Filomat 31:15 (2017), 4889-4896
https://doi.org/10.2298/FIL1715889Z

Published by Faculty of Sciences and Mathematics,
University of Ni8, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

Angles and Quasiconformal Mappings Between Manifolds

Jian-Feng Zhu?

*School of Mathematical Sciences, Huaqiao University, Quanzhou-362021, China

Abstract. In this paper we discuss the distortion of angles under quasiconformal deformation between
manifolds. Moreover, we obtain some useful inequalities.

1. Introduction

First we introduce some basic concepts as follows.

1.1. Dilatations

Let D, D’ be subdomains of R" and f : D — D’ be a differentiable homeomorphism and denote its
Jacobian by J(x, f),x € D. If x € D and J(x, f) # 0, then the derivative of f at x € D is a bijective linear
mapping f’(x) : R" — R" and we denote

s T ) o
Hi(f"(x)) = eI Ho(f'(x)) =

AT AW
i o V0= T

1)

where
Ag(x) := max{|f'(0)h| : |n| = 1} and Af(x) := min{|f"(x)A] : |1] = 1}.

Sometimes instead of A(x) we use notation |f’(x)|, to denote the norm of the matrix A = f’(x). If A7 < --- < A2
(Ai >0,i =1,2,---,n) are eigenvalues of the symmetric matrix AA" where A' is the adjoint of A, then we
have the following well-known formulas

I A=A A =Au As@) = Aa. 2)
k=1

By (1) and (2), we arrive at the following simple inequalities [6, 14.3]

H(f(x)) < min{H(f"(x)), Ho(f'(x))} < H(f"(x))""2. )
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H(f"(x))"* < max{H(f'(x)), Ho(f'(x))} < H(f"(x))""". (4)

The quantities
Ki(f) = sup Hi(f'(x)), Ko(f) = sup Ho(f"(x))

are called the inner and outer dilatation of f, respectively. The maximal dilatation of f is

K(f) = max{Ki(f), Ko(f)}-

1.2. Quasiconformal Mappings Between Open Sets

In the literature, see e.g. [4], we can find various definitions of quasiconformality which are equivalent.
The following analytic definition for quasiconformal mappings is from [6, Theorem 34.6]: a homeomor-
phism f : D — D’ is C-quasiconformal if and only if the following conditions are satisfied: (i) f is ACL; (ii)
f is differentiable a.e.; (iii) As(x)"/C < [J(x, f)l < CAf(x)" for a.e. x € D. By [6, Theorem 34.4], if f satisfies
the conditions (i), (ii) and J(x, f) # 0 a.e., then

Ki(f) = ess sull)a Hi(f'(x)), Ko(f) =ess sull)a Ho(f'(x)).

Hence (iii) can be written as K(f) < C which by (4) is equivalent to
H(f'(x)) <Kforae. xeD. (5)

Here the constant K < C?>/". In this paper we say that a quasiconformal mapping f : D — D’ is K-
quasiconformal if K satisfies (5). For other definition of quasiconformal mappings we refer to [5],[7],[8].

It is important to notice that f is K-quasiconformal if and only if f~! is K-quasiconformal and that the
composition of K; and K, quasiconformal mappings is K;K>-quasiconformal. ( It is well-known that this
also holds for K - quasiconformality in Vdisild’s sense, see [6, Corollary 13.3, Corollary 13.4]).

1.3. Quasiconformal Mappings Between Manifolds

Let M and N be connected separable, orientable n-dimensional (n > 2) differentiable manifolds of class
C! The tangent bundle of M is denoted by TM. The derivative of a differentiable mapping f : M — N
is a fibre mapping Df : TM — TN. If we repeat the approach from the previous subsection to the linear
mapping A(p) = Df(p), we arrive to the notation of K - quasiconformality of f atp € M.

1.4. Angles Between Two Vectors

Let a,b € R" be two vectors and (a|b) denotes the standard inner product of vectors. If 0 is the angle of
these two vectors, then we have

_ alb

0s(0) 1ol

2. The Main Results

It is well-known that smooth conformal mappings preserves the angles between the curves. What is
less-known is that to what extend the angles change under quasiconformal mappings. Two classical papers
by Agard and Ghering [2] and by Agard [1], bring much light on this topic for two and three dimensional
case. The main result of the paper is the following theorem.
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Theorem 2.1. Let f be a K—quasiconformal mapping between two orientable n-dimensional (n > 2) differentiable
manifolds of class C' and let y1 and y, be two smooth curves making the angle s in their intersection point p € M,
where the Jacobian of f does not vanish. Then the angle t between 61 = f(y1) and 62 = f(y2) in q = f(p) satisfies the
following inequality

H + coss
|cost| < ——;
1+ Hcoss

(6)

where H = (K* — 1)/(K* + 1). Moreover if B = Df(p)'Df(p) and t = K(s) is the infinum of all angles between
curves y1 and y, passing throughout p and making the angle s, then there are vectors h and k such that |h| = |k| and
(Bh,h) = (Bk,k) = 1 so that

K;;+ coss
cost = (Bh, k)= —————
1 +Ki2]. Cos s
where
A2 - A2
Kijj= —1,
KV ERYY

and /\Z.z, i=1,...,nareeigenvalues of B.

Remark 2.2. Under the condition of the Theorem 2.1, for two-dimensional planar domains case Agard and Ghering
in [2, Theorem 1], proved that

S
t> 2. 7)

Let us show that (6) implies (7). It is enough to show that for s € [0, 7/2],

H + coss S
>0,

®(s) := arccos T+ Heoss K2

where H = (K* = 1)/(K? + 1). By differentiating ®, we obtain

2K

D'(s) = .
®) 1+K2+(-1+K?)coss

Thus @'(s) > 0, which implies that ®(s) > ®(0) = 0. Further in [1], Agard proved for three-dimensional case the
inequality

s 1 t
_> — —.
tan 22 % tan > (8)

It can be shown that (6) is equivalent with (8), but the proof given in [1] is applied only on the three-dimensional case,
and the present proof is different and hold for an Euclidean space of arbitrary dimension and for manifolds as well.

Proof. Fixp € Mandletqg = f(p) € N. Lety; : [-1,1] = M, i = 1,2, and y,;(0) = p and assume that their angle
is s, then the curves 61, 6, have the intersection point 4 and make the angle ¢ at it. We should prove that

H + coss H + coss

—————— <cost L —.
1+ Hcoss 1+ Hcoss

Let A= Df(p), B=A"A, h =y7(0), k = y5(0). Since TM,, = R" = TN,, we will identify both TM,, and TN, by
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R". Let (a|b) denotes the standard inner product of vectors. Then

. (5,(0)153(0))
5 15, 0) - 165(0)]

_ (DF R, OIDf(R);0)

~ IDf(p)y;0)] - IDf(p)y;0)l

 {(An014750)

~1AY,0)] - 1AY50)]

___ (BHK)

V{BRIy V{BKIK)
Here
W= h
V(BRI
and
,__k
V{BKIK)
We see that
(BW'|IY = <B h h > =1
\{BHRY Bk
and
(BK'|K'Y = <B K K >: 1.
V(BKK) V(BKIK)

Thus we solve the extremal problem
e (Bhlk) — Ext

under the conditions

1. (Bhlh) =1,
2. (Bklk) =1 and
3. (hlk) — coss|h| - |k| = 0.

We consider the set
K ={(h,k) e R" xR": (Bhlh) =1, (Bklk) =1, {hlk) — coss|h|-|k| = 0},
which is compact, because det B # 0. Then there exists (h, ko) € K such that

(Bhglky) = max (Bhlk) .
(hk)eK

Thus it is necessary and sufficient to find the maximum of the function (Bhlk) in K. The Lagrangian is
L = (Bhlk) + p (Bhlh) + v (Bklk) + n(¢hlk) — coss|h]| - |k]).

Then by differentiating £ w.r.t. h and k, we obtain that the stationary points on the intersections of Descartes
product of ellipsoids (Bh|h) = 1, (Bklk) = 1 and the set (h|k) — coss|h| - [k| = O satisfy the equations

Ly = Bk +2uBh + n(k — Cos(s)h% =0, )
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Ly = Bh +2vBk + n(h — cos(s)kll%:) =0 (10)

where (1, v and 1) are some real constants. Then
(Bklh) + 2p (Bhlhy = 0, (Bhlk) +2v(Bklk) =0, (11)

implying that u = v and

(Bhlk)y = —2u .
and
n(<k, k) — cos(s) ¢k, h) %) = n((h, hi) — cos(s) ¢k, h) %).
The last implies that
n (|k|2 — |h* — cos(s) (k, h) kP - |h|2) -
' Ikl - h|

Thus
(kI = 1) sin®(s) = 0.

This implies that |k| = |k|, or s = 0 or = 0. Since the cases s = 0 and 1 = 0 are trivial we consider only the
case |h| = |k|. Let
2 1
(1)

Then the system (9) and (10) can be written as

hy\ ncos(s)% -n ( h )
or
h h
f2)-alt)
where "
_ 1 | Meos(s) -1
Q=F [ -n  ncos(s)fd ]

So we need to consider the matrix Q and determine its eigenvectors and eigenvalues. First we have that

2u 1 k|
1 o4 cos(s) 1 -
Q=(4y11 12%1 ][77 ] n ) ]

- ]
42 L1 1 17 cos(s) g

i.e.

In|(-1+4u2) h—4lh|u?
N@2lhlu+lk cos(s))  n(lhl+2lkly cos(s))
=42 nl(-1+4p2)

n(hl+2klu cos(s))  n(2lhlu+lk| cos(s))
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Then

n? (<Ih? + kP cos®s) 25| + 2Jky cos s)A

B 7 R TR T

In view of the fact that || = [k| we have

det(Q — Al) =
if and only if
_ (=1 + cos(s)) _ (1 +cos(s))
ST 1r2n YT T Ao

Thus in view of (13) we have

NELHCosE) _ jo g MAFCOSE) o
1+2u ! —1+2u !

where A and /\]2. are eigenvalues of the positive operator B.

Then ) ) ) )
AS = )\j + A% cos(s) + /\j cos(s)

2(A7 + /\jz. + A? cos(s) — )\? cos(s))

H=-

and .
(27 /\j)

A+ /\]2 + AZ cos(s) — /\? cos(s)

n=-
Inserting u in (12), we obtain that

A2 - /\? + A2 cos(s) + /\]2. cos(s)

1

Bhlk) = .
(Bl (A2 + /\? + A? cos(s) — )\]2 cos(s))
So
(BIHK = + cos(s)
1+ K, 3 cos(s)’
where
A2
1-3
Kl,] = /\2 .
1+

This finishes the proof 0O

Now we infer the following.

Theorem 2.3. Let0 < Ay <--- < A,anda;, b;,i=1,...,n be real numbers such that

Zn: aib; = cos(s) 4 Zn: aZ | Zn: b2,
p) p) p)

H (s)
ZAab’_ 1+-;{C:§sis)¢ZAa JZA})

Then

where H = (A, — A1)/(A, + A1)

4894

2

(14)

(15)
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Proof. Let B = (b; ;) be anxn diagonal matrix satisfies b;; = A;fori =1,2,--- ,n,where0 < A; < A, <--- < A,
are given by Theorem 2.3, and b;; = 0 for every i # j. Leta = (a1,a2,--- ,a,) and b = (by, by, -+, b,) be two

vectors in R". If we set 4

(Bala

h=

:

and

b
(B

then we have
(Bhlh) = 1 = (Bk|k).

Since

(Balb) = ) Aiaib,
i=1

we see that it is enough to find the maximum of (Ba|b). According to the proof of Theorem 2.1 we see that

B = K + cos(s)
max (Bhlk) = 1+ K;,; cos(s)
where cos(s) = % ,
A
1-24
/\z
Kij= v
1+ o

and A;, A; are eigenvalues of the matrix B (c. f (15) here we use A; > 0 instead of )\2)
It is easy to see that the function ¢1(t) := {3 is a decreasing function for t > 0. Therefore we have

1-4
/\ﬂ
Kj,]' < = H.
1+ A"
The function ¢,(t) := %;S:) is an increasing function of ¢ > 0. Hence we have

H + cos(s)
(Bhlko) < 1+ Hecos(s)

By the assumption we know that
(Balby = (Bhlk) - (Bala) - (Bb|b).

This shows that

H + cos(s)

(Balb) < 1 + H cos(s)

(Bala) - (BD|b)

which implies that

H + cos(s) )
3 b 1+HCOS(S)¢ZM JZM)
The proof is completed. O

Corollary 2.4. Let 0 < Ay < --- < A, and a; and b; be real numbers such that

n

Z aibi =0.

i=1
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Then

n K _ 1 n n
Z Aia;b; < m Z A,‘ﬂiz Z /\,‘b?,
i=1 i=1 i=1
where K = A,/ Aq.

Proof. This is a special case of Theorem 2.3 with cos(s) =0. O

Remark 2.5. Let us explore the equality statement of Corollary 2.4 for the case n = 2. Assume that a = (a1,a,) and
b= (1,b2). Let ay = by = &, a1 = t, Ay < Ay. Then the equality of the above Corollary 2.4 shows that

A
Ay
Az

-1
A1a1b1 + /\2112172 = 1 \//\ﬂl% + Azd% \/Alb% + /\zbg

A

2
Using Y a;b; = 0, we have
i=1

4
Eha+ M) = \/ (At + AZEZ)(Alf—Z +A282).
Take squared from the both side and Simply the equality we obtain
MAREH =204 128 + A1 A2E° = 0,

which implies that (t* — &%) = 0. Therefore t = +&.
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