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Ideal Convergence of Nets of Functions
with Values in Uniform Spaces
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Abstract. We consider the pointwise, uniform, quasi-uniform, and the almost uniform 7-convergence for
a net (fs)aep of functions from a topological space X into a uniform space (Y, U), where 7 is an ideal on D.
The purpose of the present paper is to provide ideal versions of some classical results and to extend these
to nets of functions with values in uniform spaces. In particular, we define the notion of 7-equicontinuous
family of functions on which pointwise and uniform 7-convergence coincide on compact sets. Generalizing
the theorem of Arzela, we give a necessary and sufficient condition for a net of continuous functions from
a compact space into a uniform space to 7-converge pointwise to a continuous function.

Introduction

In recent years, a lot of papers have been written on statistical convergence and ideal convergence in
metric and topological spaces (see, for instance, [14, 15, 17-20, 22, 23]). Recently, several researchers have
been working on sequences of real functions and of functions between metric spaces by using the idea of
statistical and J-convergence (see, for instance, [2, 3, 6-9]).

On the other hand, classical results about sequences and nets of functions have been extended from
metric to uniform spaces (see, for example, [5, 16, 21]).

In this paper, we investigate the pointwise, uniform, quasi-uniform, and the almost uniform 7-
convergence for a net (f;)sep of functions in a topological space X with values in a uniform space Y,
where 7 is an ideal on D. Particularly, the continuity of the limit of the net (f;)4ep is studied. Since each
metric space is a uniform space, the results of the paper remain valid in the case that Y is a metric space.

The rest of this paper is organized as follows. Section 1 contains preliminaries. In Section 2 we
introduce the pointwise, uniform and quasi-uniform J/-convergence for nets of functions with values in
uniform spaces. In Section 3 we present a modification of the classical result which states that equicontinuity
on a compact metric space turns pointwise to uniform convergence. In Section 4 we extend the classical
result of Arzela [1] to the quasi-uniform J-convergence of nets of functions with values in uniform spaces.
Finally, the concept of almost uniform 7-convergence of a net of functions with values in a uniform space
is investigated in Sections 5 and 6.
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1. Preliminaries and General Notations
First, we recall some of the basic concepts related to the uniform spaces and nets of functions. We refer
to [16] for more details.
A uniformity on a set Y is a collection U of subsets of Y X Y satisfying the following properties:
(Uy) Ac U, forevery Ue U, where A ={(y,y):y Y}
(Up) 1f U € U, then U™ € U, where U™! = {(y1,12) : (y2, 1) € U}
(Us) fUeUand U CV Y XY, thenV e U.
(Uy) IfU, Uy e U, thenU;NU, € U.
(Us) For every U € U there exists V € U such that V o V C U, where
VoV ={(y1,y2) : there exists y € Y such that (y1,y) € Vand (y, y2) € V}.

A uniform space is a pair (Y, U) consisting of a set Y and a uniformity U on the set Y. The elements of U
are called entourages. An entourage V is called symmetric if V-! = V. For every U € U and yo € Y we use
the following notation:

Ulyol ={y € Y : (o, y) € U}.

For every uniform space (Y, U) the uniform topology t¢s on Y is the family consisting of the empty set
and all subsets O of Y such that for each y € O there is U € U with U[y] € O.

If (Y, p) is a metric space, then the collection U, of all U C Y X Y for which there is ¢ > 0 such that
{(y1,v2) : p(y1, ¥2) < €} € U is a uniformity on Y which generates a uniform space with the same topology
as the metric topology induced by p. For the special case in which Y = [0, 1] and p(y1, ¥2) = [y1 — 2|, then
we call U, the usual uniformity for [0, 1].

A mapping f from a topological space X into a uniform space (Y, U) is called continuous at x if for
each U € U there exists an open neighbourhood O,, of xy such that f(O,,) C U[f(x0)] or equivalently
(f(x0), f(x)) € U, for every x € Oy,. The mapping f is called continuous if it is continuous at every point of X.

Let D be a nonempty set. A family I of subsets of D is called an ideal on D if I has the following
properties:

(1) per.

2) fAefand BC A,thenB e 1.

(3) IfA,Be,thenAUBeT.

Anideal 7 on D is said to be non-trivial if I # {0} and D ¢ 7. The ideal 7 is called admissible if it contains
all finite subsets of D.

A partially preordered set D is called directed if every two elements of D have an upper bound in D. Let
(D, <) be a directed set. We consider the family

{AcD:Ac{deD:d#d) for somed, € D}.

This family is an ideal on D which will be denoted by Z'p.

A net in the set Y of all functions f : X — Y is an arbitrary function s from a nonempty directed set D
to YX. If s(d) = fa, for all d € D, then the net s will be denoted by the symbol (f;)4ep.

If (fs)aep is a net in YX, then a net (g1)1ea in YX is said to be a semi-subnet of (f;)sep if there exists a
function ¢ : A — D such that gy = f,), for every A € A. We write (g;\);f < to indicate the fact that ¢ is the
function mentioned above.

Suppose that (g;\)(je 18 a semi-subnet of the net (f)sep. For every ideal I of the directed set D, we
consider the family {A C A : ¢(A) € I}. This family is an ideal on A which will be denoted by 7 ().

Now, we recall some basic types of convergence of sequences and nets of functions from a set into a
metric space.
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Definition 1.1. ([3]) Let (f,).en be a sequence of functions from a nonempty set X into a metric space (Y, p),
and let 7 be an ideal on D.

(1) (fu)nen is said to J-pointwise converge to f on X if for every x € X and for every ¢ > 0 there exists A € T
such that for every n ¢ A we have p(f(x), f,(x)) < e.

(2) (fu)nen is said to L-uniform converge to f on X if for every € > 0 there exists A € 1 such that for every
x € X and for every n ¢ A we have p(f(x), fu(x)) < e.

Definition 1.2. ([1]; see also [4]) A net (f;)4ep of functions from a nonempty set X into a metric space (Y, p)
is said to converge quasi uniformly to f on X if it converges pointwise to f, and for every ¢ > 0 and for every
dy € D, there exists a finite number of indices dy,...,dr = dy such that for each x € X at least one of the
following inequalities holds:

p(f(x), fa(x) <e, i=1,...,k

Definition 1.3. ([12]; see also [10]) A net (fi)sep of functions from a nonempty set X into a metric space
(Y, p) is said to converge almost uniformly to f on X if for every x € X, for every ¢ > 0, and for every d € D,
there exist d; > d and an open neighbourhood O, of x such that for every t € O, we have p(f(f), f4,(t)) < €.

Finally, we give some definitions that will be used in the last section of the paper. For more details we
refer the reader to [11, 24].

A topological space X is called completely reqular if X is a T1-space and for every closed subset F of X and
for every point x € X \ F there exists a continuous function f : X — [0, 1] such that f(x) = 0 and f(F) = {1}.

A topological space X (not necessarily Hausdorff) is called locally compact if for each x € X there exist an
open neighbourhood U of x and a compact subset C of X such that U € C.

A topological space X (not necessarily completely regular) is called pseudocompact if every continuous
real-valued function on X is bounded. A completely regular space X is pseudocompact if and only if every
locally finite collection of nonempty open subsets of X is finite.

2. Basic Concepts

In this section we consider the pointwise, uniform and quasi-uniform 7 -convergence for nets of functions
with values in uniform spaces. In what follows we consider a net (f;)4ep of functions from a topological
space X into a uniform space (Y, U), and an ideal 7 on D.

Definition 2.1. The net (f;)4ep is said to Z-converge pointwise to f on X if for every x € X and for every U € U

there exists A € 1 such that for every d ¢ A we have (f(x), fs(x)) € U. In this case we write (f;)4eD 4 f. We
shall say that the net (f;)sep Z-converges pointwise on X if there is a function to which the net 7-converges
pointwise.

TA(p)
¢ ¢ f

Proposition 2.2. If (fi)aeD ER f, then for every semi-subnet (g,);_, of (fa)sep we have (9,)_, —

Proof. Let (fi)deD ER f, (gA)feA be a semi-subnet of (f;)4ep, ¥ € X, and U € U. There is A € I such that for

every d ¢ A we have (f(x), fi(x)) € U. We set
Apx={AeA:p(A) € A}

Since p(Ap) € A and A € 7, we have ¢(A)) € 1 and, hence, Ay € T(@). If A ¢ Ap, then p(A) ¢ A and,
Ia(p)
therefore, (f(x), gA(x)) = (f(x), fo)(x)) € U. Thus, (g2)¢_, = f. O

Definition 2.3. The net (f;)4ep is said to 1 -converge uniformly to f on X if for every U € U there exists A € 1

such that for every x € X and for every d ¢ A we have (f(x), f1(x)) € U. In this case we write (f1)4eD L, f.
We shall say that the net (f;)4ep Z-converges uniformly on X if there is a function to which the net 7-converges
uniformly.
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-u . IA(p)-u
Proposition 2.4. If (f;)iep LAY f, then for every semi-subnet (9,)_, of (fa)aep we have (91)5. @ f.

Proof. Similar to the proof of Proposition 2.2. [

Lemma 2.5. Let (Y, U) be a uniform space and U € U. Then there exists a symmetric entourage V € U such that
VoVoVCuU

Proof. By property (Us) of the uniformity U, there exists V' € U such that V' o V’ C U. In the same manner
we find V" € U such that V" o V” C V’. Hence, (V"' o V") o (V" o V") C U and, therefore,

Vl/ 1) VI/ o V/l g (VI/ o V/l) o (VI/ o V/I) g U

in view of property (U;) of the uniformity U. We set V = VN (V”)71. Then, V is a symmetric entourage
suchthat VoVoV CcU. O

Proposition 2.6. If (f1)4ep I, f, the functions f;, d € D are continuous, and the ideal I is non-trivial, then the
function f is continuous.

Proof. Suppose that (f4)4ep LAY and let xg € X. We prove that f is continuous at xg. Let U € Y. By Lemma
ppP p y

2.5 there exists a symmetric entourage V € U such that Vo VoV C U. Since (fs)seD LA f, there exists
A € I (because I is non-trivial, A # D) such that for every x € X and d ¢ A we have (f(x), fi(x)) € V. Let
do ¢ A. Then,

(f(x0), fa,(x0)) € V- 2.1

Since f3, is continuous at x, there exists an open neighbourhood Oy, of x; such that (f;,(xo), f4,(x)) € V, for
every x € Oy,. Let x € Oy,. Then,

(fa,(x0), fa,(x)) € V (2.2)

and

(f(x), fa,(x)) € V. (2.3)

Therefore, using successively the relations (2.1), (2.2), and (2.3), we have (f(xo), f(x)) € Vo V o V and the
continuity of f is proved. 0O

Definition 2.7. The net (f;)4ep is said to 7-converge quasi-uniformly to f on X if (fi)aep EN f and for every
U € U and for every A € 1 \ {D}, there exists a finite subset {d, ..., d,} of D \ A such that for each x € X at
least one of the following relations holds:

(fx), fax)el i=1,...,n.

I_
In this case we write (f;)4ep L f. We shall say that the net (f;)4ep Z-converges quasi-uniformly on X if there
is a function to which the net 7-converges quasi-uniformly.

I A(p)-qu @

Proposition 2.8. If (f1)4ep ER fand (gA)(P f for some semi-subnet (g;)) of (fa)aep, where I x(¢) is a

AeA
Z'_
non-trivial ideal on A, then (f3)aep SN f.

Proof. Similar to the proof of Proposition 2.2. [
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3. T-equicontinuity and Uniform 7-Convergence

In this section we present a modification of the classical result which states that equicontinuity on a
compact metric space turns pointwise to uniform convergence. An extension of this result has been obtained
in [3].

Definition 3.1. ([16]) A family {f; : i € I} of functions from a topological space X into a uniform space (Y, U)
is called equicontinuous at a point xq of X if for every U € U there exists an open neighbourhood Oy, of xg
such that (fi(xo), fi(x)) € U for alli € I and for all x € Oy,. The family {f; : i € I} is called equicontinuous if it is
equicontinuous at each point of X.

Definition 3.2. Let (f;)4ep be a net of functions from a topological space X into a uniform space (Y, U) and
let 7 be a non-trivial ideal on D. The family {f; : d € D} is called I-equicontinuous at a point xq of X if for
every U € U there exist A € 7 and an open neighbourhood Oy, of x such that (fi(xo), fa(x)) € U for all
d € D\ Aand for all x € Oy,. The family {f; : d € D} is called I -equicontinuous if it is equicontinuous at each
point of X.

Theorem 3.3. Let (f1)aep be a net of functions from a topological space X into a uniform space (Y, U) and let 1 be a

non-trivial ideal on D such that the family {f; : d € D} is T-equicontinuous. If (f1)4ep EN f, then the function f is
continuous. Moreover, the I-convergence is uniform on every compact subset of X.

Proof. Suppose that (f;)4ep Z-converges pointwise to a function f. We prove that f is continuous. Let xg € X
and U € U. In view of Lemma 2.5 there exists a symmetric entourage V € U such that Vo VoV C U. By
the 7-equicontinuity of the family {f; : d € D} at the point x, there exist Ay € 7 and an open neighbourhood

Oy, of xg such that (f4(xo), fa(x)) € V foralld € D \ Ap and for all x € Oy,. Let x € Oy,. Since (f1)sep =R f,
there exist Ay, A, € I such that:

(1) (f(xo), fa(x0)) € V, for every d ¢ A;.
(2) (f(x), fa(x)) € V, for every d ¢ A;.

We set A = Ag U A1 U A,. Then, A € . Since the ideal I is non-trivial, we have A # D. Letdy ¢ A. Then,

we have (f4,(x0), f1,(x)) € V, (f(x0), f1,(x0)) € V, and (f(x), f4,(x)) € V. Hence, (f(x), f(x0)) € Vo VoV and
the function f is continuous.

Now, let C be a compact subset of X and U € U. By Lemma 2.5 there exists a symmetric entourage
VeUsuchthat Vo VoV C U. Letc € C. Since the family {f; : d € D} is T-equicontinuous at the point c,
there exist A, € 7 and an open neighbourhood O, of ¢ such that (f;(c), f4(x)) € V foralld € D \ A, and for all
x € O.. Also, since the function f is continuous at c, there exists an open neighbourhood O, of ¢ such that
(f(c), f(x)) € Vforall x € O.. We set H. = O. N O, N C. The family

{Ho:ce(C)

is an open cover of C. By compactness of C, there are ¢y, ..., ¢, € C such that

i=1

Since (f4)dep 4 f,foreveryi=1,...,n there exists A; € 7 such that for every d ¢ A;,

(f(ci), fa(ci) € V.

A:OAUO&V
i=1 i=1

We set
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Then, A € 1. Since the ideal 7 is non-trivial, A # D. Let x € Cand d ¢ A. Then, for proper choice of i, we
have (fi(ci), fa(x)) € V, (f(c), f(x)) € V, and (f(c:), fa(ci)) € V. Hence, (f(x), fa(x)) € V o V o V and the proof
is complete. [J

Corollary 3.4. Let (f1)aep be a net of functions from a topological space X into a uniform space (Y, U), where the

family {f; : d € D} is equicontinuous and let 1 be a non-trivial ideal on D. If (f1)4eD 4 f, then the function f is
continuous. Moreover, the I-convergence is uniform on every compact subset of X.

4. Ideal Version of Arzela’s Theorem for Uniform Spaces

The theorem of Arzela [1] which gives a necessary and sufficient condition for a net of continuous
functions to converge to a continuous function plays an important role in functional analysis. In this
section we extend the classical result of Arzela (see for instance [4]) to the quasi-uniform J-convergence of
nets of functions with values in uniform spaces.

Lemma 4.1. (see [16, Theorem 6, Chapter 6]) Let (Y, U) be a uniform space and U € U. Then, there exists a
symmetric entourage W € U such that:
(1) Wcu.

(2) W is open in the product topology 74/ X T¢y of Y X Y.

Lemma 4.2. Let f and g be two continuous functions of a topological space X into a uniform space (Y, U). The
following statements are true:

(1) The functionm : X — (Y X Y, Ty X tqq) defined by m(x) = (f(x), g(x)), for every x € X is continuous.
(2) If W is open in the product topology tqy X Tqs of Y X Y, then the set {x € X : (f(x), g(x)) € W} is open.

Proof. (1) Let x € X and let V1[f(x)] X V>[g(x)] be an open neighbourhood of m(x). Since f is continuous
at x, there exists an open neighbourhood O, of x such that f(O,) € Vi[f(x)]. Since g is continuous at x,
there exists an open neighbourhood O of x such that g(O;) C Vz[g(x)]. We set OY = Oy N O}. Hence,
m(OY) € £(O,) % 9(0%) € VALF()] X Valg(@)].

(2) Let W be open in the product topology T4 X T¢; of Y X Y. Since {x € X : (f(x), g(x)) € W} = m~}(W),
by statement (1) we obtain the desired result. O

Lemma 4.3. Let f be a continuous function of a topological space X into a uniform space (Y, U) and let x € X.
(1) The functionm : X — (Y X Y, Ty X tqq) defined by m(x) = (f(x), f(x0)), for every x € X is continuous.
(2) If W is open in the product topology Tqy X Tqs of Y X Y, then the set {x € X : (f(xo), f(x)) € W} is open.

Proof. It is similar to the proof of Lemma 4.2. O

Theorem 4.4. Let (fi)aep be a net of continuous functions from a topological space X into a uniform space (Y, U) and
let T be a non-trivial ideal on D. If the net (f;)aep X -converges pointwise to a continuous limit, then the I-convergence
is quasi-uniform on every compact subset of X. Conversely, if the net (f;)aep I -converges quasi-uniformly on a subset
of X, then the limit is continuous on this subset.

Proof. Suppose that (f4)sep Z-converges pointwise to a continuous function f on X. Let C be a compact
subset of X. We prove that the net (f;)4ep 7-converges quasi-uniformly to f on C. In view of Definition 2.7,
it suffices to prove that for every U € U and for every A € I \ {D}, there exists a finite subset {dy, ..., d,} of
D\ A such that for each x € C at least one of the following relations holds:

(fx), faxnel i=1,...,n.

For that purpose we take arbitrary elements U € U and A € 7 (since 1 is non-trivial, A # D). By Lemma
4.1 there exists a symmetric entourage W € U such that:



A.C. Megaritis / Filomat 31:20 (2017), 6281-6292 6287
(1) wWcu.
(2) W is open in the product topology t¢; X T¢y of Y X Y.
Let c € C. Since (f3)4eD 4 f, there exists A. € 1 such that for every d ¢ A,

(f(o), fa(c)) € W. (4.1)
Then, A, U A € I. Since the ideal J is non-trivial, A, U A # D. Choose d. ¢ A, U A and set

O ={xeX: (f(x), fa(x) € WhL

Since f;. and f are continuous, by Lemma 4.2, O, is an open set. Moreover, by relation (4.1), the set O,
contains c. Thus, the family
{O.NC:ceC}

is an open cover of C. By compactness of C, there are ¢y, ..., ¢, € C such that

c:OoEimc

i=1

By the choice of the elements 4., ...,d., of D, the set {d,,,...,d.,} is a finite subset of D \ A. Moreover, for
each x € C at least one of the following relations holds:

(FO, fa, ) €W, i=1,...,m.

Indeed, let x € C. Then, there exists i € {1,...,n} such that x € O, N C. Therefore, by the definition of the
set O, we have (f(x), qu (x)) € W. Since W C U, for each x € C it holds (f(x), qu (x)) € U for at least one

i=1,...,n Thus, (fi)sep ﬂ>for1 C.

Conversely, suppose that (f;)sep Z-converges quasi-uniformly to f on a subset X’ of X. Let xy € X’. We
prove that f is continuous at x. Let U € U. By Lemma 2.5 there exists a symmetric entourage V € U such
that Vo VoV C U. By Lemma 4.1 there exists a symmetric entourage W € U such that:

(1 wev.
(2) W is open in the product topology 74/ X T¢y of Y X Y.
Let
Ag = {d € D : (f(x0), fa(x0)) & W}

Since (f)deD ER f, there exists A € I such that for every d ¢ A we have (f(xo), fa(x0)) € W. Hence, Ag C A
and, therefore, Ay € 7. Moreover, since the ideal I is non-trivial, Ag # D. By assumption, there exists a
finite subset {d1, ..., d,} of D \ Ag such that for each x € X’ at least one of the following relations holds:

(f(x), fa(x)eW, i=1,...,n. (4.2)
Since {d1,...,d,} € D \ Ay, by the definition of Ay, we have

(f(x0), fa(xo)) eW, i=1,...,n. 4.3)
Let

O = fr € X: (fy(vo), @) €W}, i=1,...,m. (4.4)

Since the functions f;, i = 1,...,n are continuous, by Lemma 4.3, the sets O;,i = 1,...,n are open in X and
contain xy. We set

Oxo =X'N ﬁ O;.
i=1
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The set Oy, is open in X’ and contains xp. Let x € Oy,. Then, x € O;, for every i = 1,...,n. Since x € X’, by
relation (4.2), there exists i € {1,...,n} such that (f(x), f5,(x)) € W. For this i, by relations (4.3) and (4.4), we
have (f(xo), fa.(x0)) € W and (fy,(xo), f4,(x)) € W. Therefore, for every x € Oy,, using relations (4.2), (4.3), and
(4.4), for proper choice of i, we obtain

(f(xo), fx) e WoWoWCVoVoVCU
Thus, f(Ox,) € U[f(x)]. We conclude that f is continuous at xo completing the proof of the theorem. [

Corollary 4.5. On a compact topological space, the limit of a pointwise I-convergent net (f;)aep of continuous
functions from a topological space into a uniform space is continuous if and only if the I-convergence is quasi-
uniform, when I is a non-trivial ideal on D.

Corollary 4.6. Let X be a compact topological space, and suppose that the net (f1)aep of continuous functions from
the topological space X into a uniform space (Y, U) I-converges pointwise to a continuous function f, where I is a
non-trivial ideal on D. Then, f is continuous in any topology on X in which all the functions f;, d € D are continuous.

Proof. By Corollary 4.5, (f4)aep ERUR f- Let 7 be a topology on X which makes all the functions f4, d € D
continuous. By Theorem 4.4, the function f : (X, 7) — (Y, U) is continuous. O

Lemma 4.7. (see [16, Theorem 8, Chapter 6]) Let (Y, U) be a uniform space and U € U. Then, there exists a
symmetric entourage K € U such that:

(1) Kcu.
(2) Kis closed in the product topology 74/ X T¢y of Y X Y.

Theorem 4.8. Let M be a dense subset of a compact topological space X, and suppose that the net ( f)4ep of continuous
functions from X into the uniform space (Y, U) I-converges pointwise to a continuous limit f on M, where 1 is a
non-trivial ideal on D. The following statements are true:

(1) If (f2)aep L-converges pointwise to f on X, then every semi-subnet (gA)fE A Of (fa)aep L A(p)-converges quasi-

uniformly to f on X, in the case where I (@) is a non-trivial ideal on A.

(2) If every semi-subnet (g;\)ﬁ A

pointwise to f on X.

of (fa)aep L A(@)-converges quasi-uniformly to f on M, then (f;)aep I-converges

Proof. (1) Suppose that (f;)sep Z-converges pointwise to f on X. Then, by Proposition 2.2, every semi-
subnet (g,\)fE A Of (fa)iep L A(p)-converges pointwise to f on X. Therefore, in view of Theorem 4.4, every

semi-subnet (gA)ﬁ cn Of (fa)iep Z A(p)-converges quasi-uniformly to f on X, in the case where 75(¢) is a
non-trivial ideal on A.

(2) Suppose that (f;)4ep does not J-converge pointwise to f on X. Then, there exist xp € X \ M and
U € U such that for every A € T there exists d4 ¢ A with

(f(x0), far(x0)) & UL (4.5)

By Lemma 4.7 there exists a symmetric entourage K € U such that:
(i Kcu.
(if) Kis closed in the product topology 7¢/ X Ty of Y X Y.

Let A be the set 7. For Ay, A; € A, define Ay < A; if and only if A; € A,. Then, (A, <) is a directed set. We
consider the function ¢ : A — D, where ¢(A) = d,, for every A € A and the net (W)(){\Je A where g = fy), for

every A € A. Let Ax € TA(p) \ {A}. Since (g,\)ﬁE A L A(p)-converges quasi-uniformly to f on M, there exists a
finite subset {A1, ..., A} of A\ A, such that for each x € M at least one of the following relations holds:

(f(x)r gAi(x)) = (f(X), f(P(Ai)(x)) = (f(x)r fdA,- (x)) €K, i= 1,...,n (46)
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We set
O;={xeX: (f(x),fdAi(x)) e(YXY)\K},i=1,2,...,n.

Since the functions f; " and f are continuous, by Lemma 4.2, O; is an open set for i = 1,...,n. Moreover,
since K C U, by relation (4.5) we have

(f(x0), fa,, (x0)) € Y XV\NU S (Y XY)\K, i=1,2,...,n

Hence, O; is an open set containing x fori = 1,...,n. Sine M is dense in X, there exists m € MNO1N...NO,.
For this point m we have

(f(m)rfdAi(m)) ¢K i=1,...,n,
but this contradicts the relations (4.6). Thus, (f)sep Z-converges pointwise to f on X. [

5. Almost Uniform 7-Convergence

In this section we give the notion of almost uniform 7-convergence of a net of functions with values
in a uniform space and we prove that the almost uniform J-convergence preserves continuity of its limit.
Modifications of this result have been obtained in [10, 13].

Definition 5.1. A net (f;)4ep of functions in a topological space X with values in a uniform space (Y, U) is
said to 1 -converge almost uniformly to f on X if for every x € X and for every U € U there exist A € 7 and an
open neighbourhood O, of x such that for every d ¢ A and for every t € O, we have (f(t), f4(t)) € U. In this

case we write (f1)4eD Lau, f. We shall say that the net (f;)4ep £ -converges almost uniformly on X if there is a
function to which the net 7-converges almost uniformly.

Theorem 5.2. Let (f1)aep be a net of continuous functions from a topological space X into a uniform space (Y, U)

and let I be a non-trivial ideal on D. If (f1)4eD EAlIN f, then the function f is continuous.

Proof. Suppose that (f;)sep Z-converges almost uniformly to a function f. We prove that f is continuous.
Let x € X and U € U. By Lemma 2.5 there exists a symmetric entourage V € U such that Vo VoV C U.

Since (fi)aeD Lrau, f, there exist A € 7 and an open neighbourhood O, of x such that for every d ¢ A and
for every t € O, we have (f(f), fs(t)) € V. Letdy ¢ A. Then, (f(x), f4,(x)) € V. Since the function f; is
continuous at x, there exists an open neighbourhood O, of x such that (fy,(x), f4,()) € V, forall t € O,. We
set Hy = Oy N O4. Then, H, is an open neighbourhood of x. For every t € H, we have (f(t), f3,(t)) € V.
Therefore, (f(x), f(t)) € V o V o V and the continuity of f is proved. [

Theorem 5.3. Let (f4)4ep be a net of functions from a topological space X into a uniform space (Y, U) and let 1 be a

non-trivial ideal on D such that the family {f; : d € D} is T-equicontinuous. If (f1)aep ERN f, where the function f is
continuous, then the I-convergence is almost uniform.

Proof. Suppose that (f;)sep Z-converges pointwise to a continuous function f. Let x € X and U € U. By

Lemma 2.5 there exists a symmetric entourage V € U such that Vo VoV C U. Since (f3)sep ER f, there
exists Ay € 1 such that

(f(x), fa(x)) € V, for every d ¢ A,.

By the J-equicontinuity of the family { f; : d € D} at the pointx, there exist A, € 7 and an openneighbourhood
Oy of x such that
(fa(x), fa(t)) € V, foralld e D\ A, and for all t € O,.

Since the function f is continuous at x, there exists an open neighbourhood O}, of x such that

(f(x), f(t)) € V, forall t € O.
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We set
H,=0,n0:;.

Then, Hy is an open neighbourhood of x. We set
A=A, UA €.

For every d ¢ A and for every t € H, we have (f(t), f4(t)) € V o V o V. Thus, the net (f;)4ep Z-converges
almost uniformly to f. [

Corollary 5.4. Let (f1)aep be a net of functions from a topological space X into a uniform space (Y, U), where the

family {f; : d € D} is equicontinuous and let I be a non-trivial ideal on D. If (fi)aeD 4 f, where the function f is
continuous, then the I-convergence is almost uniform.

6. Comparison of the Uniform and Almost Uniform 7-Convergence

In this section we prove that the uniform 7-convergence and the almost uniform 7 -convergence coincide
on compact spaces. We will give examples to indicate that this is not true for non-compact spaces.

Proposition 6.1. Let (f;)sep be a net of functions from a topological space X into a uniform space (Y, U). If

(fa)aeD £ f, then (fa)aep o, f

Proof. Follows easily from Definitions 2.3 and 5.1. O

Theorem 6.2. Let (fi)aep be a net of functions from a compact space X into a uniform space (Y, U) and let 1 be a

non-trivial ideal on D. If (f1)4eD Lau, f, then (fa)aep I f.

Proof. Suppose that (f;)sep ERiiN fand let U € U. For every x € X there exist Ay € 7 and an open
neighbourhood O, of x such that for every d ¢ A, and for every ¢t € O, we have (f(f), fi(t)) € U. Hence, the
family {O, : x € X} is an open cover of X. By compactness of X, there are x1, ..., x, € X such that

x=|Jo.
i=1
We set i
A= UA,C,..
i=1
Then, A € 1. For every x € X and for every d ¢ A we have (f(x), fa(x)) € U, so (f4)aeD EALN f. O

Based on the ideas of Theorems 2.2 and 2.5 of [12], consider the following two examples.

Example 6.3. Let X be a completely regular non-pseudocompact space. We construct a net (fi)sep of
functions from X into the real unit interval [0, 1] endowed with the usual uniformity such that for every
admissible non-trivial ideal 7 on D, (f;)sep Z-converges almost uniformly to a continuous function f but
(fa)aep does not I-converge uniformly to f.

Since X is not pseudocompact, there exists a locally finite family ¥ of nonempty open sets which is not
finite. Let < be a well-order in ¥ and let « be the order type of (¥, <). By D we denote the directed set of
all ordinal numbers less than a. Hence, the family # can be presented as {U, : d € D}. For eachd € D we
select a point x; € Uy. Since X is completely regular, there exists a continuous function f; : X — [0, 1] such
that f;(xs) = 0 and f3(X \ Uy) = {1}. Consider the function f : X — [0, 1] defined by f(t) = 1, for every t € X.
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Let 7 be an admissible non-trivial ideal on D and U be the usual uniformity for [0, 1]. We shall prove that

(fa)deD ERCN f. Letx € Xand U € U. Since the family ¥ is locally finite, there exist an open neighbourhood
O, of x and a finite subset {dy, ...,d,} of D such that

O, N Uy, #0,i=1,...,n

and
O:NU; =0, foreveryd e D\ {dy,...,d,}.

We set A = {dy,...,d,}. Since I is admissible, A € 7. For every d ¢ A and for every t € O, we have

fa(t) = f(t) = 1 and, therefore, (f(¢), fa(t)) € U.
Now, we prove that (f;)sep does not 7-converge uniformly to f. Indeed, let

1
U={(y1,y2) €[0,1] x[0,1] : [y1 — ya| < E}
and A be an arbitrary element of 7. Since 7 is non-trivial, there exists d ¢ A such that x; € U,;. Hence,

|f(xa) = fa(xa)l = 1 and, therefore, (f(x4), fa(x4)) & U.

Example 6.4. Let X be a completely regular space which is not locally compact. We construct a net (f;)4ep
of functions from X into the real unit interval [0, 1] endowed with the usual uniformity such that (f;)sep
T p-converges uniformly to a continuous function f on compact sets but (f;)4ep does not J p-converge almost
uniformly to f.

Since X is not locally compact, there exists x € X such that for each open neighbourhood O of x and for
each compact set C we have O € C. Let O(x) be the family of all open neighbourhoods of x and let C be the
family of all nonempty compact subsets of X. We consider the directed set (D, <), where D = O(x) X C and

(01,C1) £ (0y,Cy) if and only if O, € 07 and C; € Cs.

For eachd = (O, C) € D we select a point x; € O\ C. Since X is completely regular, there exists a continuous
function f; : X — [0,1] such that f;(x;) = 0 and f;((X \ O) U C) = {1} (C is closed because it is a compact
subset of the Hausdorff space X). We consider the function f : X — [0,1] defined by f(t) = 1, for every
teX.

Let U be the usual uniformity for [0, 1]. We shall prove that (fi)sep Lo, f on every compact subset of
X. Let K be a compact subset of X and U € U. Let O be an arbitrary open neighbourhood of x. We set
dp = (Ox,K)and A = {d € D : d # do}. By the definition of 7p we have A € 7p. For every t € K and for every
d=(U,C) ¢ Awehave

fa(t) € fa(K) € fa(C) = {1}.

Therefore, (f(t), fa(t)) € U.
Now, we prove that (f;)4ep does not 7 p-converge almost uniformly to f. Indeed, let x € X and

U= {(r1,y2) € 0,11 X 10,11 g2 ~ ol < 3.

It suffices to prove that for every A € 7p and for every open neighbourhood Oy of x there exist d ¢ A and
t € Oy such that (f(t), f4(t)) ¢ U. Let A € ITp and O, be an open neighbourhood of x. By the definition of 7
there exists dy = (Op,Cy) € Dsuchthat A C{d € D :d # dy}. Wesetd = (Og N Oy, Cp). Since Oy N O, C Oy,
we haved > dy. Hence, d ¢ A. Moreover, x; € Oy and f3(xz) = 0. We conclude that | f(xz) — fa(x4)| = 1. Thus,
(f(xa), fa(xa)) & U.
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