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On Arithmetic Toroidal Groups

Takashi Umeno?

*Department of Mathematics, Kyushu Sangyo University, Fukuoka 813-8503, Japan

Abstract. Andreotti, Gherardelli, and Abe constructed toroidal groups from algebraic number fields.
We call these toroidal groups arithmetic toroidal groups. We study the algebraic structures of arithmetic
toroidal groups and we show two examples of arithmetic toroidal groups where one is a quasi-Abelian
variety and the other has no nonconstant meromorphic functions on it.

1. Toroidal Groups
Definition 1.1. A connected complex Lie group X is called a toroidal group, if H'(X,0) = C.

By the definition, X is a complex abelian Lie group and there exists a discrete subgroup I' of C” such that
X = C"/T', where n is a complex dimension of X. Put r = rank[I’, then there exist R-linearly independent
vectors Ay, ..., A, € C" satisfying I' = Z{A4, ..., A,}. A matrix P = [A4,...,A,] is called a period matrix for
C"/T'. We have the following (cf. [2])

Proposition 1.2. A complex abelian Lie group C"/T is a toroidal group if and only if the following condition is
satisfied:

for any 0 #0€C", 'oP ¢ Z". (1.1)

Hence if a complex abelian Lie group C"/Iis a toroidal group, wehave n+1 < r < 2n. Put Rr = R{A4,..., A,},
then K := Ry/T is a maximal compact subgroup of C"/T. Let Cr := Rr N V-1Ry be the maximal complex
subspace of Rr. By the result of Matsushima and Morimoto [5], a complex abelian Lie group C"/T is a Stein
group if and only if Cr = {0}. Hence for a toroidal group C"/I’, we have dim¢ Cr > 0.

Definition 1.3. A toroidal group C" /T is said to be type q, if dimc Cr = g (g > 0).

Then, a toroidal group C"/T is type g if and only if rankI' = n + 4.

Let C"/T" be a complex abelian Lie group with rankI' = n + q. By a suitable linear change of C", a
period matrix P = [Ay,...,A44] can be written as P = [, V], where I, = [ey, ..., e,] is an identity matrix
and V = [v;51 <i <n1 <j<q]=1[o,...,0]is an n X g matrix. Put V; = [v;;1 < 4,j < q], and
Vo =[vij;q+1<i<n,1<j<g]. We may assume det (Im V1) # 0.
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Definition 1.4. A toroidal group C"/T is said to be a quasi-Abelian variety if there exists a Hermitian form H on
C" satisfying
(1) H|Cr X Cr > 0and
(2) E:=ImH|I' XTI isa Z-valued skew-symmetric form.

H is called an ample Riemann form. We denote by the same symbol E the matix [E;; = E(A;, Aj); 1 <4, j <
n + q]. Then we have the following ([6])

Theorem 1.5. Let C"/T be a toroidal group of type q, with a period matrix of the form P = [Aq,..., Apyg]l = [, V].

(1) If C*/T is a quasi-Abelian variety with an ample Riemann form H, then E := ImH|I' X I is a Z-valued
skew-symmetric form satisfies the following conditions:

(P): 'VE,V+'E,V—!VE,+E;3=0 and

Vo1 — _
(PI):  ——(VE\V +'ExV ~'VEy + E5) > 0,
Ei E x x
where E = _'E, Esl E1 € Z"™", and E; € Z74,

(2) Conversely, if we have a Z-valued skew-symmetric matrix E = [Eij;1 < i,j < n + ] € Z" %0+, which
satisfies (PI) and (PII), then C" /T is a quasi-Abelian variety with an ample Riemann form H satisfying Im H|I' XTI = E.

Consider the exact sequence

— HY(X,0") 5 HX(X,Z) - H3(X,0) —
Definition 1.6. NS (X) := c;H'(X, O") is called a Néron-Severi group.

In the proof of Theorem 1.5, we have shown the following

Theorem 1.7.  Let X = C"/T be a toroidal group of type q with a period matrix P = [I,, V]. Then E € H*(X,Z)
belongs to NS(X) if and only if E is a Z-valued skew-symmetric (n + q, n + q)-matrix satisfying the condition (PI) in
Theorm 1.5.

Further we have the following theorem([4]).

Theorem 1.8.  Let X = C"/T be a toroidal group.
If the Néron-Severi group NS (X) = 0, then there are no nonconstant meromorphic functions on X.

2. Arithmetic Toroidal Groups
2.1. Arithmetic Toroidal Group

Let K be a non-totally real algebraic number field of degree n + q with 29 complex embeddings
¢i, pi:K—C (i=1,...,q)and n —greal embeddings ¢ : K — R (j=1, ..., n—q).
For x € K, put V(x) = (p1(x), ..., @4(x), P1(x), ..., Pn_4(x)). Then we get a canonical mapping ¥ : K —
CIxR*"TcC".
Let ok be the ring of integers of K. Then I' = W(ox) is a discrete subgroup of C" with rankI’ = n + g and
X = C"/T is a complex Lie Group. Andreotti and Gherardelli [3], Abe [1] proved the following

Theorem 2.1. The complex Lie group X = C"/T defined by an algebraic number field K is a toroidal group.

Definition 2.2. We call the toroidal group defined by an algebraic number field an arithmetic toroidal group.

We study whether an arithmetic toroidal group is a quasi-Abelian variety. We consider the case K = Q(V2)
and the case K = Q(V2).
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2.2. The Toroidal Group Defined by Q(V2)

Puta = V2,K = Q(a) and w = exp(%"i). Then ox = Z{1, a, a?}.
Let 0 and w be conjugate mappings defined by o(a) = a w and 7(a) = a.
For K> x = x1 + xp a + x3 &, we set
P(x) = x1 + x20(a) + x30(a?) = x1 + X2 @ @ + x3 &> w* and

Y(x) =x1 +x2 (@) + x37(a?) = x1 + 2 + x3 0%

Then the embedding W(x) = ((p(x)) € C? is defined and

P(x)
2 2
W(ox) = ZIV(1), W(a), W(a?)} = Z{G)’ (aaw)’ (aa? )}
-1
Put A = (} “a‘”) and T = AW(ox). ThenT = z{(é) ((1)) (:gzwc‘;)}.

Proposition 2.3. The toroidal group X = C2/T defined by Q(«) is a quasi-Abelian variety.

Proof. We shall check the conditions PI and PII in Theorem 1.5.
_ E1 Ez 3%3 _ 0 a _ b _ _ —az [
LetE—(_tE2 ES)GZ , E1= —a O,Ez— C,E3—O,andV— —aw?)

Put K1 :='VE{V +E,V —tVE, + E3, then K1 € C and K1 = K1 = —K1. Hence K1 = 0 and the condition PI
holds.

Vo1 — _
Next put K2 := T(*VElV +!E,V —tVE, + E3).
V3

3
Then K2 = 7(—2&1 +a’b—ac). We find g, b, ¢ € Z satisfying K2> 0 and the condition PII holds. Hence X
is a quasi-Abelian variety. ]

We note that since X is a 2-dim¢ toroidal group and a principal bundle over a 1-dim¢ complex torus we
see X is a quasi-Abelian variety. Here we show the proof using the conditions PI and PIL

2.3. The Toroidal Group Defined by Q(V2)

Puta = V2,K = Q(a) and w = exp(z?m). Then ox = Z{1, a, a2, a3, a*}.
Let 01, 02, T be conjugate mappings defined by 01(a) = a w, 02(e) = a @? and 1(a) = a.

ForKsx=x1+xya+x30% + x4 0° + x5 a*, we set

P1(x) = x1 + 2 01(@) + x301(a%) + x4 01(%) + x501(a*) = x1 + aw + x30% W + x4 0° W* + x5 2% W,

8

P2(x) = x1 + X2 02() + x3 02(a?) + x4 02(0%) + x5 02(a*) = X1 + A @W? + X302 W* + x4 2% W° + x50 @B, and

Y(x) = x1 +x27(@) + x37(@?) + X2 T(@®) + x5 7(at) = 11 + 2@+ x30% + x40 + x50

P1(x)
Then the embedding W(x) = (goz(x)] € C® is defined and
(x)
1\ (aw) (@?w?\ (@®w&®) (a*w*
W(ox) = Z{¥(1), ¥(a), V(@?), (o), V(@) = Z{|1], [aw?]|, [ 0?|, |a® 0|, |at @t |}.
1 ! o? a? at
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-1
1 aw a®e?

PutA=|1 aw?* A?wo*| andT = AW(0x), thenT = Zley, ey, e3, V1, V2}, where

1 « a?
1 0 0 B(w + @? +20° + w?)
e1=10|,ea=[1],e5=10|, 1 = ?)V1 =|-a*(1 + w)(1 + 2w + &> + @*) |, and
0 0 1 a2 + 2w + w?)

a*(1 + 2w® + 20*)
(1-a?)V2 =|-a*(1 + w)(w + 20* + ©® + w*) |.
@?(1+ w + 2% + w?)

Proposition 2.4. The toroidal group X = C3/T defined by Q(«) has no nonconstant meromorphic functions on it.

Proof. We shall show that N5(X) = 0.

£ £ 0 a b d e
LetE = (_té Ez) €7, Ey=|-a 0 c|,E2=|f g|
2 Es3 b - 0 h k

Es = (_?ﬂ ’g) and V = (V1, V2) € C2.

0 Y

Let K :='VE\V +!E;V —'VE, + E3 = (—Y 0

) e C?<2,

Suppose K = 0, then Y = 0, and (1 — @?)Y = A; + Asw + Azw? + Asw® = 0, where
Ay = —m+2ka —ha* — (e + f)a® + (c + d)a?,
Ay = =2b— (2a — 2k)a — (29 + h)a? — fa? + (2c + 2d)a?,
A =m—4b+ka — (29 + 2h)a® + fa® + (c + 2d)a*, and
Ay = —4b + 2aa — (g + h)a? + (e + f)a® + ca’.
Since 1, w, w? and w® are linearly independent over IR, we have A1 = Ay = A3 = A4 = 0.

Furthera, b, ..., me Z, we geta, b, ..., m = 0. Hence NS(X) = 0 and X has no noncostant meromorphic
functions on it. O
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