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Abstract. In this article the coincidence points of a self mapping and a sequence of multivalued mappings
are found using the graphic F-contraction. This generalizes Mizoguchi-Takahashi’s fixed point theorem for
multivalued mappings on a metric space endowed with a graph. As applications we obtain a theorem in
homotopy theory, an existence theorem for the solution of a system of Urysohn integral equations, and for
the solution of a special type of fractional integral equations.

1. Introduction and Preliminaries

The study of fixed points in metric spaces endowed with a graph was initiated by Jachymski [9]. The
famous Banach contraction principle was extended to multivalued mappings by Nadler [14] in 1969. Reich
[15] studied the fixed point results for the multivalued mappings on the compact subsets of a complete
metric space. Hu [8] in 1980 extended the multivalued fixed point results to locally contractive multivalued
mappings in e-chainable metric space. In 1989, Mizouguchi and Takahashi [13] generalized Nadler’s fixed
point theorem using the MT-function. Recently, Sultana and Vetrivel [17] used the concept of Jachymski [9]
for graphic contraction for multivalued mappings to extend the work of Mizouguchi and Takahashi [13].
Also Frigon and Dinevari [6] considered multivalued mappings on complete metric space endowed with a
directed graph.

In 2012, Wardowski [18] introduced the F-contraction and proved the uniqueness of fixed point to
extend the famous Banach contraction principle. Batra and Vashistha [4] have used the concept of graphic
contraction in connection with F-contraction for the existence of fixed point results. Fixed point results of
Hardy-Rogers type for self mappings on ordered complete metric spaces are pursued by Cosentino and
Vetro [5] in view of F-contraction. The Hardy-Rogers type fixed point results have been extended for the
multivalued mappings by Sgroi and Vetro [16]. For a metric space (X,d), by CL(X) we mean the set of
closed subsets of X, and by CB(X) we mean the set of all nonempty closed bounded subsets of X. For every
A, B € CB(X), the generalized Hausdorff metric H induced by the metric d is defined as

H(A, B) = max{sup d(x, B), sup d(y, A)}.
xX€A yeB
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On CL(X) the generalized Hausdorff metric is defined which is also applicable on CB(X) [11].

Present article deals with the coincidence points of the sequence of multivalued maps using the concept
of F-contraction endowed with a graph. We follow an idea from [2] to show the existence of coincidence
points of a sequence of multivalued mappings taking into account the graphic F-contraction. It provides a
new way of generalizations of many results existing in the literature [2, 14, 17].

Let us recall some definitions from graph theory which can be found in [10]. For a metric space (X, d) let
A be the diagonal of the Cartesian product X x X. Consider a directed graph G such that X = V(G), where
V(G) is the set of vertices of G. The set E(G) of edges of G contains A, i.e. E(G) contains all the loops. If G
has no parallel edges, then we can identify G with the pair (V(G), E(G)). Further, the graph G can be viewed
as a weighted graph if to each its edge we assign the distance between its ends. Consider a directed graph
G. Then G™! denotes the graph obtained from G by reversing the direction of edges, and if we ignore the
direction of edges in the graph G we get an undirected graph G. The pair (V’, E’) will be called a subgraph
of Gif V' C V(G) and E’ C E(G) and for any edge (a,b) € E',a,b e V.

A path of length K in G from a vertex p to a vertex q is a sequence {0}, of K + 1 vertices such that vy = p,
vk = qand (vj_1,7;) € E(G) for j = 1,2,...,K. Forv € V(G) and K € N U {0} by [v]Ié we denote the set

[v]lé :={u € V(G) : there is a path of lenght K from v to u }.

A graph G is called connected if there is a path between any two vertices. Graph G is weakly connected if G is
connected.
The following is the definition of G-contraction by Jachymski [9].

Definition 1.1. ([9]) Let (X, d) be a metric space endowed with a graph G. We say thata mapping T : X — X
is a G-contraction if T preserves edges of G, that is if

VX(x, y) € E(G) = (Tx, Ty) € E(G),
X, Y€

and there exists some a € [0, 1) such that

VX(x, y) € E(G) = d(Tx, Ty) < ad(x, y).
X, Y€

Mizoguchi and Takahashi [13] had defined an MT-function as follows:

Definition 1.2. ([7]) A function ¢ : [0,00) — [0,1) is said to be an MT-function if it satisfies Mizoguchi-
Takahashi’s condition lim sup,_,,. ¢(r) <1 for all t € [0, c0).

Clearly, if ¢ : [0,00) — [0,1) is a nondecreasing function or a nonincreasing function, then it is an
MT-function. By M7 we denote the set of all MT-functions.
Now we state some results from the basic theory of multivalued mappings.

Lemma 1.3. ([11]) Let (X, d) be a metric space and B € CL(X). Then for each x € X and q > 1 there exists an element
b € B such that d(x, b) < qd(x, B).

As mentioned earlier, Wardowski [18] initiated the idea of F-contractions and provided a generalization
of the Banach contraction principle. Following Wardowski [18] F denotes the set of all functions F : R* — R
satisfying the following three conditions:

(F1) F is strictly increasing;
(F2) For each sequence {a,},en of positive real numbers lim,, .., a, = 0 if and only if lim,, . F(at,) = —00;

(F3) There exists k € (0,1) such that lim, o+ a*F(a) = 0.
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Definition 1.4. ([18]) Let (X, d) be a metric space and F € F. A self mapping T on X is called an F-contraction
if there exists 7 > 0 such that for all x, y € X

d(Tx, Ty) > 0 implies 7 + F(d(Tx, Ty)) < F(d(x, v)).

Further Altun, Olgun and Minak [1] used F-contractions in multivalued maps to generalize the constant
T by putting some restriction using the lim inf and prove the fixed point theorems on closed and bounded
subsets of complete metric space.

2. Main Results

Definition 2.1. ([17]) A multivalued mapping F : X — CB(X) is said to be a Mizoguchi-Takahashi G-
contraction if for all distinct x, y € X with (x, y) € E(G) we have:

(1) H(F(x), F(y)) < @(d(x, y))d(x, y), where ¢ € MT;
(i) If u € F(x) and v € F(y) are such that d(u, v) < d(x, y), then (u,v) € E(G).

Motivated with Definition 2.1 of [17], we define in a more general setting the sequence of multivalued
F-Gy-contraction for functions F € F.

Definition 2.2. Let (X, d) be a metric space endowed with a graph G and let F € F be right continuous.
A sequence of multivalued mappings {Tq};‘;1 from X into CB(X) such that for each u € X and g € NN,

T,(u) € CB(X), is said to be a generalized F-G¢-contraction if f : X — X is a surjection such that for u,v € X,
u #vand (fu, fv) € E(G) imply

27 (d(fu, fv)) + F(H(T,(u), T+(v))) < F(d(fu, fv)), forallg,r €N forsomet >0, (2.1)
where

7:(0,00) — (0,00) and inf flim 7(t) >0, foralls > 0.
—st

If fx € Ty(u) and fy € T,(v) such that d(fx, fy) < d(fu, fv), then (fx, fy) € E(G).

Theorem 2.3. Let (X, d) be a complete metric space with a graph G and {Tq};‘;1 be a generalized F-G g¢-contraction.
Assume there exist m € N and vy € X such that:

(@) T1(vo) N [fwol # 0;

(i) For any sequence {v,} in X, if v, — vand v, € Ty(vy-1) N [vy-1]¢ for alln € IN, then there exists a subsequence
{vn ) of (v} such that (v, v) € E(G) for all k € IN.

Then f and the sequence {Tq},‘;‘;1 have a coincidence point, i.e. there exists v* € X such that fv* € (| T,(v").
qeN

Proof. Choose vy € X such that fo; € T1(vo) N [fvo]? then there exists a path from foy to fovy, i.e.
fUO = fu(l)/' sy fu# = fvl € Tl(vo)/ and (fujllfuil+1) € E(G)
foralli = 0,1,2,...,m—1. Withoutany loss of generality, we assume that fu}t * fu} foreachk,j€{0,1,2,...,m}
with k # j.
Since (fug, fu}) € E(G), we get

21 (d(fup, fu})) + FH(T1(u), Ta(u}) < F(d(ful, fu)). 2.2)
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As F is continuous from right, for 7 (d( fug, f ui)) > 0 there exists a real number g > 1, such that,

F(qH(T1(u}), Ta(u}))) < F(H(T1(ud), Ta(ub)) + 7 (d(ful, ful)). (2.3)

Rename fv; as ful. Using Lemma 1.3, for each fu? € Ti(u}) and g > 1 we can find some fu? € T,(u}) such
that

d(fud, fu) < gH(T1(u}), To(u}))
which implies

F(d(fug, fu3)) < F@qH(T1(ug), T2(u}))). (2.4)
From (2.2), (2.3) and (2.4) we have

T (d(fup, fup)) + F@(fud, fud)) < F(H(T1(ug), To(u})) + 27 (d(fug, ful))

< F(d(fug, fuy)),

which implies

F(d(fuf, fu)) < F@(fug, fuy) =t (d(fuf, fup)).
So we have

d(fug, fui) < d(fug, fuy), which implies (fu, fu?) € E(G).

Since (fuj, fuj) € E(G), we have
21 (d(fui, fuy)) + F(H(Ta(u}), Ta(u3))) < F(d(fui, fup). (2.5)
As F is continuous from right, for 7 (d( fu, f u%)) > ( there is a real number g > 1 such that

F(qH(Tx(u1), Ta(u3))) < F(H(Ta(uy), Ta () + 7 (d(ful, fuy)). (2.6)
Again by using Lemma 1.3, for each fu? € T>(u!) and g1 > 1 we can find some fu2 € T»(u}) such that

d(ful, fus) < g1H(To(u3), To(u3)).
This implies

F(@d(fu3, fu3)) < F@qH(T1(ug), Ta(u3))- 2.7)
From (2.5), (2.6) and (2.7) we obtain

T(d(fu], fu)) + FA(fl, fu3)) < F(H(T2(u3), Ta3))) + 27 (d(ful, fu3))

< F@d(fuy, fuy),

and from here

F(fu3, fu3)) < F(fu;, fuy)) = T (d(fui, fu}).
Therefore, we have

d(fu3, fu3) < d(fuj, fuy) which implies (fu3, fu3) € E(G).
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Thus we obtain m + 1 vertices {fu3, fu?, fu3, ..., fu?} in X such that fu? € Ti(u}) and fu? € T(u}) for
s=1,2,...,m with

d(fu?, fu§+1) < d(fug, fu;l)'

fors =0,1,2,...,m—1. As (ful, ful,) € E(G) foralls = 0,1,2,...,m — 1, we get (fu, fu2,,) € E(G) for all
s=0,1,2,...,m—1.

Let fu? = fv,. Then the set of points foy = fu?, fu3, fu,..., fud, = fv, € Tp(v1) is a path from fo; to
fv2. Rename fv; as fu;. Then by the same procedure we obtain a path

fop = fug,fuf,fug,...,fu?n = fus € T3(vy)
from fv, to fvs. Inductively, for some /1 € N we obtain
fop = fué”,fu}l’“,fug”,...,fuf’,,” = fops1 € Ther(on)
with
2e(d(fuf, fit).y) + F(H(Thr (1), Thor (1)) < F@(fuf, fug, ).

Similarly since f u’;” € Th+1(ui’), and again using Lemma 1.3, one can find some f u?jll € Thi (u’: '.,) such that

Fd(fu™", fuf]) < Fd(fuy, fuy,y) — (@d(fu}, fuf.,)), (2.8)

which implies that,
d(fuy™?, fuyly) < d(fuf, fu.y), (2.9)

and hence (fu*1, ful*l) € E(G) fort =0,1,2,...,m - 1.

t+1
Consequently, we construct a sequence {fov,};” | of points of X with

for = fu, = fug € Ti(v),
foo = ful = fuy € To(v1),
fos = fuy, = fug € T3(vy),

fon fultt = ful*? € Ty (oy),

for all h € IN.
Now from (2.8) we have

A

F(d(ful, fuly)) - T (d(fuf, ful,,))
< F@(ful™, fulsh) — 7 (dful™, fultn)) — o (d(ful, ful))

F(d(ful™, fuli)

< F@(fu}, fu,) = (deful, ful,) = o (dCF™, ful)) = (defu, ful,y)

h terms
< F@d(fu{, fuj,;)) — hmin {T (d(fulf_l,fuifll ), T (d(fu’f,fu’;l)) yeees T (d(fu},futlﬂ))}
< F(d(futll fu2+1)) - hTmin
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As h — oo we get lim F(d(ful*!, fut1)) - —oco then from (F2) hmal(fuh+1 full) = 0.

t+1 1)
Now from (F3), there exists some k € (0,1) such that

timd (1, fusd) F (a2 (0, ) = 0
Now from consequences of (2.2) we have
F(d(fui™, fuli)) < F@(fu}, fu},)) = hmin forall h € N,
which implies that
() F (d (™, fulr)) = d (Ful ™, pulsl ) Faapad, )
A(Ful, ) (F (A (Ful™, fu)) = ) = (™, Sl P, fus, )
Hmind (f, ful 1) < 0.

Letting h — oo we deduce that,

IA

) k
lim hd (furt, fultil) = 0. (2.10)
It follows from (2.10) that there exists some h; € IN such that
k
hd (ful™!, fulfl) <1 forallh > hy. 2.11)
This implies that

t+1

d(fult, fulsl) < h— forall h > hy.

Now for p > h > h; consider,

ll. (2.12)
1k

p-1 p-1
d(fon, fop) < Zd(fvi,fvi+1) Z
i=h i=h

Since 0 < k < 1 therefore series in (2.12) converges, and so for all t € {0,1,2,...,m — 1}, it follows that
{fon = ful}is a Cauchy sequence.
Since (X, d) is complete, there is v* € X such that fv, — fv*. Since fv;, € Ty(vp-1) N [04-1]¢ for alln € N,
there exists a subsequence {fvy, } such that (foy,, fv*) € E(G) for all k € N. Thus
2t(d(fon,,, f0")) + FH(Ty (vn,,), Ty(0")) < Fd(fop,, fv7))
F(H(Thk(vhk—] ), Tq(U*))) < F(d(fvhkq/fv*))-

Since F is an increasing function we have

H(Ty, (vn.,), Ty(0")) < d(fon,_,, f0°). (2.13)
By (2.13), for all 4 € N we have

a(fo", T,(v") < d(fo", fon,) +d(fon, T,(0"))

d(fo, fon,) + H(Ty (vn,_,), T4(v"))
aA(fv’, foper) +d(foy,_,, f°).

Letting k — oo in the above inequality, we get d(fv*, T,(v")) — 0, which implies fv* € T,(v") for all 4 € IN.
Hence, fv* € (1 T,(v") as required. [
geN

A IA
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Corollary 2.4. Let (X, d) be a complete metric space with a graph G, T : X — CB(X) and f : X — X a surjection.
Ifu,v € X are such that u # v and (fu, fv) € E(G) imply

T (d(fu, fo)) + FH(T(w), T(0))) < F(d(fu, fo)),

wheret :  (0,00) — (0,00) with inf tlim T(t) >0, foralls > 0.
—st
Also if F is right continuous and there exist m € IN and vy € X such that:

(@) T(wo) N[fwolg # 0;

(i) For any sequence {v,} in X, if v, — v and v, € T(vy—1) N [0y-1]¢ for all n € IN, there exists a subsequence
{0, } such that (v, v) € E(G) forallk € N,

then f and T have a coincidence point, i.e., there exists v* € X such that fv* € T(v").

Corollary 2.5. Let (X,d) be a complete metric space with a graph G, T : X — CB(X). If u,v € X are distinct
elements such that (u,v) € E(G) implies

T(d(u,0)) + F(H(T(u), T(v))) < F(d(u,v)),
wheret :  (0,00) — (0,00) with inf tlim T(t) >0, foralls > 0.
—st
Also if F is right continuous and there exist m € N and vy € X such that:
(i) T(vo) N[oolgs # 0;

(i) For any sequence {v,} in X, if v, — v and v, € T(vy-1) N [0,-1]¢ for all n € N, there exists a subsequence
{Un,} such that (v,,,v) € E(G) forall k € N,

then T has a fixed point v*.

If we consider F(t) = In t in Corollary 2.5, then we arrive at Theorem 3 on multivalued maps of [17].
The following are the consequence for the case of self mappings with 7 is taken as a positive real constant
in Theorem 2.1.

Corollary 2.6. Let (X, d) be a complete metric space with a graph G, {Tq};":1 be a sequence of the self mappings on X,
and f : X — X a surjection. Suppose that for distinct elements u and v in X, (fu, fv) € E(G) implies

T+ F(d(Ty(u), T,(v))) < F(d(fu, fv))
forall g,v € IN, and there exist m € N and vy € X such that:

() Ti(vo) N [fvold # 0;

(i) For any sequence {v,} in X such that v, — v and v, = T,(vy-1) N [04-1]F for all n € N, there exists a
subsequence {vy, } of {v,} such that (v,,,v) € E(G) for all k € IN.

Then f and the sequence {Tq};(;1 have a coincidence point, i.e., there exists v* € X such that fv* = Q\I T, (©").
qe

Corollary 2.7. Let (X, d) be a complete metric space witha graph G, T : X — X, and f : X — X a surjection. Let u
and v be distinct elements in X such that (fu, fv) € E(G) implies

T+ F(d(T(u), T(v))) < F(d(fu, fv)), (2.14)
and let there exist m € IN and vy € X, such that:

() T(vo) N [foolg; # 0
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(i) For any sequence {v,} in X converging to v € X and such that v, = T(vy-1) N [0,-1]¢ for all n € N there exists
a subsequence {v,,} of {v,} such that (v, ,v) € E(G) for all k € IN.

Then f and T have a coincidence point, i.e., there exists v* € X such that fv* = Tv".

Corollary 2.8. Let (X, d) be a complete metric space with a graph G, T : X — X. Assume that for distinct u,v € X,
(u,v) € E(G) implies

7+ F(d(T(u), T(v))) < F(d(u,v)), (2.15)
and that there exist m € IN and vy € X such that:
(@) T(vo) N [wolg # 0;

(i) For any sequence {v,} in X which converges to v € X and satisfies v, = T(v,-1) N [Un_ﬂg forall n € N there
is a subsequence {vy,} such that (v, v) € E(G) for all k € N.

Then T has a fixed point v*.

Remark 2.9. Using the notion from [9], Gy is the graph associated with metric space (X, d) with E (G) = XxX.
If we assume the graph G = Gy and F(t) = Int in Corollary 2.8, then the contractive condition (2.15) is
applicable for all # and v in X. Thus Corollary 2.8 reduces to the Banach contraction principle.

3. Applications

A. Homotopy theory

By using some ideas from [12], we give an application in homotopy theory as a consequences of Corollary
2.8 with G = Go.

Theorem 3.1. Let (X,d) be a complete metric space, W an open subset of X, and U : [0,1] x W — CB(X) a
multivalued mapping satisfying the following conditions:

(a) a ¢ U(u,a) for each a € W, where W is the boundary of W, and p € [0,1];
O Uy, : W — CB(X) is a multivalued map such that;
T+ F(H(U, o), UG, B) < F(d(a, B)
for each u, ' €[0,1], a,p € X ;
(c) there exists a continuous increasing function ¢ : (0, 1] — R such that
FH(U(A, ), Uy, B))) < F@P(A) = P (w),
forall A,p€[0,1]and all a, B € W.
Then U(0, ) has a fixed point if and only if U(1,-) has a fixed point.

Proof. Suppose U(0,-) has a fixed point p, so p € U(0, p); it follows from (a), p € W.
Define

A={(ya)el0,1]xW:ae Uy, a).

Clearly A # (0. We define the partial ordering in A as follows:

(a) s (A, B) = p<Aandd(a,p) <

2
W)~ () =
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Claim 1. A has a maximal element.
Let L be a totally ordered subset of A and

w=supf{u: (u,a) €L}

Consider a sequence {(uy, ay) } in L such that, (u,, ay) 3 (Un+1, @ns1) and p, — y* as n — oo. Then for
n>0

m > n, we have

At @0) < T (i) = Y(4i) = 6, a5 1,11 > o,

which means that {a,} is a Cauchy sequence. Since (X, d) is a complete metric space, there exists C € X, such
that a, — C.
Now consider

T+ F(HU(un, an), Uy, Q) < F(d(a, C))
which implies

H(U(pn, an), Uy, Q) < d(an, )

Since a1 € U(un, ay) we have

d(an,,,, Uu, Q) < d(an, 0).
By [8, Lemma 3] there exists C,, € U(u", C) such that

d(ans1, Cn) < d(an, Q).
Further,

a(C,Cy) < d(C ans1) +d(ana, Cn)
< d(C ap,,) +ad(ay, C) = 0 forall n — oo.

Thus ¢, — C € U(u*, C) and since U(u*, ) € CB(X)), C € W. From here we get (u*,C) € A. Thus (y, a) 3 (u*, 0)
for all (u, @) € Q, which means that (u*,C) is an upper bound of Q. Hence by Zorn’s Lemma, A has the
maximal element (u*, C). This completes the proof of Claim 1.

Claim 2. u* = 1.
Suppose that y* < 1 and choose u > p* such that

B4(C,r) C W, where r = {(u”) — ().
For any & € By(C, ), we have

d(a, Q) <.
Now for any & € B,(C, r) consider

T+ FHU(", 0), Uy, @) < F(d(a, )
which implies

HU(g, 0), Uy, a)) < d(a,C) <.
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Thus the contractive condition holds for multivalued map U(u, @) : B4(C,7) = CB(X) in the complete

metric space (Ba(C, 1), d). By Corollary 2.8, for each u € [0,1], there exist some a € B4(C,7), such that
a €Uy, a). As

d(C a) <r=9") - (),
we have
W, 0= (wa),
a contradiction. Thus u* = 1 and hence U(:, 1) has a fixed point.

Conversely, if U(1, -) has a fixed point, then in a similar way we prove that U(0, -) has a fixed point. O

B. System of integral equations
Consider the system of Urysohn integral equations

Fx(t) = f Ki(t,s, x(s))ds + hi(t), t € Qandie N, (3.1)
Q

where Q is a closed and bounded subset of a finite dimensional Euclidean space and x, ; are in C[Q, R"].
(1) Suppose that K; : Q?xR" — R" fori=1,2,...,n are such that F;, € C[QQ,R"] for each x € X, where

Fi.(t) = fKi(t, s, fx(s))ds, forall t € Qand i € N.
Q
(2) There is T > 0 such that for every x, y in C[€),IR"] it holds
|Fin(t) = Fuuy () + a(t) = hy(1)] < €7 | fx(t) = fy(®)

Theorem 3.2. Under the assumptions (1) and (2) the system of Urysohn integral equations (3.1) have a unique
common solution in C[Q), R"].

, forall m,n € IN.

Proof. Consider a space X = C[€), R"] with the metricd; : X X X — R defined by:
d-(x, y) = max|x() - y(®)l.

For each i € IN define S; : X — X by
Six = Fix +h;.

Consider,

|Sux(t) = Suy(®)] = |Fune(®) = Fuy() + hn(®) = ()] :m %1

max [Py(t) = Fuy(£) + hn(t) = I (0)

e max|fx(t) - fy(®)|.

IAN

IA

Equivalently we have
dr(Smx, Spy) < e "d.(fx, fy) forallm,n € N.
Further,

In(d:(Smx, Sny)) < —7 + In(d.(fx, fy))
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or

T+ In(d(Spx, Suy)) < In(d.(fx, fy)).

Now we observe that the function F : R* — R defined by F(t) = Int for each t in 3, and 7 > 0 is in F. Thus
all conditions of Corollary 2.6 of Theorem 2.1 are satisfied, so the system of Urysohn integral equations (3.1)
and f have a coincidence point as a solution. [J

C. Fractional differential equation

In the next application, we discuss a generalization of a fractional differential equation described in
[3]. For the function g € C(I) and a continuous function f : I X R — R, where I = [0,1] and C(!) is the
Banach space of continuous real-valued functions on I with the uniform topology, consider the fractional
differential equation

D) + f(t, g(x(®) =0 (0<t<1, a>1, xeC() (3.2)

with boundary conditions x(0) = x(1) = 0. Note that the associated Green function with the problem (3.2)
is:

- (tHl=s)* 1 —(t-5)1 0<s<t<l1,
(t5) = % 0<t<s<l.

Theorem 3.3. Let g: R — Rand f : I X I — R be continuous functions which satisfy

(@) |(f(s, 9(x(s) = f(s, gyGN)| < |9(x(s) — g(y(s))| forall s € I;
1

(i1) sup,, fG(t,s)ds <e™" for some T > 0.
0

Then the problem (3.2) has a unique solution.
Proof. For the space X = C(I) we have d(x,y) = n}gﬁ |x(t) - y(t)| for x and y in X. It is well known that
te[0,
x € (X, R) is a solution of (3.2) if and only if it is a solution of the integral equation

1

x(t) = fG(t,s)f(s, (gx)(s))ds for all t € I.

0
Define the operators F: X —» X and S : X — X by

1

Fx(t) = fG(t,s)f(s, (g9x)(s))ds foralltel,

0

and

Sx(t) = (gx)(t) for t € L.
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Thus, for finding a solution of (3.2) it is sufficient to show that F and g have a coincidence point. Let
x,y € C(I). For all t,s € ] we have

1

f Glt,5)(f(s, (42)(6)) — £(5, (gy)(s))ds

|Fx(t) - Fy(®)|

Ol
< f G, ) [(F(s, (92)(6)) — £, gy)(s))| ds
01
< f 1G9 |(92)(5) — (gw)(s)| ds
0
1
< (596 - (S9)(E)| sup f G(t, 5)| ds
tel 0
< e |(Sx)(s) - (Sy)s)|-

This implies that for each x, y € X we have

Ind(Fx,Fy) < =7 + Ind(Sx, Sy).

Observe that the function F : R* — R defined by F(t) = Int, t € I, and 7 > 0 is in F. Thus by using Corollary
2.7 with graph G = Gg we have x* € X such that Fx* = Sx* with (Sx*)(t) = (gx")(t) for t € I. Thus x" is the
required coincidence point of Fand g. [
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