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Abstract. In this paper, we obtain some limit formulas for derivatives of (p, g)-gamma function and (p, g)-
digamma function at their poles. These limit formulas extend the Prabhu-Srivastava theorem involving
gamma function and digamma function.

1. Introduction

It is well-known that for all complex numbers x # 0,-1,-2,---, the gamma function and digamma
function [1, pp. 255] are defined by

. n'n® _I'n
') = ,}E& x(x+1)---(x+n) and  ¢(x) = I'(x)’

respectively.
A. Prabhu and H.M. Srivastava [8] have considered the limits of ratios between two gamma functions
and digamma functions at their poles x = 0,-1,-2, - - -, and obtained some nice formulas:

Theorem 1.1. ([8, Theorem 1 and 2]) For non-negative integer k and positive integers n and m, we have

M _ (_1ym-mk T (m_k)'
el I'(mx) =D n o (nk)’ )
and
Y(nx) m

xi—glk Y(mx) R
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Applying (1) and Gauss-Legendre multiplication formula, they also obtained an interesting product identity
for the gamma function:

n—

1 .
I RPN 1n-1) K
1F( k+n)_( 1) n"™"2(2m)?2 _(nk)!'

j=

for non-negative integer k and positive integer n > 2.
In 2013, F. Qi [9] considered the limits of ratios between two derivatives of gamma function and digamma
function at their poles.

Theorem 1.2. ([9, Theorem 1.2]) For non-negative integers s, k and positive integers n, m, we have

') (nx) _ (n—m)k (M St (mk)!
ok TO(mx) 1) (g) (nk)!’ @

and

v _ (), ®

im ———— =|—
1=k PO (mx) n

Remark. Theorem 1.2 is contained in the Prabhu-Srivastava theorem (Theorem 1.1) by obvious use of the
L’'Hopital’s rule for limits.
For a non-negative integer p, the p-gamma function is defined by

Pt
x(x+1)---(x+p)

I,x) =

which was first introduced by Euler. Similarly, the p-digamma function is given by

e
- rp(x) ’

Yy (x)

Note that lim,, I';(x) = I'(x) and lim, o, ¢, (x) = 1(x), and both I';(x) and 1,,(x) are analytic on the complex
plane except for x =0,-1,-2,--- , —p.

Recently, L. Yin and L.-G. Huang [5] provided alternative proofs of (1) and (3) by establishing the
following results:

Theorem 1.3. ([5, Theorem 2.3 and 2.6]) Let k, p, s be non-negative integers and m, n be positive integers such that
mk,nk < p. Then

T
m p(nx) _ %(_p)(mn)k(p) / ( p ), (5)

sk [p(mx) nk) * \mk

and

$ (nx) B (m )5+1 _

m ® =|—
x—-k lpp (mx)

n

Letting p — oo in (5) and (6) and noting that

: (m—n)k p p _ (mk)‘
pmp (nk) / (mk) ol

we are led to (1) and (3). They also posed the following conjecture:
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Conjecture 1.4. ([5, Conjecture 2.9]) Let s, k and p be non-negative integers and m, n be positive integers such that
mk, nk < p. Then

r(s) s+1
m p (nx) _ (ﬂ) (_p)(m—n)k( P) / ( p ) (7)

i - =
Dk FS)(mx) n nk mk

It is not hard to see that (7) reduces to (2) when p — oo.
Remark. Theorem 1.3 and Conjecture 1.4 can be considered as the p-extensions of the Prabhu-Srivastava
theorem (Theorem 1.1).

F. H. Jackson defined the following g-gamma functions [4, (1.35), pp-353]:

I(x) = ((;;;'qq))oo (1-g'™ for0<g<1,

and
rmzﬂif%w_nHﬁ)mm>1 ®)
@ '

where (a;9)0 = 1 and (;9), = [1}=)(1 — ag"). This function have many analogues of the classical facts about
the gamma function [2, 7]. Similarly, the g-digamma function is given by

I (x)

rq(x) '

It is well-known that lim,,; I';(x) = I'(x) and lim,,1 14(x) = ¥(x), and both I';(x) and ¢;(x) have the poles at
x=0,-1,-2,---.

V.B. Krasniqi, H.M. Srivastava and S.S. Dragomir[3] considered the following (p, )-gamma function and
(p, 9)-digamma function:

l;bq(x) =

EH N
xlglx + 1]+ [x + ply

[4(x) = [ forg >1, 9)

and ¢, 4(x) = I, (0)/Tp4(x), where p is a non-negative integer and [x]; =1 -g)/(1 - g7"). They have also
obtained some complete monotonicity properties of the (p, q)-gamma function. Both I'; ;(x) and ¢, ;(x) have
the poles atx =0,-1,--- , —p. Note that (9) reduces to (4) when 4 — 1, and reduces to (8) when p — oo.

In this paper, we shall establish some extensions of the Prabhu-Srivastava theorem (Theorem 1.1)

involving the (p,q)-gamma function. We will see that all of Theorem 1.1, 1.2, 1.3 and Conjecture 1.4 are
special cases of these theorems.

2. Statements of the Results
We can rewrite (9) as

(1—q1Xq%q1h(1—qw

I, (x) =
pa®) @9 pn 1-g71

) q('gl) forg > 1. (10)

It is clear that the definition (10) is equivalent to

(1 - ) )plpkig ()
(% Dp+

[4(x) = forg <1, (11)

where [p]; = (1 - ¢7)/(1 — q). In what follows we will use the definition (11) for T, 4(x).
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Theorem 2.1. Let s,k and p be non-negative integers and n, m be positive integers such that nk, mk < p. Then

Y8 (nx) (m)”l' 12

lim —
x—>—k l/’ ( x) n
Letting ¢ — 1in (12), we obtain (6).

Theorem 2.2. Let s,k and p be non-negative integers and n, m be positive integers such that nk, mk < p. Then

©) s+
m 25— (27 2] ]2 13

i
x—>—k rl(j,‘)i(mx) n nk|, = |mk|,

where [pl; = (1 —4”)/(1 — q) and the g-binomial coefficient is given by

H __ @9k
bl, @9 Pa-s
Letting 4 — 1 in (13), we obtain (7), and so we confirm Conjecture 1.4.

Theorem 2.3. Let a, b be positive integers and s, k and p be non-negative integers such that k < p. Then
©) k+1 k
. rprq”(x) [ T(1=q"\'[p P
hmk 5 -q " =) |k / il (14)
SR Y e —1 q T g

3. Proof of the Results

In order to prove the results, we need some important lemmas.

Lemma 3.1. (Faa di Bruno) If g and f are functions with a sufficient number of derivatives, then

Nuﬁl(ﬁ@ﬁ[

s! (15)

dxs!](f( ) = Z r'rz—'r g (f(x ))(

1ri 4210 +-+515=5
1tz 1520

This is the famous Faa di Bruno formula [6].

Lemma 3.2. Let F and log F be functions with a sufficient number of derivatives. For any positive integer s, there
exist some coefficients a(ry,t2,- - -, 1s) independent of x such that

F(s)(x) = F(x) Z a(ri, ra, -+ ,7s) (f(l)(x))ﬁ o <f(s)(x))r5 , )
1714210+ +575=5
1,52, 520

where f(x) = log F(x).

Proof. Letting g(x) = ¢* and f(x) = log F(x) in (15), we immediately get

o) 1 (s) Ts
FO(x) = F(x) Z . .S.!-r ! (f (X)) (f (x))

1! s!
1ri+2:1p+-4515=5
1tz 1520

This completes the proof. O



J.-C. Liu, J. Liu / Filomat 31:14 (2017), 4507—4513 4511

Proof of Theorem 2.1. By (11), we have

. -1 41 ld ds .
( 1) (x) log[p]q vy ( )logq Z s log(1 — g**). (17)
i=0

Letting g(x) = logx and f(x) = 1 — g"** in (15) gives

: ! (R - 1) iR
1- X+ 1 S S . . : 1
(1-4"") (logq) iy +2.r;.+w . nlrlrl @)z (s)s (1= grri)R? (18)
e 20

whereR=r{ +1ry+---+7#. Sincel-r;1 +2-1 +---+5s-7; =5, R has the maximum value R = s whenr; = s

and r, = --- =1y =0, and so we can write (18) in the form
d - Z ge+R
—— log(1 - ") = — (log ) Z R G~ e (19)

where C,(R) is independent of x and C(s) # 0. Note that (19) has the pole at x = —i.
Combining (17) and (19), we have for s > 1 and nk, mk < p,

17b(s D(nx) . qn(x+k)s (1- qm(x+k))s
Lmk s—1) g{lk (1 _ n(x+k))s ) m(x+k)s
x %lq (mx) q q
Noting that

1- m(x+k)
lim —4 =" 20)
x—»-k 1 — qn(x+k) n
we obtain

-1
b (1) (m

s
W = —) fors > 1,
x——k lpp,q (mx) n

which is equivalent to (12). O
Proof of Theorem 2.2. We first prove the case s = 0.

[}4(nx)
x——k Iy o(mx)

= (5= @ D@3 Do 1= "

im
(q_nk,Q)nk(q/ l])p A Sy qn(x+k)

Applying (20) and noting that

@5 = )G q),

we obtain

Lpg() _m (—Q[P]q)(m_n)k [ P] / [ . ] . h

x>k Ipy(mx)  n nk . mk g

Let f,,4(x) = logT,,(x). By (16), we have

TO@=Tpe0) Y. atra ) (f1@) - (F0)" (22)

1114210+ +515=5
r1,r2, 1520
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Noting that f;f?(x) = xp;‘f; 1)(x) and then using (12), we get

(d)
mm=(ﬂ)d ford>1
xo—k f;i])(mx) n -

It follows from (22) and (23) that

r;S/f)J(nx) . Fp,q(”x) m\®
im = lim — - (—) .
x——k I‘;}sl)q(mx) x——k Fp,q(mx) n

The proof of (13) then directly follows from (21) and (24). O
Proof of Theorem 2.3. We first prove the case s = 0.

x+k)

o\ k+1 bk (0. 22y (o—bk. DY (b b b
lim l"p,qa(x) _ @-b)(*?) (1 —q ) (1 -q p) " q )P(q ;a7 )p—k lim 1-g ( ‘
e e B e A

==k [y () 1—gb 1—q%

Using (20) and noting that

@@ a4 )k q(a_b)(k?)[p] / [p]
@ ") (@ 4)q% 4 Dp o Lkl

we obtain

ok ;
tim 229 b by (1 4 ) " (1 - qbp) [p ] / [p } .
x>k Lp(x) @ 1—gb 1-g%) |k - k g

In order to prove (14), by (16) and (25), it suffices to prove that

()
log Ty 0 (x)
w D)
x——k )
(logT, ()
Replacing g by g% in (19) yields
qu(x+1')R

i _ ey — s y -
i log(1 — ¢"**)) = — (alogq) ;‘) Gs(R) (1= R

Similarly to the proof of Theorem 2.1, we have

_ M o (11)5 qa(x+k)s . 1- qb(x+k))s 1 (by (20)).

. 9 oo\ A= K b(x+k
x k(logl"prqb(x))() vk \b/ (1= gtth)s qPeRs

This completes the proof. [J

4512

(23)

(24)

(25)
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