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ϕ-Contractibility of Some Classes of Banach Function Algebras
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Abstract. In this paper, we study ϕ-contractibility of natural Banach function algebras on a compact
Hausdorff space. As a consequence, we characterize ϕ-contractibility of the Lipschitz algebra Lip(X, dα),
for a compact metric space (X, d). We also characterize ϕ-contractibility of certain subalgebras of Lipschitz
functions including rational Lipschitz algebras, analytic Lipschitz algebras and differentiable Lipschitz
algebras.

1. Introduction and Preliminaries

As a generalization of the left amenability of Lau algebras, Kaniuth, Lau and Pym introduced and studied
the notion of ϕ-amenability for Banach algebras in [13] and [14], where ϕ : A −→ C is a character, i.e., a
non-zero homomorphism of A. Independently, Sangani Monfared introduced and studied the notion of
character amenability for Banach algebras in [18]. We say that the Banach algebra A is left (right) ϕ-amenable
if for all Banach A-bimodules E for which the left (right) module action is given by

a · x = ϕ(a)x, (x · a = ϕ(a)x) (a ∈ A, x ∈ E),

every derivation D : A −→ E′ is inner. Let ∆(A) denote the set of all characters on A. We say that A is
left (right) character amenable if A is left (right) ϕ-amenable for all ϕ ∈ ∆(A) ∪ {0}. In [11, Theorem 2.3], the
authors characterized ϕ-amenability of Banach algebras in terms of the existence of bounded approximate
ϕ-diagonals and ϕ-virtual diagonals. According to this characterization, the authors in [11] defined the
notions of ϕ-contractibility and character contractibility of Banach algebras. A Banach algebra A is called
right ϕ-contractible if there exists m ∈ A⊗̂A such that

a ·m = ϕ(a)m and ϕ(π(m)) = 1 (a ∈ A),

where π : A⊗̂A −→ A is the diagonal operator defined by π(a ⊗ b) = ab. Left ϕ-contractibility and character
contractibility of Banach algebras can be defined in a similar way. These notions have been studied for some
classes of Banach algebras. For example, Alaghmandan et al. studied character contractibility of abstract
Segal algebras [2]. See, also [3] and [19] for other types of character amenability.
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For a topological space X, let C(X) denote the algebra of all complex-valued continuous functions on
X. A function algebra on a compact Hausdorff space X is a subalgebra of C(X) which separates the points
of X and contains the constant functions. A Banach function algebra on X is a function algebra on X which
is complete under an algebra norm (see [4], [5] and [15]). If the norm of a Banach function algebra is the
uniform norm on X, that is

‖ f ‖X = sup
x∈X

∣∣∣ f (x)
∣∣∣ ,

then it is called a uniform algebra.
A function algebra A on a compact Hausdorff space X is said to be natural, if every character ϕ on A

is an evaluation homomorphism at some point of X [5, 4.1.3], i.e. there exists a point x0 ∈ X such that
ϕ( f ) = δx0 ( f ) = f (x0) for every f ∈ A. In the case where A is a Banach function algebra on a compact
Hausdorff space X, A is natural if the character space of A is the weak∗ homeomorphic image of X under the
mapping x 7→ δx.

Let (X, d) be a compact metric space and 0 < α ≤ 1. The Lipschitz algebra of order α, denoted by Lip(X, dα),
is the algebra of all complex-valued functions f on X for which

pα( f ) = sup
{
| f (x) − f (y)|

d(x, y)α
: x, y ∈ X and x , y

}
< ∞.

For each 0 < α < 1, the subalgebra of those functions f ∈ Lip(X, dα) for which

lim
d(x,y)→0

| f (x) − f (y)|
dα(x, y)

= 0,

is called little Lipschitz algebra of order α, denoted by `ip(X, dα). These Lipschitz algebras were studied by
Sherbert [20]. The algebras Lip(X, dα) for 0 < α ≤ 1 and `ip(X, dα) for 0 < α < 1 are natural Banach function
algebras on X if equipped with the norm

‖ f ‖α = ‖ f ‖X + pα( f ),

where
‖ f ‖X = sup

x∈X
| f (x)|.

In the rest of this paper, when using the notation of (big) Lipschitz algebras Lip(X, dα) we assume that
0 < α ≤ 1, and when using the notation of (little) Lipschitz algebras `ip(X, dα) we assume that 0 < α < 1.
Also, when X is a compact plane set we simply write Lip(X, α) and `ip(X, α) instead of Lip(X, | · |α) and
`ip(X, | · |α), respectively.

For a compact metric space (X, d), ϕ-amenability of the Lipschitz algebras Lip(X, dα) and `ip(X, dα) have
been studied by Kaniuth et al. in [14, Example 5.3], (see also [8, Theorem 2.4]). Recently, Dashti et al. in
[7] characterized ϕ-amenability of Lip(X, dα), where (X, d) is a locally compact metric space. Furthermore,
the authors in [11] characterized character amenability of natural unital uniform algebras. This paper is
organized as follows. In section 2, we first consider ϕ-contractibility of commutative semisimple Banach
algebras. Then, we investigate ϕ-contractibility and character contractibility of natural Banach function
algebras on a compact Hausdorff space. As a consequence, we characterize ϕ-contractibility of Lip(X, dα),
for a compact metric space. In section 3, we apply these results for characterization of ϕ-contractibility
for large classes of Banach function algebras such as analytic Lipschitz algebras on a compact plane space.
Moreover, we prove that for the differentiable Lipschitz algebras Lipn(X, α), `ipn(X, α), or Lipn

R(X, α) on a
perfect compact plane set X, the notions of ϕ-amenability and ϕ-contractibility are equivalent.

2. Main Results

In this section, we first consider ϕ-contractibility of commutative Banach algebras. Indeed, we char-
acterize ϕ-contractibility of semisimple commutative Banach algebras in terms of topological structure of
(∆(A),wk∗). Then, we apply our results for certain natural Banach function algebras.
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Theorem 2.1. Let A be a commutative Banach algebra and ϕ ∈ ∆(A).

(i) If A is ϕ-contractible, then {ϕ} is open in (∆(A),wk∗).

(ii) If A is semisimple and {ϕ} is open in (∆(A),wk∗), then A is ϕ-contractible.

Proof. (i) Let A be ϕ-contractible. By [19, Proposition 4.1], there exists m ∈ A such that ϕ(m) = 1 and
am = ϕ(a)m for all a ∈ A. Consequently, âm̂ = ϕ(a)m̂ and therefore

ψ(a)ψ(m) = ϕ(a)ψ(m), (1)

for all ψ ∈ ∆(A) and a ∈ A. Equation (1) implies that for each ψ ∈ ∆(A) and a ∈ A, if ψ(m) , 0 then
ψ(a) = ϕ(a). Therefore, by letting

K =
{
ψ ∈ ∆(A) : ψ(m) , 0

}
,

we have

â|K = ϕ(a), for all a ∈ A. (2)

Note that ϕ ∈ K, since ϕ(m) = 1. Also, if ψ ∈ K then (2) implies that

ψ(a) = â(ψ) = ϕ(a) (a ∈ A).

Consequently, K =
{
ϕ
}

and therefore m̂ = χ{ϕ}. Since m̂ ∈ C(∆(A),wk∗), we conclude that {ϕ} is open in
(∆(A),wk∗),

(ii) Let A be semisimple and {ϕ} be open in (∆(A),wk∗). Then, by Šilov’s idempotent theorem, there
exists a unique element m ∈ A such that

ϕ(m) = 1 and ψ(m) = 0, (ψ ∈ ∆(A) \ {ϕ}).

Therefore, for each a ∈ A and ψ ∈ ∆(A) \ {ϕ} we have ψ(am) = 0 = ψ(ϕ(a)m). Also, ϕ(am) = ϕ(ϕ(a)m) for
each a ∈ A. Hence, by semisimplicity of A, we conclude that am = ϕ(a)m for each a ∈ A and this completes
the proof.

Let A be a commutative semisimple Banach algebra and ϕ ∈ ∆(A). By Theorem 2.1, ϕ-contractibility of
A is equivalent to {ϕ} being open (isolated) in (∆(A),wk∗). On the other hand, by [14, Remark 5.1], if A is
ϕ-amenable then {ϕ} is open in (∆(A),wk). This arises the natural question that if ϕ-amenability of A is
equivalent to {ϕ} being open (isolated) in (∆(A),wk)?

The following example gives a negative answer to the above question.

Example 2.2. Let S =N ∪ {0} and define the semigroup operation on S by

m ∗ n =

{
m if m = n
0 if m , n (m,n ∈N ∪ {0}).

Considering the semigroup algebra A = `1(S) with convolution product, it is easy to see that ∆(A) = {ϕt : t ∈
N} ∪ {ϕS}, where for each t ∈N, ϕS(δm) = 1 and

ϕt(δm) =

{
1 if m = t
0 if m , t (m ∈N ∪ {0}).

Moreover, A], the unitization of A, is a semisimple commutative Banach algebra and ∆(A]) = ∆(A) ∪ {ϕ∞}, where

ϕ∞(δm) = 0 and ϕ∞(eA] ) = 1, (m ∈N ∪ {0}).

Since A = kerϕ∞ has no bounded approximate identity, by [13, Priposition 2.2] it follows that the semigroup algebra
A] is notϕ∞-amenable. It suffices to show thatϕ∞ is isolated in (∆(A]),wk). To do this, assume towards a contradiction
that (ϕα) is a net in ∆(A) such that wk − limϕα = ϕ∞. Therefore, it follows that ϕ∞(eA] ) = limφα(eA] ) = 0 which is
a contradiction.
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As a consequence of Theorem 2.1, we characterize ϕ-contractibility of a natural Banach function algebra on
a compact Hausdorff space.

Theorem 2.3. Let (X, τ) be a compact Hausdorff space and A be a natural Banach function algebra on X. Then, A is
ϕx-contractible if and only if {x} is an isolated point of (X, τ).

Proof. Since A is a natural Banach function algebra on (X, τ), the map x↔ ϕx is a homeomorphism between
spaces (X, τ) and (∆(A),wk∗). Hence, the result follows immediately from Theorem 2.1.

Corollary 2.4. Let A be a natural Banach function algebra on compact Hausdorff space X. Then, A is character
contractible if and only if X is finite.

For a compact plane set X, R(X) denotes the uniform closure of R0(X) where R0(X) is the set of all rational
functions on X with poles off X. Also, for a compact plane set X with nonempty interior, A(X) denotes the
uniform algebra of all functions in C(X) which are analytic in the interior of X.

In the rest of this paper, when using the notations R(X) or A(X), the underlying set X is assumed to satisfy
the above mentioned descriptions. Also, the notation C(X) is used when X is a compact and Hausdorff
space.

Applying Theorem 2.3 and Corollary 2.4 for the natural uniform algebras C(X), R(X) and A(X), we get
the following result.

Theorem 2.5. Let A be any of the uniform algebras C(X), R(X) or A(X). Then,

(i) A is ϕx-contractible if and only if {x} is an isolated point of X.

(ii) A is character contractible if and only if X is finite.

In the next theorem, we investigateϕ-contractibility of certain natural Banach function algebras of Lipschitz
functions. Before stating the next theorem, we recall that in general for the norms ‖ · ‖1 and ‖ · ‖2, the notation
‖ · ‖1 . ‖ · ‖2 means that ‖ · ‖1 ≤ c‖ · ‖2 for some positive constant c.

Theorem 2.6. Let (X, d) be a compact metric space and (A, ‖ · ‖A) be a natural Banach function algebra contained in
Lip(X, dα) with ‖ · ‖Lip(X,dα) . ‖ · ‖A. Then, the following are equivalent:

(i) A is ϕx-amenable

(ii) A is ϕx-contractible

(iii) {x} is an isolated point of (X, d)

Proof. First we show that for the algebra (A, ‖ ·‖A), weak topology and weak* topology coincide on X = ∆(A)
(see also [17, Theorem 2.2]). Note that since the algebra A is natural, we have τd = τwk∗ . On the other hand,
since

τwk∗ ⊆ τwk ⊆ τ‖·‖,

it is enough to show that norm topology on ∆(A) is weaker than weak* topology on X = ∆(A). To see this,
note that for each x, y ∈ X and f ∈ A we have

|ϕx( f ) − ϕy( f )| =| f (x) − f (y)|
≤pα( f )dα(x, y)
≤‖ f ‖Lip(X,dα)dα(x, y)
.‖ f ‖Adα(x, y).

Consequently, for each x, y ∈ X we have

‖ϕx − ϕy‖ . dα(x, y), (3)

which implies the desired result. Now, let A be ϕx-amenable for some x ∈ X. Then, by [14, Remark 5.1], {ϕx}

is open in (∆(A),wk) and hence in (∆(A),wk∗). Therefore, Theorem 2.1 implies that A is ϕx-contractible and
hence (i) and (ii) are equivalent. On the other hand, since the algebra A is natural (ii) and (iii) are equivalent,
by Theorem 2.1.
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Corollary 2.7. Let (X, d) be a compact metric space and (A, ‖ · ‖A) be a natural Banach function algebra contained in
Lip(X, dα) with ‖ · ‖Lip(X,dα) . ‖ · ‖A. Then, the following are equivalent:

(i) A is character amenable

(ii) A is character contractible

(iii) X is finite

Remark 2.8.

(i) Clearly, one can apply Theorem 2.6 and Corollary 2.7 for the algebras Lip(X, dα) and `ip(X, dα) when (X, d) is
a compact metric space. In the next section, we give more examples of well known Banach function algebras A
satisfying hypothesis of Theorem 2.6 and Corollary 2.7.

(ii) In Theorem 2.6 and Corollary 2.7, when (X, d) is not a compact metric space, the Banach function algebra A
fails to be natural. But, in this case the character space of the algebra A contains the evaluation homomorphisms
ϕx for all x ∈ X. Therefore, (3) implies that if ϕx is an isolated point in (∆(A),wk∗), then {x} is an isolated point
in the metric space (X, d). This, along with Theorem 2.1(i), implies that if A is ϕx-contractible, then {x} is an
isolated point in (X, d). Consequently, if A is character contractible, then (X, d) has no limit point.

3. Some Examples

It is known that for a compact plane set X and 0 < α < 1

R0(X) ⊆ Lip(X, 1) ⊆ `ip(X, α) ⊆ Lip(X, α).

For each compact plane set X and 0 < α ≤ 1, the rational Lipschitz algebra of order α, is defined by

LipR(X, α) = R0(X)
‖·‖α
.

Note that for each 0 < α < 1
LipR(X, α) = `ipR(X, α) = R0(X)

‖·‖α
.

It is known that LipR(X, α) is a natural Banach function algebra, for each 0 < α ≤ 1 [10].
For a compact plane set X with nonempty interior and 0 < α ≤ 1 the analytic Lipschitz algebra of order α,

is defined by
LipA(X, α) = A(X) ∩ Lip(X, α).

Similarly, for each 0 < α < 1 the little analytic Lipschitz algebra of order α, is defined by

`ipA(X, α) = A(X) ∩ `ip(X, α).

It is known that analytic Lipschitz algebras LipA(X, α) and `ipA(X, α) are natural Banach function algebras
[12], and moreover

LipR(X, α) ⊆ `ipA(X, α) ⊆ LipA(X, α) ⊆ Lip(X, α).

In the next theorem, for the Lipschitz algebras LipR(X, α), LipA(X, α) and `ipA(X, α), the underlying set X
is assumed to be a compact plane set which has nonempty interior in the case of LipA(X, α) and `ipA(X, α).

Theorem 3.1. Let A be any of the Lipschitz algebras LipR(X, α), LipA(X, α), or `ipA(X, α). Then, the following are
equivalent:

(i) A is ϕx-amenable,

(ii) A is ϕx-contractible,
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(iii) {x} is an isolated point of X.

Proof. Since norm of the algebra A is equal to the Lipschitz norm, the proof follows immediately from
Theorem 2.6.

A complex-valued function f on a perfect plane set X is called differentiable on X if at each point z0 ∈ X the
following limit exists

f ′(z0) = lim
z→z0

z∈X

f (z) − f (z0)
z − z0

.

For a perfect compact plane set X and n ∈N, the algebra of n-times continuously differentiable functions on X
is denoted by Dn(X). These algebras were originally studied by Dales and Davie in [6]. The algebra Dn(X)
with the norm

‖ f ‖n =

n∑
k=0

‖ f (k)
‖X

k!
,

is a normed function algebra on X.
Similarly, for a perfect compact plane set X, 0 < α ≤ 1 and n ∈ N, the algebra of all complex-valued

functions f on X whose derivatives up to order n exist and f (k)
∈ Lip(X, α) for each k (0 ≤ k ≤ n), is denoted

by Lipn(X, α). Also, for each 0 < α < 1, the algebra `ipn(X, α) is defined, which is a closed subalgebra of
Lipn(X, α). These differentiable Lipschitz algebras were first studied in [9]. The algebras Lipn(X, α) and `ipn(X, α)
equipped with the norm

‖ f ‖n,α =

n∑
k=0

‖ f (k)
‖α

k!
=

n∑
k=0

‖ f (k)
‖X + pα( f (k))

k!
,

are normed function algebras on X which are not necessarily complete. It is known that completeness of
D1(X) implies completeness of all the algebras Dn(X), Lipn(X, α) and `ipn(X, α) [16]. In order to give sufficient
conditions for the completeness and naturality of these algebras, we next recall the definition of regularity
of a compact plane set X.

Definition 3.2. Let X be a compact plane set which is connected by rectifiable arcs. Let δ(z,w) be the geodesic metric
on X, the infimum of lengths of arcs joining z and w.

(i) X is pointwise regular if for each z ∈ X there exists a constant cz > 0 such that for every w ∈ X, δ(z,w) ≤ cz|z−w|.

(ii) X is uniformly regular if there exists a constant c > 0 such that for every z,w ∈ X, δ(z,w) ≤ c|z − w|.

Note that every convex compact plane set is obviously uniformly regular. There are also non-convex
uniformly regular sets like the Swiss cheese set. Dales and Davie in [6] proved that if X is a finite union of
uniformly regular sets, then D1(X) is complete. The proof given in [6] is also valid when X is a finite union
of pointwise regular sets [9]. It is known that if X is a uniformly regular plane set, then D1(X) is a proper
(closed) subalgebra of Lip(X, 1) and norms of D1(X) and Lip(X, 1) are equivalent on D1(X). For any such X
we therefore have

Dn+1(X) ⊆ Lipn(X, 1) ⊆ `ipn(X, α) ⊆ Lipn(X, α) ⊆ Dn(X).

Also, norms of Dn+1(X) and Lipn(X, 1) are equivalent on Dn+1(X) [16].
As proved in [9], the algebras Lipn(X, α) and `ipn(X, α) are natural, when X is uniformly regular. However,

by applying the same method used by Jarosz in [12], one can show that the algebras Lipn(X, α) and `ipn(X, α)
are natural for every perfect compact plane set X.

In the next theorem, the underlying set X is assumed to be a perfect compact plane set such that Lipn(X, α)
is a Banach algebra.

Theorem 3.3. Let A be any of the differentiable Lipschitz algebras Lipn(X, α), `ipn(X, α), or Lipn
R(X, α). Then, the

following statements are equivalent:

(i) A is ϕx-amenable,
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(ii) A is ϕx-contractible,

(iii) {x} is an isolated point of X,

and therefore, since X is assumed to be perfect, none of these statements hold true.

Proof. Obviously, ‖ · ‖Lip(X,α) ≤ ‖ · ‖A. Therefore, the proof follows immediately from Theorem 2.6.

Remark 3.4. Let A be any of the algebras in Theorem 3.1 or Theorem 3.3. Then, by Corollary 2.7, character
amenability of A, character contractibility of A, and finiteness of X are equivalent.

Remark 3.5. Let X be a uniformly regular perfect compact plane set. Similar to the case of Lipn
R(X, α), the natural

subalgebra Dn
R(X) of Dn(X) is defined (see, [1] and [6]). The algebras Dn

R(X) and Dn(X) satisfy conditions of Theorem
2.6 and Corollary 2.7. Therefore, the results of Theorem 3.3 and Remark 3.4 are also valid for these algebras.
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