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Abstract. In this paper, several results involving the derived WP-Bailey pairs of sequences are established.
Furthermore, by using these results, a number of transformation formulas for basic (or g-) hypergeometric
series are derived.

1. Introduction, Notations and Definitions

For q,A, i € C (|l < 1), the basic (or g-) shifted factorial (A; g), is defined by (see, for example, [2], [9],
[11] and [12]; see also the recent works [3], [4], [5] and [10] dealing with the g-analysis)

T 1-A¢ '
L) = g (Tq“”) (g < 1; A, u € ), 1.1)
so that
1 (n=0)
A Dn =1 n1 , (1.2)
11 (1 - Aqf) (n € N)
j=0
and
Kpe=[](1-40) @<t re0, (1.3)
j=0
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where, as usual, C denotes the set of complex numbers and IN denotes the set of positive integers (with
INp := IN U {0}). For convenience, we write

(a1, ,859), = @1;@)n " (@r;9)u (1.4)
and
(a1, ,0r0) 0 = (@15 Q)00+ - (@r; oo (1.5)

In our investigation, we shall also make use of the basic (or g-) hypergeometric function ,®; with r
numerator and s denominator parameters, which is defined by (see, for example, [6] and [12, p. 347, Eq.
9.4 (272)])

ai,-
rDs

Z (- 1)(1 r+s)k 1 -r+s)(5) (al; q)k T (ar; q)k z* , (1.6)
by b (b1;9) - (bs; Dy (@9
provided that the generalized basic (or g-) hypergeometric series in (1.6) converges.

Following Andrews’ work on the lemma and transform associated with the WP-Bailey pair (see, for
details, [1]; see also [2], [8] and [13]), a WP-Bailey pair relative to the parameter a is a pair of sequences
{an(a,q), Bn(a, q)) constrained by

(k/a; Q)n—r(k; q nebr
n(@,k) = Z (% Dn-r(aq; @)nsr (@)

(k, k/a; q)n @" kg9 (aq
= a,(a,k 1.7
@, a4; @) ;, (aq'=" [k, aq'*"; q), ( ) (@5 47

Bailey’s definition of a conjugate Bailey pair can now be extended to define a conjugate WP-Bailey pair
relative to the parameter a to be a pair of sequences (,(a, k), 6,(a, k)) such that

(k/a Q)r(k Q)r+2n
q(a, k E Orin. 1.8
yala k)= (@D @g; Drazn (1.8)

Thus, analogous to the Bailey transform [2], we have the following result.

Theorem. Let {a,(a,k),Bn(a, k)) be a WP-Bailey pair. Also let {y.(a, k), 0u(a,k)) be a conjugate WP-Bailey pair.
Then, under suitable convergence conditions,

Y @ byn(a, k) = Y Bula, K)5u(a, k). (1.9)
n=0 n=0

For a WP-Bailey pair (a,(a, 9), Bz(a,q)) and n € IN, let us define

a,(a) = }611111 ay(a, k) (1.10)

and

Bu(a, k)

Pul@) = lim === (111)

assuming that each of the limits in (1.10) and (1.11) exists. Following the work presented in [7], such a pair
of sequences (a;,(a), 5;,(a)) is called a derived WP-Bailey pair.
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In our present investigation of (for example) several families of derived WP-Bailey pairs and related
transformation formulas for basic (or g-) hypergeometric series defined by (1.6), we shall make use of
following known summation formulas.

a,b; ¢ oc.
Y ar b’q o
o 7= (& 5a) ('ib‘ <1). (1.12)
¢ P (o), ‘
(see [6, Appendix II, p. 236, Entry (IL.8)] and [12, p. 348, Eq. 9.4 (277)])
a,b; e <.
¢ 27 5'9), (ab(l+¢c)—cla+b c
D 9 =( y ) ( ( a;_c( )) (|%|<1). (1.13)
cg; (ca. iia).,
(see [14, p. 771, Eq. (1.4)])
a2, b; ( g2 1/2) ( ag' 1/2)
201 q ﬂﬂ _1 @B () T (ﬁ <1) (1.14)
- 27 g2 172 .2 .
@, b 2a (Tq/ qT,.q)oo (2,9'%)o (-4;9"?) o b
(see [15, p. 75, Eq. (3.6)])
a,qNa,—qVa,b,c,d,e,q7"; (ag, 52,38, %3q) . i
s®7 v a ana q,q = Tag a al a0\ (Ll q = bedeq n). (1.15)
VE,~ A, 4, %, g (%L & ),

(see [6, Appendix II, p. 238, Entry (11.22)])

1D3

a,c, % gt g @ Dms1@% D (\/T@;qm)z
9,9|=— 7 =
Toqr 7 ag" 2(%5a),, (%54),, @250 2
@ D1 (@7 P ( q”2)
- m__ (1.16)
2(Lq) @2/ Qn(=a12 1)

(see [15, p. 71, Eq. (1.3)])

ac, lcl q%+mr q_m; ) (ZZ q)m+1(q /2’ q)m ( c 1/2)2
9,0 | = = =
2 \/E(@} (/])m (qT/ Q)m (ﬂ1/2; q1/2)2m+1
@ Qmr1@% Q) (—‘/TW; qY 2)2

2 Va (% q)m (#;q)m (=112 q12) 341

f—m 1+m.
?/qu q ’

(1.17)

(see [15, p. 77, Eq. (4.4)])
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2. Transformation Formulas Involving Derived WP-Bailey Pairs

In this section, we consider the following cases.

(a) Equation (1.8) can be put in the following form:

(k; 9)2n Z (k/a; q), (kg™ q)r

a, k) =
yn( ) (aq,‘ 5])211 — (q, q)r(aq1+2n

" bran(@ ).

Upon setting
2

51(a, k) = (%)

in (2.1), and upon summing the series by using (1.12), we get

(k;q)2n  (aq/k,a?q/k; g)o(a*q/K*)"
(@2q/k; q)2n (aq,0%q/K% )

Substituting these values of y,(a, k) and 6,(a, k) into (1.9), we have

q\"  (aq/ka%q/k; q)e Do (2q\"
Zﬁ"(a & ( )  (aq, @2q/K%; 9)eo Z (azq/k 0)2n (_) an(a:k)

which can be rewritten as follows:

Vn (a/ k) =

k, a2q/k; §)eo ko (aq)" K a9/k; q)e
Zm (% q) Cark, a1 Z(a( b () e = G

(aq,229/k%; 9)oo 2q/k; q)2n

Dividing both sides of (2.4) by 1 — k and then taking the limit k — 1, we have

- - (q;q)zn-l

' (a)(a®q)" - a*q)" al(a
LA =) (s @ a0
(aq/k, a*q/k; q)eo
— i 39,720/ D)oo

_k—>1 1-k

2 .

i 2 [@alkaa/k g |

ko1 (ag,a%q/k%; 9)co

We next assume that

_ (wq/k, a*q/k; 9)co
(aq,a%q/K?; 9o

r+1

6k

_ =0
o-wr [T

Now, taking the logarithm of both sides of (2.6), we have

logy:ilog( k+1)+ilog(1_
r=0 r=0

2 r+1

) Z log (1 - aq™") Z log (1 -

r+1

)

4622

@.1)

2.2)

(2.3)

(2.4)

(2.5)

(2.6)

.7)
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Upon differentiating both sides of (2.7) with respect to k and then taking the limit as k — 1, we have

dy . d [(aq/ka*q/k;q)e
lim —= }Cfllﬂ{{ (aq, q/K%; 0)eo

k—1 dk
_Zl—aq erl—aZ 28)

Putting the value of limy_,; Z—Z from this last equation (2.8) into (2.5), we finally obtain

Zﬁnw)(a 7' - Z(""’)Z” LG

(@; §)2n
© anr R aqr
_ _ ) (2.9)
;1—01211’ ;1—aqr

where (a;,(a), B;,(a)) is a derived WP-Bailey pair.

(b) Upon setting
a2\
5,(a, k) = (k—z)

in (1.8) and using the summation formula (1.13), we find that

_(aq/k,aq/k; ) | Kk k;Pan  (a?\" o
Yn(a, k) = 0,200 \k+a) @alkam 2 (1 +aqg™). (2.10)
Substituting these values of 0,(a, k) and y,(a, k) given by (2.10) into (1.9), we get
y 2\ [k \ @k aqlkge Ny K (@)
éﬁn(a,k)(ﬁ) = (k+a) @, 29/ ) ; @alk 0o \ @ (1 +aq™)an(a, k), (2.11)

which can be rewritten as follows:
. 2\" [k \@q/kaq/k e x> K@ (@) 0
;ﬁ"(a'k)(k_z) _(kﬂl) (aq, @4 /K% )eo ,;‘(ﬂzq/k;q)zn ) (+ar ek

_(_k \(aq/k,a*q/k; 9)w
“\k+a) (ag,a2q/K% 9)eo

(1+a)-1. (2.12)

Dividing both sides of (2.12) by 1 — k and then taking the limit as k — 1, we get the following result after
some simplifications:

- (qr )an-1 2n
;1’! 1+aZ(a2qq)2n 1+aq )a()

a’q" = ag" a
_ _ " (2.13)
—i1-arg ;1—{111” 1+a

where (a;,(a), B;,(a)) is a derived WP-Bailey pair.

(c) By setting
ek = (7 47
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in (1.8) and making use of the summation formula (1.14), we have

Vn (a,k) =

1 (kr q1/2; q)oo (E 1/2)11
2112 (aq, aq'? [k; 9)es
ql/Z aq
( k12 q /2) (kl/Z;ql/Z)n ( 7 ,q ) (_kl/z;ql/z)n
| - ) - ’ (2.14)
aq'’? aql/?
( :1/2 }ql/Z) (k1/2,' q1/2)OQ (_ ]jl/z ;ql/Z) (_k1/2?q1/2)oo

Putting these values of y,(a, k) and 6,(a, k) in (1.9), we obtain

aq'’? 1/2
k 1/2, o ; o
Y fua R 3/2) BT (km & ) (K272,
nzoﬁ" PNRT) T 207 (ag,ag 27k ) (KT q12) ., L (“qm 1/2)
kl/Z'

(0 e

1/2

) .
. (k,ql/zlq)m(_lelql/z)oo o (—K12; 1/2)( 1/2)
2k1/2 (aq,aql/z/k;q)oo(_kl/z;ql/z)oo o ( aq ' 1/2)

an(a k), (2.15)

T2

which can be rewritten as follows:

aql/Z
- . ; 1+ 10 (kq, q1/2; q)oo (,{17, ql/Z) 0 (kl/z' 1/2)71
Zﬁ”(a’k)(?fﬂ) _( 2k1/2 ) 1/2 124172, g1/2 Z (k 1/2) (@, K)
= (a9, 03"/ [K; 9)eo k oo ( aq' )
k1/2 ’

1/2
1 _ k1/2 (kq, q1/2; q)oo (_ k1/2 /q ) o ( kl/z' 1/2)n
R

2k1/2 ] (aq, aq" [k; @)oo (=KV2q1 %4120 £ [ aq'?
k1/2 ’
1/2 1/2
aq aq
1/2. 172 1/2. _ 172
gy E "”‘”(1@/2'”’ ) gy E0 ’q)‘”( w1 )
= = — > —1. (21
( 2Kl/2 )(aq,aql/Z/k;q)m(kl/qu/z;ql/Z)m ( 2kl/2 )(aq,aql/Z/k,.q)m(_kl/qu/z;ql/z)oo (2.16)
Now, dividing both sides of (2.16) by 1 — k and then taking the limit as k — 1. we find that
< (V2
/q )n 1 n s
Zﬁn(ﬂ (ag*?)" - 2 Z (aq1/2 7, e @) )
1 (g% 1/2) (—g"%; g'2) o Z( 12, q12),,- L a2y (@)
2 (aq1%; 4120 (- q1/2 72)0 (—ag'/2;g'12), aq n
1/2
[P e
(1+k1/2 (kq,q”zfq)oo(mrq )
|
2kl/2 ) adV 2 [k @)oo (KY201V/2; 112) 112 gi/2 g\
lim (ag,aq" "2 /k; q)o (K12q'/%; 91/2) 1@ Joo(=49'"2;4'%)co 2.17)

k—1 1-k 4( q1/2, 1/2)w(aq1/2’ 1/2)00
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which yields following result after some simplifications:
00 G
’ n ’ q )n 1 n_s
Zﬁmmﬂ%— Zﬂwm1@<¢®“m>

12, 4112 g2 .12
! el b Z (- uqu,zq 1/)271)1(‘141/2)"04;(@

1
+§ (thl/z, 1/2)00( ql/z, 1/2)

1 1 (ql/z; ql/Z)m(_aql/Z; ql/z)m
T T4 4 (g5 ) (a5 0 ) Zf 1—q
1S P 1S agh? ag~}
+ = + =
2;1—1]7/2 2;1—11{]7/2 ;l—ﬂqu

3. Families of Derived WP-Bailey Pairs

In this section, we investigate the following derived WP-Bailey pairs.

(i) In the summation formula (1.15), if we put

d=ki' and =LY
A
then it takes the following form:
a*q aq bk ck_
QQ\/_ q\/_bqu /bk/q (aq/b_C/;/;/ﬁl
“7 = ook )
aq aq bek a ag aq k bek.
Va, = a, — ?T%q " ag""; (b’c'a'a'qn
Now, by setting
(a V&, —qNab,e, - k,q)
an(a k) =

a

k n
aq aq bck (é)
(0.8~ 8. 52, 2,2 )
in (1.7), and then using (3.1), we have
(k,aq/bc, bk/a, ck/a; q),

Bnla, k) = (g,aq/b,aq/c,bek/a; q), .

From the WP-Bailey pair {(a,(a, k), Bn(a, k)) given by (3.2) and (3.3), we find that

(1“7\/_ —qa,b,c, =2

), o
"

be
a;(a) = }Cnr} ay(a, k) = pr—
(0.6~ 52,4 5,

and
§ (@ = [Sn(a k) _ (@:9)n-1(aq/be, bja,c/a; q)
R (@ q)nlaq/b,aq/c,be/a;q),
3 (aq/bc,bja,cla; q),
" (aq/b,aq/c,befa; q)u(1 - q")’

4625

(2.18)

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)
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The pair {a;,(a), B;,(a)) given by (3.4) and (3.5) forms a derived WP-Bailey pair.

(i) If we set

in (1.16), we get

6_1 1/2 ka" g L k ﬂ

A 'qq_(l+x/&) aq, NG Dn (\/ﬁ' a’qn
a 1-n 1+n ' 2 (kql/sz/a; q)” (\/a_/q\/a;q)n

kq'%, 2q' ", ag"";
ko z;q)

+(1_ \/ﬁ) (aq’ ‘/ﬁ;Q)n [ \/E' a
2 (kq'12,k/a; q), (- \/a—,_q\/a;q)n.

4D;3

Now, if we choose

(a,aq" /K; q)u (lf)"
@kq" % q)n \a

in (1.7) and make use of (3.6), we find that

ay(a, k) =

wmb=(2 (9, kq"/2, @G, g N ) ?

(a,a9"%;q)n ( 1 )”
@99 \a

@, (@) = lim a,(a, k) =

and

k \/E k \ﬁ
k/ /_/k = k/ r T T = _k =
1+va)( Y a”]n+(1—va)( Vi TN,
(q/ kql/z/ - WI _q \/L_Z/ Q)n .
Now, by making use of (3.7) and (3.8), we obtain the following derived WP-Bailey pair:

5

1 1-k 2

F;JE)

va Na'), (20)
+
(vag, g Na; q)(1 - %) 2
The pair {a},(a), B;,(a)) given by (3.7) and (3.10) forms a derived WP-Bailey pair.

O e

(iii) Putting
in (1.17), we obtain

a 1/2 n o —n, k \/E
a, - /k ’ ’ aq, ,—,k ;
of Mz(nva)(”ﬁva ),
4P3 7| = —

kq'?, p q"", ag""; 2Va (kq”z, L=, agq, q Va; q)n

a 1+n
k q
(aq, V9, __\/E' —k \/;; q]
n

(%)
2N (kq'r2, 9=, ~ yag, —q V;q),

(- \ag, —q Na; q)u(1 — g")

4626

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)
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Thus, if we choose

k) = —(a’ ;/Zlq) k)’ 3.12
w@ = Gk ), (7) 12
in (1.7) and make use of (3.11), we find that
k q \/7
k, \g, —,k+[=; ,—— —k

Wk):(nva)( V' ‘[q](le)( ] o1

Y 2\/[3 (q/kql/Zz \/ll_q/q\/E}Q)n 2\/5 (q/kql/Zl_\/_l q,—q \/_/Q)n. .
Now, by applying (3.12) and (3.13), we have

, : (@00 @) (q)"

(Xn(ﬁl) = }clz)rllan(a,k) = m (—) (314)
and

i, g FeiBd
o @) = tim P00 _(1+ \/a) va Va1 _(1_ \/a) Vi Na) e
ket =k o JA-g)(Vag g Ve \ 28 ] (- )= g, —g Vaq)n

The pair {a},(a), B;,(a)) given by (3.14) and (3.15) forms another derived WP-Bailey pair.

4. Transformation Formulas for g-Series
In this section, we establish the following transformations of g-series into Lambert series.

(1) Putting the derived WP-Bailey pair {a;,(a), B;,(a)) given by (3.4) and (3.5) in the equation (2.9), we get

= (ag/bc,bla,cla;q),(a%q)" Z 4 Dana (a qVa,—qa,b,c,a*q/bc;q),
(1- ”)(ﬂq/b aq/c, be/a; q)n (azq,q)zn q, Va,—+a,aq/b,aq/c,bcla; q),

3 i ”q . 4.1)

n=1

n=1

:
H

(2) Putting the derived WP-Bailey pair (a;,(a), B;,(4)) given by (3.4) and (3.5) in the equation (2.13) instead of
(2.9), we find that

= (aq/bc,b/a, c/a; q),a* Z (@ Pan-1a*"(1 + ag®™) (a,q\a,—q+a,b,c,a*q/bc;q),
—(1- ”)(ﬂq/b, agfc,bea;q),  (1+ ﬂ) (a%q; 9)2n (q, \a,—a,aq/b,aq/c, bc/a; q),

)

-yt i T @2)

n=1

(3) We put the derived WP-Bailey pair {a;,(a), 5;,(a)) given by (3.4) and (3.5) in the equation (2.18). We
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thus obtain

(aq/be,bla,ca; q)u(ag®>)" 1 i @' 4")n W (a,9Na,~q~a, b, c,a*q/bc; )
= (L—q")(aq/b,aq/c,bc/a; q)n 2 (aq'/2; 1/2) (4, \a,—\a,aq/b,aq/c,bc/a; q),

1 (ql/Z 1/2) (- aq 1/2) Z( Yn-1 q”/z (a,qx/ﬁ,—qﬁ,b,C,QZq/bC;q)n
2 (=" ”2)00(6“7”2; V2)eo ﬂql/z 1/2) (9, \a,— Na,aq/b,aq/c, bc/a; q),
114754 )e(-0"% ") A i
4 4 (- 712, ¢112)., (aql/z 772)e, Z; a-q) Z

r=1 1- aqr—%
r/2

1 © 1’/2
EZ; 1—ag'?) ) Z 1—g2 (4.3)

Proceeding as in the above three cases, if we substitute the derived WP-Bailey pair {«;(a), 5;(a)) given
by (3.9) and (3.10), and the derived Bailey pair {«;(a), 5;(a)) given by (3.14) and (3.15), in the equations (2.9),
(2.13) and (2.18), we shall get three more transformation formulas of the above type. The details involved
are being left as an exercise for the interested reader.
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