘a—yu =12

For a real valued function v and M, define an immersion
¢(u,v)=(Wu+v, sinv, —u-v, cosv), u,v*0.
Its tangent space TM is spanned by the vectors
J J

J .
1= — Zy = — +COSV=— — — + Sinv—.

83(1 - a_y1/ 2 8x1 axz 8y1 &}/2
Then with respect to the product Riemannian structure F and the usual metric tensor of R* = R?xR?, F(TM)
becomes
d d

d .
FzZ, = a—x1 + a—yl, FZ, = a—xl -|'COSUa—x2 + a—yl —smva—yz.

It is easy to see that FZ; is orthogonal to TM and hence the anti-invariant distribution is D* = Span{Z;} and
DY = Span(Z,} is a pointwise slant distribution with slant function 6 = cos™ (%) Since v is a real-valued
function on M, then the slant function 6 is not a constant and hence M is a proper pointwise pseudo-slant

submanifold.
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Now, we give the following useful lemma.

Lemma 3.4. Let M be a pointwise pseudo-slant submanifold of a locally product Riemannian manifold M. Then
(i) Forany X,Y € T(DY) and Z € T(D*), we have

cos? 0 9(VxY, Z) = g(ArzTY, X) + 9(AwryZ, X). (15)
(ii) Forany Z,V € T(D*) and X € T(DY), we have
cos” 0 g(VzV, X) = —g(ArvTX, Z) = g(AurxV, Z). (16)
Proof. We prove (i) and (ii) in a similar way. For any X, Y € T(D?) and Z € I[(D"), we have
9(VxY, Z) = g(VxY, Z) = g(FVxY, FZ).
Using the locally product structure and (5), we obtain
9(VxY, Z) = g(VxTY,FZ) + g(VxwY, FZ)
= g(h(X, TY),FZ) + g(VxFwY, Z).
Then from (6), we get
9(VxY, Z) = g(h(ATY, X) + g(VxBwY, Z) + g(VxCaY, Z).
Thus from (13), we derive
9(VxY,Z) = g((ATY, X) + g(Vx sin® 0Y, Z) - g(VxwTY, 2).
= g(h(ArzTY, X) + sin* 0 g(%XY, Z) +sin260 X(0) g(Y, Z) + 9(AwryX, Z).

Then by the orthogonality of two distributions and the symmetry of the shape operator, we get (i). In a
similar way we can prove (ii). O

Theorem 3.5. Let M be a proper pointwise pseudo-slant submanifold of a locally product Riemannian manifold M.
Then

(i) The distribution D~ is integrable if and only if
9(h(X, V), FZ) = g(W(X, Z), FV),

forany X e T(D%) and Z,V € T(D*).
(ii) The distribution D? is integrable if and only if

JArzTY, X) — g(ArzTX,Y) = g(AurxZ,Y) — 9(AuTyZ, X),
forany X, Y € T(DY) and Z € T(D*).
Proof. Using polarization identity in Lemma 3.4 (ii), we have
cos® 0 g(VvZ, X) = —g(ArzTX, V) = g(AurxZ, V), (17)

for Z,V € I(D*) and X € I[(DY). Then, relations (16), (17) and the symmetry of the shape operator imply
that

052 0 g([Z, V1, X) = g(h(TX, V), FZ) — g((TX, Z), FV),

which gives the assertion by interchanging X by TX and using (10). Similaly, by using the polarization
identity in Lemma 3.4 (i) and the definition of Lie bracket, we obtain (ii). O
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Theorem 3.6. Let M be a proper pointwise pseudo-slant submanifold of a locally product Riemannian manifold M.
Then
(i) The anti-invariant distribution D* defines a totally geodesic foliation if and only if

g(h(TX/ Z)/ FV) = _g(h(Z/ V)/ a)TX)/

forany Z,V € T(D*) andX € T(DY).
(ii) The pointwise slant distribution D° defines a totally geodesic foliation if and only if

g(h(X, TY),FV) = —g(h(X, V), TY),
forany X, Y € T(D% and V € T(D*).
Proof. The proof follows from Lemma 3.4. [J
Thus, the following corollary is an immediate consequence of Theorem 3.6.

Corollary 3.7. Let M be a proper pointwise pseudo-slant submanifold of a locally product Riemannian manifold M.
Then, M is a locally Riemannian product manifold M = M, X My if and only if

AwrxV = —ApvTX,
forany V € T(D*) and X € T(DY).

4. Warped products M, Xy Mg in locally product Riemannian manifolds

In [8], R.L. Bishop and B. O’Neill in [8] introduced the notion of warped product manifolds as follows:
Let M; and M; be two Riemannian manifolds with Riemannian metrics g; and g, respectively, and a
positive differentiable function f on M;. Consider the product manifold M; x M, with its projections
71 My X My — My and 7 @ My X M — M. Then their warped product manifold M = M; Xy M; is the
Riemannian manifold M; X M, = (M; X M,, g) equipped with the Riemannian structure such that

9(XY) = g1(m1 X, 11, Y) + (f 0 111)2g2(T2u X, 12,4 Y)

for any vector field X, Y tangent to M, where x is the symbol for the tangent maps. A warped product
manifold M = M; Xy M is said to be trivial or simply a Riemannian product manifold if the warping function f
is constant. Let X be a vector field tangent to M; and Z be an another vector field on M, then from Lemma
7.3 of [8], we have

VxZ =VzX = X(In )Z (18)

where V is the Levi-Civita connection on M. If M = M; Xy M, be a warped product manifold then M is a
totally geodesic submanifold of M and Mj is a totally umbilical submanifold of M [8, 13].

A warped product submanifold M = M; Xy M, of a locally product Riemannian manifold M is said
to be mixed totally geodesic if h(X,Z) = 0, for any X € I'(TM;) and Z € I'(TM;), where M; and M, are any
Riemannian submanifolds of M.

In this section, we investigate the geometry of warped product pointwise pseudo-slant submanifolds
of a locally product Riemannian manifold. First, we give the following example of a warped product
pseudo-slant submanifold Mg x¢ M .

Example 4.1. For any u # 0, v € (0, %), consider a submanifold M of R? = R?® x R? with the cartesian
coordinates (x1, X2, X3, ¥1, ¥2) and the product structure

d d d o . ‘
F(a_m)_&_xi’ F(a_yj)“a_yj' i=1,23&j=12
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The submanifold M is given by the equations
X1 = UCOSU, Xp = Usinv, x3 =2u, Y1 = UCOSTU, Y = usino.

Then the tangent bundle TM is spanned by Z; and Z,, where

Jd . J d 0 .
Z1 = C0SV=— +Sinv=— + 2— + cosv=— + sinv—,

ox1 axy 9x3 I )
Zr=—U sirwa—x1 + ucosva—x2 — usinvﬁ + ucosva—yz.
From the product Riemannian structure, we find that
FzZ, = cosvi + sirwi +2— —COSV=— — SINV—
e oxq x> ox3 a]/l ay2,

. d d . d d
FZ; = —usinv— + ucosv— + usinv— — u cosv—

&xl 8x2 ayl &}/2 ’

It is easy to see that FZ, is orthogonal to TM and hence the anti invariant distribution is D+ = Span{Z,}.

Also, the slant distribution is spanned by the vector Zy, i.e., DY = Span{Z;} with slant angle 6 = cos™! (%)

Thus M is a pseudo-slant submanifold of R®. It is easy to check that both the distributions are integrable.
We denote the integral manifolds of D* and DY by M, and My, respectively. Then, the metric tensor g of
the product manifold M is given by

g = 6du® + 2u* dv* = gy, + 2u* g, -
Thus M is a non-trivial warped product pseudo-slant submanifold of IR® of the form My X 5, M.

In [3], M. Atceken proved that there is no warped product pseudo-slant submanifold of a locally
product Riemannian manifold M of the form M, X Mg, where M, and My are anti-invariant and proper

slant submanifolds of M, respectively. In the following examples we can see that the warped product
M, Xy My exists only when the spherical manifold is a pointwise slant submanifold and we call such
warped product, a pointwise pseudo-slant warped product.

Example 4.2. Consider a submanifold of R® = R® x R® with the cartesian coordinates and the product
structure given in Example 3.2. Then the immersed submanifold M of R® is given by

Xx(u,v) = (ucosv, usinv, v, ucosv, usinv, —2v)

such that u € R — {0} is a real-valued function on M and v € (O, %) The tangent space of M is spanned by
the following vectors

0 . 0 d .
71 =COSV=— +Sinv=— + COSV=— + sinv—,

8x1 83(2 ayl (9y2
d

Zyr = —UsSinv— + U Cosv— —usinv— +ucosv— —2

d
ox1 oxy * 8_x3 ayl 9y2 a_]/3

Then from the considered product Remannian structure of R® in Example 3.2, we obtain

FZ, = —cosv=— —sinv— + cosv— + sinv—,

ox1 oxy i Aya
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d

FZ, = usirwi —UCOSVZ— — 5— —USINU=— + ucosvi —-2—
2= ¢9x1 axz 8x3 Byl a]/Z 9y3 .
Thus it is clear that FZ; is orthogonal to TM and hence the anti-invariant distribution is D* = Span{Z;} and

3
5+2u2

pseudo-slant submanifold of R®. Also, it is easy to see that both the distributions are integrable. If we
denote the integral manifolds of D* and DY by M, and My, respectively then, the metric g of the product
manifold M is given by

DY = Span{Z,} is a pointwise slant distribution with slant function 6 = cos™! ( ) Thus M is a poitwise

g =2du* + (5 + 2u2) dv* = gy, + ( V5 + Zuz)z IMo-

Hence, we conclude that M is a warped product pointwise pseudo-slant submanifold of R® of the form
M, X§ Mg with the warping function f = V5 + 2u2.

Example 4.3. LetR®be an Euclidean space with the cartesian coordinates (x1, X2, X3, Y1, Y2, y3) and the almost
product structure

a a a a . .
= — i < <3
F(gxi) ox;’ F(&y]) 8yj’ 1<ij<3
Consider a submanifold M of R® defined by

x(u,v,w) = (ucosv, usinv, w, wcosv, wsinv, —u)

for non-vanishing real-valued functions u, w on M such that u # w. Then the tangent bundle TM is spanned
by Z1, Z, and Z3, where

Z1 = c:osvi +sinv— — i
1= 8x1 8x2 83/3’
Zy = —usinva—x1 + ucosva—x2 — wsinvﬂ + wcosv@.
/3= — +cosvi +sinv—
5= 8x3 (9]/1 8]/2’
thus, we find that
0 d
FZ, = — +sinv=— + —,
1 = COSU I sinov ERE A
FZ, = —usinv% + ucosva—x2 + wsinvﬂ —wcosv@.
J
FZ73=— — — —sinv—.
3 o COoS v o sinv EPA

It is easy to see that FZ; and FZj3 are orthogonal to TM. Then D* = Span{Z;,Z3} is an anti-invariant
distribution and DY = Span{Z,} is a pointwise slant distribution with slant function 6 = cos™! (%)
Thus M is a pointwise pseudo-slant submanifold of R®. It is easy to check that both the distributions are

integrable. If we denote the integral manifolds of D+ and DY by M, and My, respectively then, the metric
tensor g of the product manifold M is given by

g= 2du? + 2dw?* + (uz + w2> dv* = gm, + (Mz + w2> IMg-

Hence, M is a non-trivial warped product pointwise pseudo-slant submanifold of R® of the form M, Xy My
with the warping function f = Vu? + w?.



L.S. Algahtani, S. Uddin / Filomat 32:2 (2018), 423438 432

Example 4.4. Consider a submanifold of R® = R x R® with the cartesian coordinates and the product
structure given in Example 3.2. Let M be a submanifold of R® given by the equations

x1 = ucoshv, x, =usinhv, x3 = —v, y; = usinhv, y, = ucoshv, y3 = V2v

such that u,v € R — {0} are real-valued functions on M and v € (O, %) Then the tangent bundle of M is
spanned by Z; and Z,, where

Z1 = coshvi + sinhvi + sinhvi + coshvi,
8x1 83(2 8y1 (9]/2

. J J J 0 . J 0
Zy = usmhv% + LlCOShZJ&—xz - E + ucoshv&—y1 + usmhva—y2 + \/Ea—ys

Hence, we find

F7,=- coshvi —sinh vi + sinhvi + cosh vi,
ox1 0xy I dy>

. 0 d d J ) 0 J
FZ, = —usmhva—x1 - ucoshvE + E + ucoshva—y1 + usmhv% + \/Ea—%

Since FZ; is orthogonal to TM and

0 = cos™! —g(ZZ'PZZ) = COS_l( i )
1Z:].[[FZ2 || 3 +2u2cosh2v/’

Then the anti-invariant distribution is D+ = Span{Z;}, and DY = Span{Z,} is a pointwise slant distribution

1
3+2u?2 cosh 2v

both the distributions are integrable. If the integral manifolds of DL and DY are M, and My, respectively
then, the metric g of the product manifold M is given by

with slant function 6 = cos™! ( ) Hence, M is a pointwise pseudo-slant submanifold of R®. Clearly,

g =2cosh2v du? + (3 + 2u? cosh 20) dv?
= ( V2 cosh 20)2 gum, + ( V3 + 2u? cosh 20)2 IM,-

Thus M is a warped product pointwise pseudo-slant submanifold of R® of the form M, x; Mg with

warping functions fi = V3 +2u?cosh2v and f, = V2cosh2v. In fact, M is a doubly warped product
submanifold of R® with the warping functions f; and f>.

Now, we investigate the geometry of the warped product pointwise pseudo-slant submanifolds of form
M, X f Mep. First, we prove the following useful lemma for later use.

Lemma 4.5. Let M = M, X Mg be a warped product pointwise pseudo-slant submanifold of a locally product
Riemannian manifold M. Then

(i) g((Z, V), wX) = —g(h(X, Z), FV);
(ii) g(h(X,Z), wY) = —g(h(Y, Z), 0X)

forany Z,V e I(TM,) and X, Y € I'(TMp).
Proof. Forany Z,V € I'(TM,) and X, Y € I'(TMjp), we have
g((Z, V), wX) = g(VzV, 0X)
= g(V,V,FX) — g(V,V, TX)
= g(VZFV, X) + g(V;TX, V).
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Then from (2), (3) and (18), we obtain
gM(Z, V), wX) = —g(ApvZ, X) + Z(In f) g(TX, V).

Second term in the right hand side of above relation vanishes identically by the orthogonality of the vector
fields, thus we have

gh(Z, V), wX) = —g(h(X, Z),FV)
which is (i). For the second part of the lemma, we have
g(VzX, TY) = Z(In f) (X, TY) (19)
forany X,Y € I'(TMp) and Z € I'(TM ). On the other hand, we also have
g(V2X, TY) = g(V2X, FY) - g(VzX, wY)
= g(VZFX, Y) - g(h(X, Z), ®Y)

= g(V2TX,Y) + 9(Vz0X,Y) - g(h(X, Z), 0Y)
= Z(In ) g(TX,Y) - g(VzY, 0X) - g(h(X, Z), ).

Then from (1) and (3), we find that
9(VzX, TY) = Z(In ) g(X, TY) = g((¥, Z), wX) = g(h(X, 2), @Y). (20)
Thus, (ii) follows from (19) and (20), which proves the lemma completely. [

Lemma 4.6. Let M = M, X Mg be a warped product pointwise pseudo-slant submanifold of a locally product
Riemannian manifold M. Then

(i) g(h(X,Y),EZ) = ~Z(In fg(X, TY),
(it) g((TX,Y),FZ) = —cos®> 6 Z(In f) g(X, Y) — g(h(Y, Z), wTX)

forany X,Y e I'(TMy) and Z e IT(TM ).
Proof. For any X,Y € I'(TMg) and Z € I'(TM, ), we have

9(h(X, ), FZ) = g(VxY,FZ) = g(VxFY, Z).
Using (5), we obtain

g((X, Y),FZ) = g(VxTY, Z) + g(VxwY,Z) = —g(VxZ, TY) - g(Aur X, Z).
Then from (4) and (18), we derive

gW(X,Y),FZ) = -Z(In /) 9(X, TY) — g((X, Z), wY). (21)
By polarization identity, we derive

9(h(X, Y), FZ) = ~Z(In f) g(Y, TX) = g((Y, Z), X). (22)
Using (1) and Lemma 4.5 (ii), we arrive at

g(h(X, V), FZ) = ~Z(In f) g(X, TY) + g(h(X, Z), Y). (23)

Thus from (21) and (23), we get (i). The second part of the lemma follows from (22) by interchanging X by
TX and using (11). Hence, the proof is complete. [
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We can easily find the following relations by interchanging X by TX and Y by TY, for any X, Y € I'(TMy)
in Lemma 4.6 (ii) as follows.

g(h(TX,Y),FZ) = —Z(In f) cos* 8 g(X, Y), (24)

g(h(X, TY),FZ) = =Z(In f) cos* 0 g(X, Y) (25)
and

g(W(TX, TY),FZ) = =Z(In f) cos® 6 g(X, TY). (26)

Then from (21) and (26), we get
gW(TX, TY),FZ) = gh(X,Y), FZ).
Also, from (24) and (25), we have
gW(TX,Y),FZ) = g(h(X, TY), FZ).
In order to give a characterization we need the following well known result of S. Hiepko [22].

Hiepko’s Theorem. Let Dy and D, be two orthogonal distribution on a Riemannian manifold M. Suppose that
Dy and D» both are involutive such that Dy is a totally geodesic foliation and D, is a spherical foliation. Then M is
locally isometric to a non-trivial warped product My Xy M, where My and M, are integral manifolds of Dy and D, ,
respectively.

The following result give a characterization of warped product pointwise pseudo-slant submanifolds.

Theorem 4.7. Let M be a pointwise pseudo-slant submanifold of a locally product Riemannian manifold M. Then
M is locally a warped product submanifold of the form M, X ¢ Mg if and only if

AwrxV + ApyTX = =V(p)cos* 0X, ¥ X e T(DY), Ve (DY) (27)
for some smooth function y on M satisfying Y(u) = 0, for any Y € T(DP).

Proof. Let M = M, Xy Mg be a warped product pointwise pseudo-slant submanifold. Then from Lemma
4.5 (i), we have g(A,xV,Z) = —g(ArvX,Z), for any X € I'(TMp) and Z,V € I'(TM,). Interchanging X by
TX, we get g(AurxV + AryTX, Z) = 0, which means that A,rxV + AryTX has no component in TM,, i.e.,
AurxV + ApvTX lies in TMy. Using this fact with Lemma 4.6 (ii), we get (27).

Conversely, if M is a pointwise pseudo-slant submanifold such that (27) holds, then from Lemma 3.4
(ii), we have

g(V7V,X) = —sec? 0 g(AurxV + ArvTX, Z).

Using the hypothesis of the theorem, i.e., the relation (27) and the orthogonality of two distributions, we
arrive at

g(VzV,X) =0

forany Z,V € T(D*) and X € T(D?), which means that the leaves of the distribution D* are totally geodesic
in M. Let M, be a leaf of D+, thus M, is totally geodesic in M. Also, from Lemma 3.4 (i), we have

cos?> 0 g(VxY, V) = g(ArvTY + AuryV, X).
Using (27), we derive

9(VxY, V) = V() g(X, Y). (28)
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By polarization identity, we obtain

9(VyX, V) = ~V() g(X, Y). (29)
Subtracting (29) from (28) and using the definition of Lie bracket, we find that

g([X,Y1,V) =0,

which implies that the pointwise slant distribution DY is integrable. Let My be the integral manifold of D’
and h? be the second fundamental form of My in M. Then, for any X, Y € I[(D?) and V € T(D*), from (28)
we have

g(h*(X,Y), V) = g(VxY, V) = =V() (X, Y)
or equivalently, we have
WX, Y) = —VugX,Y) (30)

where ﬁy is the gradient vector of the function 1 which means that My is totally umbilical in M with mean

curvature vector H? = —ﬁy. Furthermore, Y(u) = 0, Y € T(DY) implies that HY is parallel with respect
to the normal connection D" of My in M. Thus My is a totally umbilical submanifold with non-vanishing
parallel mean curvature vector HY. Hence the spherical condition is also fulfilled, that is My is an extrinsic
sphere in M. Then, from Hiepko Theorem, M is a non-trivial warped product of the form M = M, X, Mp,
which proves the theorem completely. O

Remark 4.8. If we assume 0 = 0 in Theorem 4.7, then the warped product pointwise pseudo-slant sub-
manifolds reduce to warped product semi-invariant submanifolds of the form M, Xy Mr which have been
discussed in [29], thus Theorem 4.7 is a generalization of Theorem 4.1 of [29].

5. An optimal inequality for warped products M, Xy My

In this section, we establish a sharp inequality for the squared norm of the second fundamental form in
terms of the warping function. First, we construct the following frame fields for an n = (p + q)-dimensional
warped product pointwise pseudo-slant submanifold M = M, Xy My of a m-dimensional locally product

Riemannian manifold M, where M, and My are anti-invariant and proper pointwise slant submanifolds of
M, respectively. Let us denote by D+ and D the tangent bundles of M, and My, respectively. Also, if we

consider the dim(M_,) = g and dim(Mp) = p, then the orthonormal frames of D* and D?, respectively are
given by
{elr Tty eq}

and

{ejr1 =€) =secOTe}, -+ ,ep = egp = €, = secGTep}.

Then the orthonormal frame fields of the normal subbundles of FD*, wD? and v, respectively are
{ens1 = Fep, - s€nt+qg = Feq}/
{enigr1 =1 =cscOwey, -+ ey =€, = csc 0 wey )
and

{€n+q+p+1 = 6p+1, t,lm = eﬂl—zn}'

Now, we are able to establish the following inequality with the help of the above constructed frame
fields and some previous formulas which we have obtained for warped product semi-slant submanifolds
of a locally product Riemannian manifold.
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Theorem 5.1. Let M = M, Xy My be a proper warped product pointwise pseudo-slant submanifold of a locally
product Riemannian manifold M, where M, and Mg are anti-invariant and proper pointwise slant submanifolds of
M, respectively. Then

(i) The squared norm of the second fundamental form of M satisfies
Ikl > p cos? O IV In £ (31)

where p = dim Mg and Vin f is gradient of In f.
(ii) If equality sign in (i) holds identically, then M, and Mg are totally geodesic and totally umbilical submanifolds
of M, respectively. Furthermore, My Xy Mg is a mixed totally geodesic submanifold of M

Proof. From the definition of /i, we have
n m n
WP =Y glnter e, heiep) = Y. Y glhteise), e
ij=1 r=n+1i,j=1
Thus from the frame fields of D+ and DY, we find
m 9 m 4 n m n
WP =YY glnteep e +2 Y N Y gleep e+ Y, Y glhleie)),en’. (32)
r=n+11i,j=1 r=n+1 i=1 j=q+1 r=n+1i,j=q+1
Leaving the second positive term in the right hand side of above relation. Then, we have
Il > Z Z ghtei e), e + Z Z g(h(e;, <), en)?.
r=n+11i,j=1 r=n+11i,j=1

Using the frame fields of FD*, wD? and v, the above equation takes the form

m=2n
|h||2 Z Zg(h(euej Fer)Z + Z Zg(h(ez,€] er)z + Z Zg(h(eue] er)
rll]l r=1 i,j=1 r=p+11i,j=1
q m=2n
+ Z g(h(ei,e 1—"(3,)2 + Z Z g(h(el,e ), er) Z Z g(h(el,e ), er)2 (33)
r=1 i,j=1 r=1 i,j=1 r=p+1i,j=1

The third and sixth term have v-components and we have not found any relation for these components,
therefore we can leave these two positive terms. Also, we could not find any relation for g(h(e;, ¢;), Fe;), for
anyi,j,r=1,---,q and g(h(e;,e;),?r), forany i, jr =1,---,p, therefore we shall leave these positive terms
also. After leaving these terms in the right hand side of (33) and using the constructed frame fields, we find

p q q p
WP =YY ghtei e, cscOwe? + Y| Y gli(e;, €), Fe). (34)

r=1 i,j=1 r=1 i,j=1
Again leaving the first positive term in the right hand side of above equation. Thus, from Lemma 4.6 (i),
we derive

P

q
P =YY (@ n g, 7e)) .

=1 ij=1
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Then from the adopted frame fields of DY, we know that Te; =cos 6O e;, using this fact in the above relation,
then we have

q
k> > p cos® O Z(e, In f).
r=1

Thus by using (9), we get

14l > p cos? OIIV In fII%,
which is inequality (i). From the leaving second term in the right hand side of (32), we have

hD*, D°% =0. (35)
Also, from the remaining first and third terms of (33), we obtain

WD, DY) c wDC. (36)
On the other hand, from Lemma 4.5 (i) and (35), we find that

WD, DY) L wD’. (37)
Then from (36) and (37), we conclude that

WD+, D) =0. (38)
Also, from the remaining fifth and sixth terms in the right hand side of (33), we find that

WD, D% c FD*. (39)

Since M, is totally geodesic in M [8, 13], using this fact with (37) we get M, is totally geodesic in M. On
the other hand, (38) implies that My is totally umbilical in M due to My being totally umbilical in M [8, 13].

Moreover, (35), (37) and (38) imply that M is a mixed totally geodesic submanifold of M. Hence, the proof
is complete [

From the above theorem, we have the following remark.

Remark 5.2. In Theorem 5.1, if we put 6 = 0, then the warped product becomes M = M, Xy Mr in a locally

product Riemannian manifold Z\7I, where Mt and M, are invariant and anti-invariant submanifolds of ]\71,
respectively, which is a case of warped product semi-nivariant submanifolds which have been discussed in
([5], [29]). Thus, Theorem 4.2 of [29] and Theorem 4.1 of [5] are the special cases of Theorem 5.1.
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