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Abstract. In this paper, the authors investigate a majorization problem for certain subclasses of multiva-
lent meromorphic functions defined in the punctured unit disk U* having a pole of order p at origin. The
subclasses under investigation are defined through iterations and combinations of the Liu-Srivastava oper-
ator and a meromorphic analogue of the Cho-Kwon-Srivastava operator for normalized analytic function.
Several consequences of the main results in form of corollaries are also pointed out.

1. Introduction and Definition

Let f(z) and g(z) be analytic in the open unit disk U := {z: z € C and [z| < 1}.
We say that f is majorized by g in U (see [11]) and write

fz)<gz) (zel), (1)
if there exists a function w(z), analytic in U satisfying |w(z)| < 1 and
f(z) =w(z)9(z) (z<€U). (2)

For two analytic functions f and g, we say f(z) is subordinate to g(z) if there exists a Schwarz function w,
which (by definition) is analytic in U with w(0) = 0 and |w(z)| < |z| (z € U) such that

f(z) =gw(z)) (ze€). 3)
We denote this subordination by
f(z) <g() (zel). 4)
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It follows from this definition that
f2) <g(z) = £(0) = 9(0) and f(U) < g(U).
In particular, if the function g is univalent in U, then we have the following equivalence (see [12]).
f(@) <9(2) (zeU) = f(0) = g(0) and f(U) c g(U).

Further, f(z) is said to be quasi-subordinate to g(z) if there exists an analytic function w(z) (Jw(z)| < 1) such
that £&

2 is analytic in U and

2 <40 eu) (5)

Hence by definition of subordination, (5) is equivalent to (see [1])

f@) =w(@)g9(P2)) (PR <2, z€U). (6)
We denote this quasi-subordination by
f@) < 9(z) (zel). (7)

If we set w(z) = 1 in (6), then (7) becomes the subordination (4).
If we take ¢(z) = zin (6) , then the quasi-subordination (7) becomes the majorization (1).
Let Zp denote the class of functions of the form

f@)==+ Zak 2P (peN:=1(1,2,3,..)) (8)

that are analytic and p-valent in the punctured unit disk U* := U \ {0} having a pole of order p at the origin.
We note that),; = 3.
For the functions f; € )., given by

1 v g .
[ =5+ Y mpd? (=122,
k=1

we define the Hadamard product (or convolution) of f; and f, by

1 [oe]
(i @) = 55+ Y iopatina™ = (o ) ©)
For a function f € ), let f @ denote gth order ordinary differential operator given by
(p+ (k—p)! k-
9(z) = g Prq— p=q
f1@) = (-1) ( Z(k e
(pe]N,qE]NO;]NU{},ZEIU). (10)

Liu and Srivastava [10] studied meromorphic analogue of the Saitoh operator [16] by introducing the
function ¢, (z) given by

bp(a,c,2) = Z (“)" 7 (@eC ceC\Z=10,-1,-2,..}, ze U,
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where (1), is the Pochhammer symbol (or shifted factorial) given by

_T(A+n) _{1 (n=0,AeC =C\ {0)),

S AA+ DA +2)..(A+n-1) (neN,AeC).

They defined the linear operator L(a,c) : )., — ., by
L(a,c)f(z) = ppla, c;2) * f(2).

Define the function ¢; (4, ¢; z), the generalized multiplicative inverse of ¢,(4, ; z) by the relation

1
ZP(1 — z)Mp

Ppla,c;z) * oy (a,c;z) = (a,ceC\Z;, A>—-p; zeU). (11)

Using this function we define the following family of transforms £, (a,¢) : ¥, — Y., defined by

= (A
Ly@,0)f(2) = ¢y (a,c;2)* f(2) = le + Z ((:):%ak_pzkp
k=1

_2Fi(A+p,ca;2)
=

fl@) (zel).

The holomorphic analogue of the function ¢, (4, ¢; z) and the corresponding transform, which is popularly
known as the Cho-Kwon-Srivastava operator in literature (see [4]). We remark in passing that a much more
general convolution operator, involving the generalized hypergeometric function in defining Hadamard
product (or convolution), was introduced recently by various authors [5, 6, 17].

Very recently Mishra etal.[13] (also see [15]) defined the generalized multiplier transformation LX’; (a,ct):

Y, — L,by
L@, )f() = L)"(@,0C" f(2).
Thus for a function f(z) of the form (8), we have

A+ | [p — Kkt ]" e
@Dy ] [ - ] By

(o8]

1
L@ e nf@ =5 +)
k=1

(zeU). (12)

It should be remembered that the operator LK’?(a, ¢, t) is the generalized of many other familiar operators

considered by earlier authors (for detail, see [13]).
It is easy to verify that

2(Laenf@) =Ea-nomecnfe - Loranre ¢>o). (13)

Now, by making use of the operator LK’?((Z, ¢, t), we define a new subclass of function f € Y, as follows.

Definition 1.1. Let -1<B<A <1, peIN, je€e Ny, y € C and ((‘;(_ﬁ)g)yl + |B|) < 1. Afunction f € },, is said

to be in the class 7";}”’(@ ¢, t,a,y; A, B) of multivalent meromorphic functions of complex order y # 0 in U* if and
only if

n,m /+1 1,m ]+1
) (2(£ e nfe) | La[feneens@) ol 14as
1- - —+p+jl-al-— BRI

(£ e 0f@) " (L wense)

(14)
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In particular, for A =1, B = -1 and a = 0, we denote the class
n,m 1 - n,m .
7,7 @ct,0,y1,-1)=7, " acty)
j+1
1 [2(L1) @ e nf)

={fedY :R[1-= — +p+j||>0}. (15)
Zp: " (L@ nfe)

We note that

o fory=(p—0)cosOe™ (16| <%, 0<6<p), theclass ‘7":’}.’"(% o ty) = 7’;;’”(@ ¢, t;(p — 0) cosO e?) =
7':}"1(@ c,t,6,0), called the generalized class of meromorphic 0-spiral-like functions of order 6 (0 <
6 <p)if

0 2Ly, e Hf)Y )
%[e { (L7 @,c,Hf @) +jt| < =6 cosb.

e forj=0,n=0 m=0, 7;%) (a,c,t;y) reduces to the class Zp()/) (y € €) of p-valently meromorphic

starlike function of complex order y in U, where

Zp(y):{fEZp:%(l_;_,(zﬁg) +P))>0, peN, yeC*};

o forj=0,m=1,t=1,n=0, 7';)01 (a,c,1;y) reduces to the class K,(y) (y € C') of p-valently meromor-
phic convex function of complex order y in U, where

K0)={feL, : R(1-1(1+LE +p)>0, peNyeC);

eforj=0,n=0m=0,p=1, ‘7”1060 (a,¢c,t;7) = S(y), the class of meromorphic starlike univalent
functions of complex order y # 0;

o forj=0,n=0,m=0,p=1,y=1-n, 7'106)(01, c,t;1-1)=Y"(n) (0<n<1),the class of meromorphic
starlike univalent function of order 7 in U* (see [8]);

o forj=0,n=0,m=1,t=1,p=1, 7'1061 (a,¢,1;7) = K(y), the class of meromorphic convex univalent
function of complex order y;

eforj=0,n=0m=1¢t=1p=1y=1-n 0<n< 1),7“38(11,0,1;1—17) = Y.x(n), the class of
meromorphic convex univalent function of order 1 (see [8]).

Another subclass of the class )}, associated with a linear operators, was studied recently by Srivastava
et al. [18] (also see [19, 20]). Also, there is good amount of literature about majorization problems
for univalent and multivalent functions discussed by various researchers. A majorization problem
for the normalized classes of starlike functions has been investigated by Altintas et al. [2]( also see
[3]) and MacGreogor [11]. For recent expository work on majorization problems for meromorphic
univalent and p-valent functions, see [7, 9, 21].

Motivated by aforementioned works, in this paper the authors investigate majorization problem for the
class of multivalent meromorphic functions using iterations and combinations of the Liu-Srivastava opera-
tor and a meromorphic analogue of the Cho-Kwon-Srivastava operator for normalized analytic functions.
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2. Main Results
Unless otherwise mentioned we shall assume throughout the sequel that

-1<B<A<1, peN, jeNyyeC;zelU"

Theorem 2.1. Let the function f € ¥, and suppose that g € 7'p ”}m(a, cta,y;A B). If (LK":(a, o bf (z))] is majorized

by (Lji';f (a,c, t)g(z))] in U*, then

m i m i
(L3 @, e, HF@) 1< (LY @,e9@) | (2l <o), (16)
where ro = ro(p, a, t, y; A, B) is the smallest positive root of the equation

[(A — B)tlyl (A-B)tlyl
p(1—a) p(1-a)

Proof. Since g € ’7;”}."1(11, ¢, t,a,y;A, B), we find from (14) that

+ |B|] r* — t|B| + p)r* - [Zt + p( + |B|)] r+p=0 (17)

1 z(.[Iﬁ’m(a,c,i,‘)g(z))jJr1 1 z(1:;1’;1(51,@t)g(z))jJr1 1 1+ Awe)

1-- 7 —+p+j|l-a —+p+jll=——-=,
" (2ae hye) " (gm@eno) 1+ Bulz)

(18)

where w(z) = 1z + 2% + ..., w € P, P denote the well- known class of the bounded analytic functions in U
and satisfies the conditions w(0) = 0 and w(z) < |z| (z € V).

Taking
j+1

1 Z(L';’,Z’(a,c,t)g(z))
| (£e @)

w=1-

+p+j (19)

in (18), we have

1+ Aw(z)
" 1+ Buw(z)’

W — alo — 1|

which implies

- 1+ (’L‘l__i‘zfois ) w(z) 2
w= 1+Bw(z) 29

Using (20) in (19), we get

(Lo ng@)”  prj+ [+ o+ B o
(LK',': (a,c, t)g(z))]

1+ Bw(z)
Application of Leibnitz’s theorem on (13) gives

2(L1a,e,9@) " = (’; -p- i) (£ ena@) - E (L@ eng@) (> o) 22)
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Now, using (22) in (21), we find that

(.Ef(’,;"”(a, c, t)g(z))j B 1 +[ @By B] w(z)

_ p(1—ae~10)
(L@ c,09)) L+ Bu)
Or, equivalently,
i 1+ Bw(z) — j
Ly (u ¢, 1)g(z) — L a, ¢, t)g(z)) . (23)
() = 7 oy ()

Since [w(z)| < |z| (z € U), the formula (23) gives

1+ Bzl

(A-B)ty
|P(1 —ae=%) +B|| |

1+ Bzl

- (A-B)tly|
1- [C2H +1Bl] 2|

(£, n90)| < (2 @ o)

(£ @ e hg2) | (24)

Further, since ([” "a,c, bt f (z)) is majorized by (L” "(a,c, t)g(z)) in the unit disk U*, from (2), we have

(L@, e nf) ) = w(2) (L} @, t)g(z)) (25)
Differentiating (25) on both sides with respect to z and multiplying by z, we get
n,n ]+1 / n,m ] n,nm ]+1
z (L/\', 5@ c ) f (z)) = zw'(2) (L oy (a,c, t)g(z)) + zw(z) (L/\,,p @a,c, t)g(z)) . (26)

Using (22) and (25) in (26) yields
(LK’;M(& c,t) f(z)) —Ezw '(2) (Lﬁ’m(a c, t)g(z)) + w(z) (Lﬁ’gﬂ(a, c, t)g(z))j. (27)

Thus, noting that w € P satisfies the inequality (see [14])

1 - |w(z)P?
1—z?

' (z)] < (28)
and making use of (24) and (28) in (27), we obtain

Hzl(1 — o (z))(1 + [BJ2])
p(1—12P)[1 - (S22 + 1BI) lzl]

(L@ e @) | < @)+ (<1 @eng@)].

which, upon setting
|zl =7 and |w(z)|=p (0<p<1),

leads us to the inequality

(£ @ e, h9)) |

(L2 a0, 0f@) | < v(p)
L6350 009) p =) 1= (S + 1B)o]



T. Panigrahi, R. El-Ashwah / Filomat 31:20 (2017), 6357-6365 6363

where
3 (A= B)tlyl
Y(p) =p(1 - rz) [1 - (—p(l ~2) + |B|)r p+t(1- pz)(l + |Blr)r
_ (A - B)tly|
= - i’?’(l + |B|1’)p2 + p(l — 1’2) 1- (m + |B|) 1’] Y + t?’(l + |B|7’), (29)

takes its maximum value at p = 1 with y = r9(p, a,t,y; A, B) where ry is the smallest positive root of the
equation (17). Furthermore, if 0 < 6 < 1y(p, a, t, y; A, B), then the function 1(p) defined by

(A - B)tlyl

$(p) = ~1(1 + BO)p” + p(1 - &%) [l ) ( pi-a)

+ |B|) 5] p + t5(1 + [BIS) (30)

is an increasing function on the interval 0 < p <1, so that

_ o, (A= Byl
Y(p) <y1)=p(1 -6 )[1 (—’D(1 ~2)

Hence, upon setting p = 1 in (30) we conclude that (16) of Theorem 2.1 holds true for |z| < ro(p, , t,y; A, B),
where ry is the smallest positive root of the equation (17). This completes the proof of Theorem 2.1. [J

+ |B|)6] 0<p<1,0<6<r(p, aty,AB).

3. Corollaries and Concluding Remarks
By letting A = 1 and B = —1 in Theorem 2.1, we obtain the following corollary.

Corollary 3.1. Let thefunctions f € },,and g € 7';’}."1({1, o ta;y). If (L;’?(a, ¢, V) f(2))! is majorized by (LK”;(a, ¢, Hg(z))
in U*, then

(LY @ e DY <Ly @ e @) (<),

where r1 = r1(p, a, t,y) is the smallest positive root of the equation

ot 2t
(_W('X +P)r3—(2t+P)7’2—[2f+ I i +P]V+P=0f

1- -a
k=K -p(p+ 75)
Aoy )
1

m

given by ry = o and ky =t+p+ 1.

—a

Taking @ = 0 in Corollary 3.1, we state the following;:

Corollary 3.2. Let the functions f € ¥, and g € 7';’}."1(11, o, by). If (L;';”(a, ¢, ) f(2))! is majorized by (LX’?(a, ¢, Hg(z))
in U*, then

Ly (@ e, DF @Y < Ly @, e, 9@)] (2 <7),
where rp = 12(p, t,y) is the smallest positive root of the equation
2ty +p) 1 — 2t + p)r? — [2t + 2ty + plr + p = 0,
ko= VG -p(p+21l)

given by ry = T andky =t +p +tlyl.

Takingn =m = j = 0,t = 1in Corollary 3.2, we get
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Corollary 3.3. Let the functions f € }.,, and g € }.,(). If f(2) is majorized by g(z) in U*, then
2f' @) < lzg' @) (12l < 73),
where r3 = r3(p, ) is the smallest positive root of the equation
Chl+p)r —QR+p)r* —[2+2|+plr+p=0
ks~ VB -Qyl+p)p

given by r3 = P

and ks =|y|+p+1
By setting y =p — 6 (0 <6 < p) in Corollary 3.3, we obtain the following results:
Corollary 3.4. Let the functions f € }.,, and g € }.,(0). If f(z) is majorized by g(z) in U, then
2f (2 < 29 @), 12l <7,
where r4 = r4(p, 6) is the smallest positive root of the equation
p+2p-06)r —Q+pyr* —2+2p=0l+plr+p=0

given by r4(p, 8) = o W andky =|p—06l+p+1

By taking y = (p — 6) cosO e (16| < %, 6 (0 <6 < p)) in Corollary 3.3, we get the following:

Corollary 3.5. Let the functions f € }.,, and g € }.,(0,0). If f(z) is majorized by g(z) in U, then
2f @) < 12g'@)l, |2l <15

where 5 = 15(p, 6, 0) is given by

_ o VB st

)
DT p=0)cos0] and ks =p+1+|(p — 0)cosO.

s
Letting p = 1 and y = 1 in Corollary 3.3 leads to the following result:
Corollary 3.6. Let the functions f € Y and g € },1(1) = S(1). If f(z) is majorized by g(z) in U*, then
3- 6
3

2 @) < 29’ )| for |2l <

Concluding Remarks: By specializing different parameters like n,m and ¢ further, one can get various
other interesting subclasses of }., containing linear operators and the corresponding corollaries can be
easily obtained.
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