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Abstract. In this paper, we introduce and study the essential approximate pseudospectrum of closed,
densely defined linear operators in the Banach space. We begin by the definition and we investigate
the characterization, the stability by means of quasi-compact operators and some properties of these
pseudospectrum.

1. Introduction

Instead of the spectra that is the traditional tool. The theory of the pseudospectra is a new method
for studying matrices and linear operators . It reveals information on the behavior of normal matrices or
operators. However, it is less informative as the matrix or the operator are non-normal. Pseudospectra
have nevertheless proved to be an efficient tool to study them. They provide an analytical and graphical
alternative to study this type of case. The definition of pseudospectra of a closed densely defined linear
operator T, for every ¢ > 0, is given by

1
6.(T) = o(T) U {A € C such that [|(A = T)"!|| > g}-
The pseudospectrum is defined, sometimes as

£ (T) := o(T) U {A € C such that (A - T)!|| > %}

By convention, we write |[|(A — T)!|| = o0 if A € o(T), (spectrum of T). For ¢ > 0, it can be shown that o.(T)
is a larger set and is never empty. The pseudospectra of T are a family of strictly nested closed sets, which
grow to fill the whole complex plane as ¢ — oo (see [3, 8, 18, 19]). From these definitions, it follows that the
pseudospectra associated with various ¢ are nested sets. Then for all 0 < €; < €, we have

o(T) € 6. (T) C 0.,(T), and
o(T) C L (T) C L, (T),
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and that the intersections of all the pseudospectra are the spectra,

ﬂ 0(T) = o(T) and ﬂ T(T) = X(T).

>0 e>0

InRefs[1,2,4,5,10,11], A. Ammar and A. Jeribi introduced the definition of Ammar-Jeribi pseudospectrum
of a closed densely defined linear operator on a Banach space X by

() 0T +K),

KeK(X)

0w,e(T)

U 0u(T+ D) (see [1, Theorem 2.3]),
[IDll<e

where
ou():= ] o(T+K),

KeK(X)

and K (X) is the subspace of compact operators from X into X.

One impetus for writing this paper is the issue of approximate pseudospectrum introduced by M. P.
H. Wolff in (2001). The latter study motivates us to investigate the essential approximate pseudospectrum
of closed, densely defined linear operators on a Banach space. We survey the historical development of
this subject. In 1967, J. M. Varah [22] introduced the first idea of pseudospectra. In 1986, J. H. Wilkinson
[23] came with the modern interpretation of pseudospectrum where he defined it for an arbitrary matrix
norm induced by a vector norm. Throughout the 1990s, L. N. Trefethen [17-19, 21] not only initiated the
study of pseudospectrum for matrices and operators, but also he talked of approximate eigenvalues and
pseudospectrum and used this notion to study interesting problems in mathematical physics. By the same
token, several authors worked on this field. For example, we may refer to E. B. Davies [7], A. Harrabi [8]
and M. P. H. Wolff [24] who has introduced the term approximate pseudospectrum for linear operators.

In this paper, the notion of essential approximate pseudospectrum can be extending our studies of this
process from the essential spectrum to the essential approximate spectrum. For ¢ > 0 and closed densely
defined operator T, we define

Ueup,s(T) = ﬂ aup,s(T"'K)r 1
KeK(X)
Lape(T) =[] ZgpelT+K),
KeK(X)
where
= U i -
Oap,e(T) oap(T) {A € C such that ||x||:11,l;cl€fZ)(T) [l(A = T)x|| < s},
= i — <
Lap,e(T) ogp(T) U {/\ € C such thatllxll=11,1;61;fD(T) [[(A =T)x|| < 8},
and

0qp(T) := {A € C such that ||x||=112€fD(T) II(A = T)x|l = 0}.

In the following, we measure the sensitivity of the set 0,,(T) with respect to additive perturbations of T by
an bounded operator D of a norm less than €. So we define the approximate pseudospectrum of T by

Oap,e(T) = U 04p(T + D),  (see Theorem 3.3) 2)
IDll<e
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and we characterize the essential approximate pseudospectrum.

The essential approximate pseudospectrum o,(.) nicely blends these properties of the essential and
the approximate pseudospectrum, and accordingly we are interested by the following essential approximate
spectrum

oup(T) =[] ou(T +K). ©)
KeK(X)

We can now see that (1) inherits an e-version from (3). We will also show that there is an essential version
of (2), that is

Oeape(T) = U Oup(T + D)  (see Theorem 4.3).

[IDll<e

The paper is organized as follows. Section 2 contains preliminary and auxiliary properties that we will
need in order to prove the main results of the other sections. The main aim of section 3 is to characterize
the essential approximate pseudospectrum of closed, densely defined linear operators on a Banach space.
Then we give different definitions of approximate pseudospectrum and we establish relations between
approximate pseudospectrum and the union of the spectra approximate point of all perturbed operators
with perturbations that have norms strictly less than ¢. Finally, we will prove the invariance of the essential
approximate pseudospectrum and establish some results of perturbation on the context of closed, densely
defined linear operators on a Banach space.

2. Preliminaries

The goal of this section consists in establishing some preliminary results which will be needed in the
sequel. Throughout the paper, we denote by L(X) (resp. C(X)) the set of all bounded (resp. closed, densely
defined) linear operators from X into X. For T € C(X), we denote by p(T), N(T) and R(T), respectively, the
resolvent set, the null space and the range of T. The nullity of T, a(T), is defined as the dimension of N(T)
and the deficiency of T, f(T), is defined as the codimension of R(T) in X. The set of upper semi-Fredholm
operators from X into X is defined by

O, (X):={TeCX): aT) <0, R(T) is closed in X},
the set of all lower semi-Fredholm operators is defined by
D_(X):={TeCX): B(T) < oo, R(T) is closed in X}.
The set of all semi-Fredholm operators is defined by
D, (X) := D (X) UD_(X), and
the class ©(X) of all Fredholm operators is defined by
DO(X) := DL (X) N D_(X).
The set of bounded Fredholm operators from X into X is defined by
D (X) := D(X) N L(X).
The set of bounded upper (resp. lower ) semi-Fredholm operators from X into X is defined by
D (X) := D (X) N LX) (resp. DY (X) := D_(X) N L(X)).

The index of a semi-Fredholm operator T is defined by i(T) = a(T) — B(T). Clearly, i(T) is an integer or +oo.
ITed(X),theni(T) < co. If T € D (X)\D(X) then i(T) = —oo; and if T € O_(X)\D(X) then i(T) = +o0.
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Definition 2.1. Let X be a Banach space.

(i) An operator F € L(X) is called an upper semi-Fredholm perturbation, if T + F € O, (X), whenever, T € ®,(X).
The set of upper semi-Fredholm perturbations is denoted by F,(X).

(i1) An operator T € C(X) is said to have a left Fredholm inverse if there are maps R; € L(X) and K € K(X) such that
I + K extends R;T. The operator R; is called left Fredholm inverse of T.

If we replace @, (X) by @ (X) in Definition 2.1, we obtain the set F2(X).

Theorem 2.2. Let X a Banach space.
(1) [12, Lemma 2.1] Let T € C(X) and K € L(X). Then,

() IfT € O.(X)and K € F.(X), then T + K € ©,(X) and i(T + K) = i(T).
(i) If T € ®.(X) and K € FL(X), then T + K € ®4(X) and i(T + K) = i(T).
(ii) [10, Theorem 6.3.1] If the set ®*(X) is not empty, then
(i) F € FY(X) and T € L(X) imply that TF € FY(X) and FT € FY(X).
(ii1)[12, Theorem 3.9] Let T € @, (X). Then the following statements are equivalent:
(iii1) i(T) < 0.
(iiip) T can be expressed in the form T = S + K where K € K(X) and S € C(X) is an operator with closed range
and a(S) = 0.

Definition 2.3. Let X be a Banach space.

(i) An operator T € L(X) is called compact, written T € K(X), if T(B) is relatively compact in X for every bounded
subset B C X.

(i1) An operator B is called T-bounded, if D(T) C D(B) and there exists nonnegative constant c such that
IBx|| < c(llxl + [|Tx]]).

(iit) An operator T € L(X) is said to be quasi-compact operator, written T € QK (X), if there exists a compact operator

K and an integer m such that
IT" - K|l < 1.

For ¢ > 0 and closed densely defined operator T, we define the sets
M(X)={K e L(X):VAep(T+D+K), (A-T-K-D)"'KeQK(X)
for all D € £(X) such that |[D]| < ¢},
and
To(X)={Ke LX): YA e p(T+D+K), KA-T-K-D)" € @K(X)
for all D € £(X) such that |D|| < ¢}.

The following Lemma is developed by P. H. Wolff in [24, Lemma 2.1].
Lemma 2.4. If T € C(X) and ¢ > 0, then L, .(T) is closed.
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Example 2.5. The following example introduced by P. H. Wolff [24] also shows that: Xy (T) # Z:(T), for € > 0.
Let

+00
P(N) := (x})j»1 such that x; € C and 2 |x]»|2 < o0
j=1
be equipped with the following norm

o0
— 2
I
j=1

and let T be the right shift on X given by

T : 2(N) — 2(N),
x — Tx :=(0,x1,x7,..., Xy, -..)-

Since T is an isometry on X, it is easily checked that

inf A=Til[21-]A
||xu:1,xez>(r)”( )|l Al

holds for all A with 0 < |A] < 1. Moreover
Sap(T) = {A € C such that |A| = 1}

and
Tape(T) = {A € C such that |A| 21— ¢}.

It is proved in [24] that for all 0 < € < 1,
{A € Csuch that |A] < &} € Zo(T)\Lgp,e(T).
Now, we present the following simple and useful result:
Proposition 2.6. Let T € C(X) and ¢ > 0.
(1) Oap,e(T) C 0(T).
(i8) 0ap(T) = [ ) e (T).

e>0

(i1i) I €1 < €2, then 0qp(T) C Oap,e,(T) C Oap,e, (T).

() If T € LX) and A € 04p,(T), then |A| < e +||T].

(0) Ifa € Cand e > 0, then 04y, (T + al) = a + 0gp,(T).
(vi) If a € C\{0} and & > 0, then oapja)e(aT) = @0p,(T).

Remark 2.7. (i) Let T € C(X) and ¢ > O, then the set L (T) is obtained from the set o,p,(T) by taking a non-strict
inequality instead of a strict inequality. This set makes the approximate pseudospectrum an open set.

(ii) It follows from the set Ly (T) and the set o,p,(T) that the boundary of Lap,e(T), dLyp (T) satisfies

0Z (T) =LA €C suchthat inf A=Dx||=er,
pe(T) { “x”:llgez)mll( )x|| 5}

and 9Ly, (T) depends continuously on e.

(i1i) Oap,e(T) and Loy, (T) are related as follows

Y e(T) = 04pe(T)USA €C such that  inf A=Tx||=¢€,.
ap,( ) Oup,( ) { ||x||:11,1;cl€2)(T)”( )| }
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3. The approximate pseudospectrum.

In this section, we turn to the problem when the closure of g, (T) is equal to Z,,(T) holds. We
define the following condition for T :

There is no open set in p,y(T) := C\o,p(T) on which the

(H) :
1 A= inf (A =T i tant.
- f( ) ||X||=11,I;ez)(T) ”( )x” 1S constan

Our first result is the following.
Theorem 3.1. Let T € C(X) and & > 0. Then, liminf X, o(T) = Zyp e, (T).
E—EQ
Proof. The approximate pseudospectrum is a family increase in function ¢. Then for 0 < ¢y < ¢, we have
Oap(T) C Zp,eo(T) S Lgp,(T). Hence
lim inf g, (T) = | Zape(T)-

E—Ep ese
0

Proposition 2.6-(ii) justifies the equality ﬂ ap,e(T) = Zapeo(T). O

£>¢€0
Theorem 3.2. Let T € C(X) and e > 0. If (H) is satisfied, then o4p,(T) = Lgp,«(T).
Proof. Since 04p,e(T) C Lgp,e(T) and Zgp,(T) is closed, then
Uap,e(T) c Z‘ap,é‘ (T).
In order to prove the inverse inclusion, we take A € I, .(T). We notice the existence of two cases:

1'case : If A € 0,p,e(T), then A € ggp,(T).

M IfA e Zup,é-(T) \ Oap,s(T)r then inf”x”:ue@m ||(/\ - T)x|| = E£.
By using Hypothesis (H), then there exists a sequence A, € pap(T) such that A, — A, and

A
e I = T < it =Dl =

We deduce that A, € g4,(T) and also that A, — A, which implies that A € ,p,¢(T). Then,

Zup,f (T) c Oap,e (T).

Theorem 3.3. Let T € C(X) and ¢ > 0. The following conditions are equivalent:

(1) A € agp,e(T).

(i1) There exists a bounded operator D € L(X) such that ||D|| < € and A € 04,5(T + D).
Proof. (i) = (ii) Let A € 0, ¢(T). There are two possible cases:

1tcase : If A € 04p(T), then it is sufficient to take D = 0.

2Mcgse  If A ¢ 04p(T), then there exists xg € X such that [|xo]| = 1 and [|(A — T)xol| < ¢. By the Hahn Banach
Theorem, (see [15]) there exists x’ € X’ (dual of X) such that ||x]| = 1 and x"(xo) = [|xo||. Consider the operator
D defined by the formula

D:X—X,
x — Dx :=x'(x)(A — T)xy,
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then D is a linear operator everywhere defined on X. It is bounded, since
IDx]| = [lx" (x)(A = T)xoll < [lxllIIxII(A = T)xoll, for x # 0.

Therefore,
| Dx]|

[l

< (A = T)xoll-

Hence ||D|| < €. We claim that
inf  ||(A—T - D)x| = 0.
[IxlI=1,xeD(T)

Let xp € X, then

inf _|I(A =T =D)xl| <[I(A =T = D)xoll < [I(A = T)xo — x"(x0)(A — T)xoll = 0.
[lxl|=1,xD(T)
(i) = (i) We assume that there exists a bounded operator D € £(X) such that |[D|| < € and A € 0,(T + D),

which means that

inf [l(A =T - D)x|| = 0.
[IxlI=1,xeD(T)

In order to prove that

inf (A -Txll <e,
[lx]|=1,xeD(T)

we can write,
I(A = T)xoll = [l(A = T = D + D)xol| < [I[(A = T — D)xoll + [[Dxoll-

Then,

inf  [|(A=T)x| < e.
[Ixll=1,xeD(T)

We can derive from Theorem 3.3 the following result:

Corollary 3.4. Let T € C(X) and & > 0. Then, g, (T) = U 0ap(T + D).
IDll<e

Theorem 3.5. Let T € C(X) and ¢ > 0. Let E € L(X) such that ||E|| < €. Then,
c751;7,s—||15||(T) c Gup,e(T +E)C 0ap,s+||E||(T)-

Proof. Let A € 0,4p¢g(T). Then by Theorem 3.3 there exists a bounded operator D € £(X) with [|D]| < & —||E|l
such that
A € 04y(T + D) = 0 ((T + E) + (D - E)).

The fact that ||D — E|| < ||D|| + ||E|| < € allows us to deduce that A € 0y, (T + E). Using a similar reasoning to
the first inclusion, we deduce that
Ae Gup,£+||EII(T)'

O

The closure of o,,¢(T) is always contained in X, (T), but equality holds if, and only if, T does not have
constant infimum norm on any open set. The present part addresses the question on whether or not a
similar equality holds in the case of non-strict inequalities:

Tape(T) E(_J 00(T + D).
IDlI<e
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Theorem 3.6. Let T € C(X) and € > 0. Then,
U 0ap(T+D)  C  Tgpe(T). (4)
IDlI<e

Proof. Let A ¢ X4 (T), then inf  ||(A — T)x|| > €. In order to prove that
[Ixll=1,xeD(T)

A¢ | ) ou(T+D),
IDll<e

which means that, | inf ) [|(A =T — D)x|| > 0 for all D € £(X) such that ||D|| < ¢, we have

|x||—1,XED(1
”X“—LXED(]) - IIxdl ]1,le€1)( ) l
> ]‘nf ‘ /\—] X|| — € ){‘>0‘

We first consider the following example:

+00

Example 3.7. Let I'(N) = {(xj)j»1 such that xj € C and Z xj| < oot be equipped with the following norm
j=1

(9]
RESMT
=1

and we define the operator T by

x — Tx,

{ T: IY(N) — I}(N),

e8]

where Tx := [(1 +2¢e)x1 — ij, —E0X0, eery —EnXpy .o |,
=2

x = (x1,X2, .00y X, ...) € N(IN) and e, wheren = 2,3...is a sequence of positive numbers monotonically decreasing to
0. It was proved by E. Shargorodsky in [16], that

inf [|el = T)xll = e,
lldlI=1,xeD(T) ()
and for all D € L(X), |ID|| < ¢, we have 2e € p(T + D).

It follows from (5) that 2¢ € Lyp (T) and 2¢ ¢ 04p(T + D) for all |D|| < €. Then
2e ¢ U 0ap(T + D).
IDl|<e

Hence

| 0u(T +D) € (D).
IDl|<e

Theorem 3.8. Let T € C(X) and ¢ > 0. If (H) is satisfied, then

Lape(D) = | 0a(T+D). (6)
IDl|<e
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Proof. It follows from inclusion (4) and Theorem 3.3 that

e S | ) 0ap(T+D) € Zype(D).
IDl|<e

If (H) is satisfied, then o,p,.(T) = Zp,(T), hence

|J oa(T+D) = Zgpe(D).
IDlI<e

It follows from inclusion (4) and Theorem 3.3 that (6) is an equality if, and only if, the level set

{AeCsuchthat inf (A - T)xl| = ¢}
[Ix[I=1, xeD(T)

is a subset of U op(T+D). O
IDl|I=¢
4. Essential approximate pseudospectrum.

In this section, we have the following useful stability result for the essential approximate pseu-
dospectrum.

Definition 4.1. Let T € C(X). We define the essential approximate spectrum of the operator T by

Teap(T) 1= ﬂ 0ap(T + K).
Ke K(X)

In what follows, we will bring a new definition of the essential approximate pseudospectrum.

Definition 4.2. Let T € C(X) and € > 0. We define the essential approximate pseudospectrum of the operator T by

Geap,s(T) = ﬂ Uap,s(T + K).
KeK(X)

In what follows, Theorem 4.3 gives a characterization of the essential approximate pseudospectrum by
means of semi-Fredholm operators.

Theorem 4.3. Let T € C(X) and € > 0. Then the following properties are equivalent:
() A ¢ Ueap,s(T)-
(i) For all D € L(X) such that ||D|| < €, we have

A-T-Ded(X) and i(A-T-D)<0.
Proof. (i) = (ii) Let A & 0eqp,(T). It follows that there exists a compact operator K on X such that
A & 0gp,e(T + K).
By using Theorem 3.3, we notice that A ¢ 0,,(T + D + K), for all D € £(X) such that ||D]| < ¢. So,
A-T-D-Ked,(X) and il -T-D-K) <0,
for all D € L(X) such that [[D|| < ¢. Using Theorem 2.2, we get, for all D € £(X) such that [|D|| < ¢,

A-T-De®,(X) and i(A - T -D) <0.
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(i1) = (i) We assume that for all D € £(X) such that ||D|| < € we have
A-T-De®,(X) and i(A -T-D) <0.

Based on Lemma 2.2, A = T — D can be expressed in the form A —T—D = S+ K, where K € K(X) and S € C(X)
is an operator with closed range and a(S) = 0. So

A-T-D-K=S and a(A-T-D-K)=0.
By using [15, Theorem 3.12] there exists a constant ¢ > 0 such that
[l(A =T —-D —-K)x|| = c|lx||, forall xe D(T).

This proves that z)(Ti)nf“ . l(A=T-D-K)xl| = ¢ >0.Thus A € 0,(T +D+K), and therefore A & geg,(T). O
x€ , Ixll=

Remark 4.4. It follows immediately from Theorem 4.3 that A & 0 (T) if, and only if, for all D € L(X) such that
[ID]| < & we obtain
A=T-De®(X) and i(A-T-D)<0.

This is equivalent to

Geap,s(T) = U Geap(T + D).
IDll<e

Proposition 4.5. Let T € C(X) and € > 0. Then,
(i) () Geape(T) = Geap(T).

e>0
(i1) If &1 < &2, then Geap(T) C Oeap,e, (T) C Oeap,e, (T).
(i1i) Oeap,e(T + F) = Oeap,(T) for all F € K(X).
Proof. (i) Oeap(T) C Oeap,e(T). Indeed, Let A & 0,g,(T). Then, there exists K € K(X), such that

inf  ||(A-T-K)x||>¢e>0.
xeD(X),|lxll=1

Hence A € 0.4p(T), and so
Ueap(T) - m O_enp,e(T)-

e>0

Conversely, let A € ﬂ Oep,e(T). Hence, for all ¢ > 0, we have A € 0.y,(T). Then, for every K € K(X) we

>0

obtain A € ggp,¢(T + K). This implies that

inf  |(A-T-K)x| <e.
xeD(X), |Ix[I=1

Taking limits as ¢ — 0%, we infer that A € 0,4, (T).

(i1) Let A € Oegp,e, (T), then there exists K € K(X), such that

inf (A -=T-Kx| < e1 < ey
xeD(X), nll=1

S0, A € Goapye(T).

(iii) It is clear from Definition of the essential approximate pseudospectrum . [
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Theorem 4.6. Let T € C(X) and € > 0. Then, for all E € L(X), we have

(1) O‘eap,.s—lll*ill(T) c Ump,S(T + E) - Gmp,s+|lE|I(T)-

(ii) For every o, p € Cwith § # 0
amp,g(al + ﬁT) =a+ ‘Bdeﬂp,dm(T).

Proof. The proof of this theorem is inspired from the proof of Theorem 3.5 and Propositions 2.6 . [J

The following result gives the essential approximate spectrum of the operator T in terms of quasi-compact
operators.

Theorem 4.7. Let T € C(X) with nonempty resolvent set. Then,

Geape(M) = () Gupe(T+K).
Ke M.(X)

Proof. LetA ¢ ﬂ Oap,«(T+K), then there exists K € M, (X) such that forevery||D|| < eand A € p(T+D+K),
Ke M.(X)
wehave (A-T-D-K)"'K € QK(X)and A ¢ Oap,e(T + K). Using [6, Theorem 1.6] we obtain that

I+(A-T-D-K)'Ke®dX) and iI+(A-T-D—-K)"'K) =0.

Since we can write
A=T-D=(A-T-D-K)(I+(A-T-D-K)K).

We conclude that for all D € £(X) such that ||D|| < ¢
A-T-De®,(X) and iA-T-D)=i(A-T-D-M)<0.
By using Theorem 4.3, we obtain A ¢ 0¢,(T). The opposite inclusion follows from K(X) € M. (X). Then,
(| 0weT+K)C () 0ue(T+K).

Ke M(X) KeK(X)

Corollary 4.8. Let T € L(X) with nonempty resolvent set. Then,

Ueup,é‘(T) = ﬂ Gap,s(T + K)
Ke T(X)
It follows immediately, from Theorem 4.7, that
Remark 4.9. Let T € C(X) and ¢ > 0.
(i) Using Theorem 4.7, we infer that eap,e(T + F) = Geqp,e(T) for all F € M:(X).
(ii) Let I(X) be a subset of L(X). If K(X) € I(X) € M.(X), then
Ueap,e(T) = ﬂ Gup,s(T +M).
MeI(X)

We have 6.ap,e(T + ]) = Oeap,e(T) for all | € I(X).

Theorem 4.10. Let T,B € C(X)and ¢ > 0and A = T — D € ©,(X) for every ||D|| < e. If, there exists a left Fredholm
inverse Ty . of A = T — D such that BT . is a quasi-compact operator, then 0o e(T + B) C Oeqp,e(T).
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Proof. (i) Let A € Geqp,(T), then for all D € £(X) such that [|D|| < ¢ we have
A-T-Ded,(X) andi(A-T-D) <0.
Let T) . be the left Fredholm inverse of A — T — D, then there exists K € K(X) such that
Tre(A-T-D)=1I-K on X. (7)
We infer from Eq. (7) that the operator A — T — B — D can be written in the form
A-T-B-D = A-T-D-(BT,.(A-T-D)+ BK)
= (I-BTy:)(A-T-D)-BK. (8)
Since BT . € QK(X) and applying [6, Theorem 1.6] we obtain that
I-BT), € ®(X) and i(I-BT,,) =0.
Consequently, I — BT, . € ®.(X). It follows from Eq. (8) and [10, Lemma 2.1]

(I =BTy )(A =T -D) D, (X),
and, i(I- BTy )A-T—-D)) = i(I-BTy.)+i(A—T-D)
i(A—T-D)<0.

m

Hence,
A-T-B-De® (X) andi(A-T-B-D)<0.
Then, A & Geap,e(T + B). Thus, Gegp,e(T + B) C Geap,(T). O

By using a similar reasoning as Theorem 4.7, we will give a fine characterization of o,(.) by means of
T + D-bounded perturbations. For this way we define the set

R:(X) = {K € C(X) : for all D € L(X) such that ||D|| < ¢, Kis (T + D)-bounded
and K(A - T - D - K)™' € QK(X) for some A € p(T + D +K)}.

Theorem 4.11. Let T € C(X) and € > 0. Then,
Gmp,S(T) = ﬂ Uup,s(T + K).
KeR.(X)
Proof. (i) Because K(X) € R.(X), then

ﬂ Uap,e(T +K) C ﬂ aup,e(T +K) := Geap,s(T)'
KeR,.(X) KeK(X)

Conversely, let A ¢ ﬂ 0ap,«(T + K) then there exists K € R.(X) such that A ¢ o,,(T + K), which means
KeR:(X)
that for all D € £(X) such that ||D|| < e we have A — T — D — K is injective. Using [6, Theorem 1.6] we obtain
that
I+(A-T-D-K)'Ke®dX) and i(I+(A-T-D-K)"'K) =0.

In the same manner, we can write A — T — D in the form
A-T-D=(I+KA-T-D-K)')A-T-D-K).
And also by using the Atkinson’s theorem we obtain that
A-T-Ded,(X)andiA-T-D)=i(A-T-D-M)<0.
This means that A & gegp,«(T). O
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Remark 4.12. Let T € C(X), € > 0. and let T'(X) be a subset of X containing QK (X). If T(X) € R.(X), then

Oeup,e(T) = ﬂ Unp,e(T + K).
KeT(X)
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