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Integral Inequalities for Differentiable p-Harmonic Convex Functions
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*Mathematics Department, COMSATS Institute of Information Technology, Park Road, Islamabad, Pakistan

Abstract. In this paper, we consider a new class of harmonic convex functions, which is called p-harmonic
convex function. Several new Hermite-Hadamard, midpoint, Trapezoidal and Simpson type inequalities
for functions whose derivatives in absolute value are p-harmonic convex are obtained. Some special cases
are discussed. The ideas and techniques of this paper may stimulate further research.

1. Introduction

It is well known fact that convexity theory has played an important and significant role in the develop-
ment of several branches of pure and applied sciences. Recall that the minimum of a differentiable convex
function can be characterized by variational inequalities, which unable to study a wide class of unrelated
problems in a unified and general framework. For the formulation, applications, numerical methods and
other aspects of variational inequalities, see the references. It has been shown [17] that a function f is a
convex function, if and only if, the function f satisfies the inequality

b
f(”%b) < ﬁf Flx)ydx < w x € [a,b],

which s called the Hermite-Hadamard inequality, see [9, 10]. For the applications of the Hermite-Hadamard
inequalities, see [1, 5-7, 14, 15, 17-19, 22, 24, 26] and the references therein.

Convex functions and convex sets are generalized in various directions using quite different techniques
and ideas. An important class of convex functions is called the harmonic convex functions, which was
introduced and studied by Anderson et al. [2] and Iscan [12]. Let a real function f be defined on some
nonempty interval I = [4,b] € R\ {0}. The function f is said to be harmonic convex on I = [g,b] C R\ {0} if
it satisfies the inequality

, X € [a,b]. 1)

< —
a+b)" b-a]J, x?

2ab ab Y f(x) f(@)+ f(b)
f(—) drs

This double inequality is known as Hermite-Hadamard integral inequality for harmonic convex functions
[12]. Both inequalities hold in the reversed direction if f is harmonic concave. We note that Hermite-
Hadamard inequality may be regarded as a refinement of the concept of harmonic convexity and it follows
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easily from Jensens inequality. For some results which generalize, improve and extend the inequalities, we
refer the reader to the recent paper [8] and references therein.

Motivated and inspired by the on going research in this direction, Noor et al. [24] introduced and
studied an other class of harmonic functions, which is called p-harmonic convex function. Several new
integral inequalities for p-harmonic convex functions have been obtained. For suitable and appropriate
choice of the parameter p, one can obtain several new classes of convex functions and their variant forms.

In this paper, we derive several Hermite-Hadamard, midpoint, Trapezoidal and Simpson type inequali-
ties for differentiable p-harmonic convex functions. From our results, one can obtain a wide class of known
and new inequalities for harmonic convex functions and their variant forms. Some of the results obtained
in this paper can be viewed as significant and important refinement of the previously known results.

We now recall some known results and basic concepts.
Definition 1.1. [26]. A set I = [a,b] C R\ {0} is said to be a harmonic convex set, if
xy
—c
tx+ (1 -1ty

Definition 1.2. [12]. A function f : I = [a,b] € R\ {0} = R is said to be a harmonic convex function, if and only
if,

I, Vx,y el te[0,1].

o) =0 -0f@ 1), Vryeltelol

Definition 1.3. [24]. A set I = [a,b] C R\ {0} is said to be p-harmonic convex set, if
[ 7y rel Vx,yelte01] £0
txP + (1 —t)y? r VEYEL i p#o

Definition 1.4. [24]. Let [a,b] C R\ {0} be p-harmonic convex set. A function f : 1 =[a,b] C R\ {0} = R is said
to be p-harmonic convex function, if

xPyP ;
f([m] )<a-nf@+ife),  Vuyelteol

Note that for t = %, we have
%

([ 2xPyP ] ) < f(x) ; f(v)

xP + ypP

, Vx,y€l,

which is called Jensen type p-harmonic convex function.

Remark 1.5. Let [a,b] € R\ {0} be p-harmonic convex set. If [a,b] C (0, 0) and p € R\ {0}, then Definition 1.4
reduces to definition 2.1 in [3].

Theorem 1.6. [24]. Let f : I = [a,b] € R\ {0} = R be a p-harmonic convex function on the interval [a,b]. Then

(#55]) = sl ) - las))
f ab + bp - 2f ap + 3b? f 3aP + bP

P b f(xl) dr< [ f([ 20PbP ],,) L@+ f(b)]
pbP —ar) J, 45 207 \La? + bv 2

(@) + f(b)

00 8
Remark 1.7. If p = 1, then p-harmonic convex function reduces to harmonic convex function and if p = —1, then
p-harmonic convex functions become convex functions. For other appropriate and suitable choice of the parameter, one

can obtain different classes of convex functions. This shows that the p-harmonic convex functions are more general
and include harmonic convex functions and convex functions as special cases.
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2. Main results

We need the following result in order to prove our main results.

Lemma 2.1. Let f : I = [a,b] € R\ {0} = R be a differentiable function on the interior I° of . If f’ € L[a, b] and
A €[0,1], then

a-nr([ ])M(ﬂ”’if@) e

el [ e ) (] o

f(Zt—2+A) tp+a:1bp t)bp)u;f/([mpj]%w];)dt].

dx

Proof. Let

i
= =

alb? albP

b= %f o= m)f([m Jar

[t el

+
p 1+ PpP 1
: f =
Zp(anP) tal’ + (1 —t)br tab + (1 — £)br |
| aPbP vy aPbP ;
2p(arbr) ( A)( taP + (1 - t)b”) f ([tap +(1- t)bp] )dt
= L+Db
Now
.\, v
h = 2p(117’bl’) f (@t mv +(1- t)bp) f ([mv +(1- t)bP] )dt

- %f(%)ﬁ 570~ [ Hlmra=w]

Similarly, we can show that

W—a (! aPbP Wy aPbP ;
b= 2p(arb) j: @t =2+ A)(tulﬂ +(1- t)bl’) f ([tm’ +(1- t)bv] )dt

- 20+ 5 Af(ﬁ”?&ﬁ‘fﬁ([%]é)“

Thus

2aPbF ) +A(f(ﬂ)+f(b)) plarbr) f(X)

I=h+h=(- A)f(ubv 2 w—a ), o

which is the required result. [J
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Theorem 2.2. Let I = [a,b] C R\ {0} be p-harmonic convex set and let f : I = [a,b] € R\ {0} = R be a differentiable
function on the interior I° of . If f’ € Lla, b] and |f'|1 is p-harmonic convex function on I, q > 1 and A € [0, 1], then

2aPHP \7 fla)+ f(b)\ p@’v’) (P f(x)
‘(I_A)f(ambv) +A( 2 ) w—ar ), & '
b —a? _1 1
i (6,0, D) ks, DIF @+ k5,0, O
+ (k2(p, b,0) " [ks(p, b, @)l @ + Ka(p, b, )] f’(b)ﬁﬁ], 3)
where
a bp 1+%7
falpa b = f [2¢ - taP +1- t)bl’] d,
1 ppP 1+§
Kz(p,b,ll) = f; |2t—2+ A)[m] dt,
bp 1+%
k3(p,a,b) = f (1-p2t - A| t . +“(1 — t)bp] dt, (4)
1 aPbP 1+;—7
K4(P, b, El) = f; t|2t -2+ A‘[m] dt, (5)
% b 1+%
K5(p/ﬂ, b) = f(; t)Zt - A|[M] dt, (6)
1 i 1+*
Ké(p/ b,ﬂ) = f 1- i’)}2t -2+ /\|[tllp+a——t)bp] dt. (7)

Proof. Using Lemma 2.1 and the power mean inequality, we have

a- A)f([ﬂ]5)+ (L0110 pert) fe o

ab + br 2 bP — a? X+
bl — ab %
2p<avbv>[fo
I\ =]
ta? + (1 — )b
p_ p Ty \1-;
bP —a? f |( a’b ) Idt) q
2p(anP) taP + (1= t)br
alb? el a’b? g
(f |(2t - /\)|(taP +(1- t)bp) f ([taﬁ +(1- t)bP] )
apbp 1+% l—%
f |(2t—2+A)| s t)bp) dt)

f @t -2+ 2) tp+a(’71b” t)bp)lﬁf,([%];)

a

(@t - A’(%)Hp f ([%])

a’b? 1+
ta? + (1 — t)bp)

dt

+

(2t—2+)\)(

dt]

T \q
dt)

+

th)q]
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1-1

b’ — a?f alb? 7

1+5
< 2p(anP) f|(2t taP+(1 t)b”) dt)
f ot () [0 - @ + o)
b 4+ \1-
+ ﬁ|(2t—2+)\)|(m) dt)

f |(2t -2+ )\)| — (1 t)bl’) ‘;[(1 = HIf @ + t|f’(b)|‘7]dt)5]

1
q

o3 100, ) a0 DIF @ -+ s, D O

+ (ap, b, elp b @F + xap bl O],
which is the required result. [J

If g = 1, then Theorem 2.2 reduces to the following result.

Corollary 2.3. . Let I = [a,b] € R\ {0} be p-harmonic convex set and let f : I = [a,b] € R\ {0} = R be a
differentiable function on the interior I° of . If f’ € L[a, b] and |f’| is p-harmonic convex function on I and A € [0,1],
then

)Z +A(f(a) erf(b))_ ;;gaibzz ub j;(fzdx'

- g

< 55 2 D (csp,,6) + o, b, @) + slp, by ) + s, a, D)IF BN,

p+bp

where K3, K4, K5, K¢ are given by (4)-(7).

Theorem 2.4. Let I = [a,b] C R\ {0} be p-harmonic convex set. Let f : I =[a,b] SR\ {0} = R be a dlﬂferentiable
function on the interior I° of . If f’ € Lla,b] and |f'|7 is p-harmonic convex function on I, r,q > 1, 1 F+ g 1 =1and
A €10,1], then

‘(1_ H f(azpaib;)i+ A(f(a);rf(b) ;;gaibzz u j;(fp x'

_ F@0 + (2]
a2
7(| 2aPbP % q ’ 1
— ([M]AJ)L) +|f<b)|q)q]l o
where
Kr(rpia ) = f 2t = (o (1_ t)bp)det, )
xs(r,p;b,a) = f |2t—2+)\|’tp_i_a:bp_t)bp)wdt. (10)
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Proof. Using Lemma 2.1 and the Holder’s integral inequality, we have

‘(1_ )f 2pa+b;] )+A(f(a);rf(b)) 'Zi@ f ’

< 2ol [ e vl I '([%]5)
; f 1

Qt‘“’”(%)w f'([mpf(p% ‘df
sl [ e -vamm=w) 1) (=]
+ (j:l (2t—2+)\)(Lt)bp)Hp

ﬁﬂKfﬂa:%?aﬁwaY]

dt

1+1
b

IA

9 \i
dt)

ta? + (1 —
p_ P pLp r+Eoy g Ppp L7 7 \:
Et Pl [ 0
Zp(anP) taF’ + (1 —1)br p(bP — aP) A
™ ONT. O aPBP b |f/(x)|q t
* f |(2t 2+ A)| ta? + (1 ) dt) (p(bp —aP) [ZnPbP 3 x1+}1, dt) ] (11)

Using the p-harmonic convexity of |f’|7, we obtain the following inequalities from inequality (1.6)

2aPbP (3517 If o1 (x)|q 2a4PH 17 \|7
—_— q ’
p(tP —a?) J, 1t [lf @+ f([af’+bp] ) ]' (12)
and
2000 (0 |f @) (128760
7= gy w1 <25+ ror] @)
aP +bP

A combination of (11)-(13) gives the required inequality (8). I

Theorem 2.5. Let I = [a,b] C R\ {0} be p-harmonic convex set and let f : I = [a,b] € R\ {0} = ]Rbea dlﬁ‘erentiable
function on the interior I° of I. If f* € Lla, b] and |f’|7 is p-harmonic convex functionon I, r,q > 1, + + - =1and
A €[0,1], then

2aPbP \p f@+ fb)\ p@b?) ()
‘(1_A)f(aﬂ+bp) +A( 2 )_bP—aP L X

b — r+1 _ r+1 % 1
0 (0 g o o)

o

1
q

+ (kg p: b0l f @I + 110, p;b,a)lf B)F)'], (14)
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where

g+l
f (1 t) tap+(1 t)bp] ar
aPbP o+
x10(q,p;b,a) = f [ap+(1—t)br’] a
3 arbr a+;
k(g piab) = L‘t[m] an

alb? g+
f (1= taP+(1—t)bF’] dr

Proof. Using Lemma 2.1 and the Holder’s integral inequality, we have

xo(q, p;a,b)

x12(4, p; b, a)

‘(1_ e[ 28 ]é)+ A(f(a)+f(b)) P (1) ‘

ar + bp 2 br —a?
141 1
< 2p(anP) f (2 - tal’ +a(7’1b7’ t)bP) f ([%] )
141 1

* L'Qt‘z”)'($) =a=ow! o
zb;(a_nZ:) f|(2t Ml at ((aera(F’le t)br’)lvf/([%]p)
1 g 1
; (f |(2t—2+A)|’dt)'( dt)”_

= zb:(;ugp) f @t - ) dt ((taP +a(plbp— t)bp)‘“v

+ f |<2f-2+“|rdf)'((mp+ﬂ:—bit>w)q+p f([%])

dt

IA
-

(%)Hﬂf '([%]p)

7 \i
dt)

IN

¥ f;|(2t—2+)\)|rdt)y(($)qp[(l—t)|f’(a)|‘7+t|f’(b)|‘7])q]

Wo—a’ (A (1= A
© 2p(arbp) ( 2(r+1)

+

(Klz(flr p;b,a)lf (@) + x10(q,p; b, ”)|f,(b)|q)%]'

which is the required result. [J

3. Applications
In this section, we obtain some important applications of our main results.

L For A = 0, Theorem 2.4 reduces to the following result.

=

dt)
== )
2b;<;vgp> f 2t - ’C“) ((%)q (A= BIF @F +f W])

) [(ss(a.pia BIF @F + 110,50, B)F OF)°

6581

(15)

(16)

(17)

(18)
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Corollary 3.1. Let I = [a,b] € R\ {0} be p-harmonic convex set. Let f : I =[a,b] SR\ {0} = R be a diﬁerentiable
function on the interior I° of . If f’ € Lla, b] and |f'7 is p-harmonic convex functionon I, r,q > 1, - + 2 =1, then

‘ (2apbp )fz p(abP) f(x) x'

ab + bp P —av J, xltp

1
([ 2aP0P 1P \|19 1
aP +bp U

] ) T (ks(r, p; b,a))%(

WP — aP
< C st pra by

Sl

1
If @7 + (25 +1F o ;]
( —
where 17 (1, p; b, a) and «g(r, p; b, a) are given by (2.7) and (2.8) respectively.
II. For A = 1, Theorem 2.4 reduces to the following result.

Corollary 3.2. Let I = [a,b] € R\ {0} be p-harmonic convex set. Let f : I =[a,b] SR\ {0} = R be a diﬁerentiable
function on the interior I° of . If f’ € Lla, b] and |f'|7 is p-harmonic convex functionon I, r,q > 1, - + 2 =1, then

‘f(u)+f(b) pla’t’) f(X) ‘
2

b —ar J, xi*r

- I @l 2 alk i (e | TN
= (bzpal’b‘;’p)[( (r,pia,b ))(f — 4([ b] ) ) +(K8(r,P;b,a))7( ([ b ] Z| +1f ) ]

where k7(r, p; b, a) and «g(r, p; b, a) are given by (2.7) and (2.8) respectively.
III. For A = , Theorem 2.4 reduces to the following result.

Corollary 3.3. Let I = [a,b] € R\ {0} be p-harmonic convex set. Let f : I =[a,b] SR\ {0} — R be a diﬁferentiable

function on the interior I° of . If f' € L[a,b] and |f'|1 is p-harmonic convex functionon I, r,q > 1,1 Pty 1'=1, then
1 2aP b p(a’b’) f @4
(22 o] -2 [ 16
’ / 2a"b"?ql / Zﬂpb"%q ’ g 1
W - ) L (If@r+ ([M] IRY RN o
< &2t pia v - )+ (st - )]

where k7(r, p; b, a) and xg(r, p; b, a) are given by (2.7) and (2.8) respectively.
IV. For A = 1, Theorem 2.4 reduces to the following result.

Corollary 3.4. Let I = [a,b] € R\ {0} be p-harmonic convex set. Let f : I =[a,b] SR\ {0} — R be a diﬁferentiable
function on the interior I° of . If f* € L[a, b] and |f'|1 is p-harmonic convex functionon I, r,q > 1,1 Pty 1'=1, then

pay) (£ N

tp
w—a . Xt

(|222])] );

Lo+ 2A( 22+ poo] -2

bP — af @17+
= (sz; )[(M(T’P o b))i( 1

where k7(r,p; b, a) and xg(r, p; b, a) are given by (2.7) and (2.8) respectively.

+ (s, pib, )

(ETIRTIERY
) ,

V. For A = 0, Theorem 2.5 reduces to the following result.
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Corollary 3.5. Let I = [a,b] € R\ {0} be p-harmonic convex set. Let f : I =[a,b] SR\ {0} = R be a dzﬁerentiable
function on the interior I° of . If f’ € Lla, b] and |f'7 is p-harmonic convex functionon I, r,q > 1, - + 2 =1, then

ZW % pat’) (70
fap+bf’ b —ar J, x“P

v —a") 1y , )
i, (i) (@ e DIF @F +xnt pia bif O)F)

+ (k0@ p:b, )l @ + x10(, p: b ) F O)F)'],
where k9(q, p;a,b), k1009, p; b,4), k11(q, p; a,b) and x12(q, p; b, a) are given by (2.12)-(2.15).

VI. For A =1, Theorem 2.5 reduces to the following result.

Corollary 3.6. Let I = [a,b] C R\ {0} be p-harmonic convex set. Let f : I = [a,b] € R\ {0} —= R be a differentiable
function on the interior I° of I If ' € L[a, b and |f'|7 is p-harmonic convex functionon I, r,q > 1,1 + }] =1, then

‘f(a)+f(b) plarb?) f(x) ‘

bp—ar J, x1*v

@ -a) (1 Y , )
i 55+ 1)) [(ko(a, P, BYF @ + 0@, pia, BF )

+ (k2@ pb,a)lf @ + 0, p: b o)l OF)],
where x9(q, p; a,b), k10(9, p; b, a), k11(q, p; a, b) and x12(q, p; b, a) are given by (2.12)-(2.15).
VIL For A = 1, Theorem 2.5 reduces to the following result.

Corollary 3.7. Let I = [a,b] € R\ {0} be p-harmonic convex set. Let f : I = [a,b] € R\ {0} — R be a differentiable
function on the interior I° of I If f’ € L[a, b and |f'|7 is p-harmonic convex functionon I,r,q > 1,1 + }] =1, then

e e af( 22+ peo] - 2

B — P p+1 o7 1
(p(apbi)) *(grios) [0 pia DI @0 + cua i 1 OF)

1) [*J0

1
—av J, x'r

1
+ (k@ p:ba)lf @I + k0, p;b,a)lf OI)],
where x9(q, p; a,b), k10(9, p; b, a), k11(q, p; a, b) and k12(q, p; b, a) are given by (2.12)-(2.15).
VIIL For A = 1, Theorem 2.5 reduces to the following result.

Corollary 3.8. Let I = [a,b] € R\ {0} be p-harmonic convex set. Let f : I = [a,b] € R\ {0} —= R be a differentiable
function on the interior I° of I If ' € L[a, b and |f'|7 is p-harmonic convex functionon I, r,q > 1,1 + % =1, then

2aPb?

3@+ 222

- g 1
sy < () [@panir@r s pabiron)

pavr) (*f @4 x’

—a’ J, x1+p

) o) - 2

1
+ (1020 p:b,a)lf @1 + 110, p; b, @) OI)'],
where k9(q, p; a,b), x10(g, p; b, a), k11(q, p; a,b) and x12(q, p; b, a) are given by (2.12)-(2.15).
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Remark 3.9. For appropriate and suitable choice of p and q, one can obtain several new and known results as special
cases for various classes of convex functions and their variant forms. Authors have extended these results for different
classes of p-harmonic convex functions including n-harmonic convex functions and p-beta-harmonic convex functions.
It is expected that the ideas and technique of this paper may be starting point for further research in this dynamic area.
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