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Abstract. In the present article, we introduce generalized positive linear-Kantorovich operators depending
on Pélya-Eggenberger distribution (PED) as well as inverse Pdlya-Eggenberger distribution (IPED) and
for these operators, we study some approximation properties like local approximation theorem, weighted
approximation and estimation of rate of convergence for absolutely continuous functions having derivatives
of bounded variation.

1. Introduction

Deo et al. [3] introduced the following new type generalization of positive linear operators based on
Pélya-Eggenberger distribution (PED) as well as inverse Pélya-Eggenberger distribution (IPED)

M9 (f;x) = waj;(x)f(S), xel, n=1,2,.., 1)
k

where

n+p ( n+p+@A+1)k ) DD (1 +A)

(@) —
w"fk(x)_n+p+(/\+1)k k 1+ (A +1)x)

cI)z+]o+()\+1)

and
k-1
D (x) = H (x + iax),
i=0

with 0 < a < 1(may depend only on natural number n); k,p are nonnegative integers. In [16] Razi
introduced a Kantorovich form of Stancu operators based on PED and obtained Voronvskaya formula
as well as degree of approximation. Deo et al. [5] also established the asymptotic formula and other
approximation results for Kantorovich variant of Stancu operators associated to IPED. Work of some other
researchers in this direction can be seen in ( [1], [4], [10], [11], [13], [14], [17], [18]).

2010 Mathematics Subject Classification. Primary 41A25; Secondary 41A36

Keywords. Generalized Kantorovich operators, P6lya-Eggenberger distribution, Modulus of continuity, Weighted approximation,
Bounded variation

Received: 08 February 2016; Accepted: 05 May 2016

Communicated by Hari M. Srivastava

Email addresses: minakshidhamija@dtu.ac.in, minakshidhamijall@gmail.com (Minakshi Dhamija), naokantdeo@dce.ac.in,
dr_naokant_deo@yahoo . com (Naokant Deo)



M. Dhamija, N. Deo / Filomat 31:14 (2017), 4353-4368 4354

Now we consider a Kantorovich variant of operators (1) as:
Let f be a real valued continuous and bounded function on [0, o) and A € {-1, 0}, we define

VO (fix)=m+p- A)ZL( n+p+l£A+1)k)

n+p+A+1)k
)DL, (1 A7)
y +p+Ak f = (bt
CI)n+p+(}t+1 (1 + (/\ + 1) x) =
k+1
=(n+p- M}:wm&%[p fhdt, xel, )
n+p-A
where
(-] [0, 4=0
- [0,1], A =-1.

The special cases of operators (1) have already been discussed in [3]. Likewise, special cases can
be obtained for the operators (2). The purpose of this paper is to obtain approximation behaviour for
operators (2) which includes local approximation theorem and weighted approximation. We also discuss
rate of convergence for absolutely continuous functions having derivatives of bounded variation.

2. Basic Results

Let IN be the set of positive integers and INyg = INU{0}. We recall that the monomials e(x) = x, for k € Ny
also called test functions, play an important role in uniform approximation by linear positive operators.
Now we present the computation of the images of test functions by proposed operators (2).

Lemma 2.1. [3] The generalized positive linear operators (1) satisfy

@) (.o @,y = (PP X
M, (eo(t);x) =1, M, (el(t)/x)_( " )(1—(/\+1)a)'
@,y = (PP 1
M a0 = (757 (- Aa)(1-(A+1Da)
m+p+A+Dx(x+a)
[ 1-2(A+Da xﬂ+A@}

M (es(t); )
(n+p)x m+p+20+ 1) (n+p+2QA+1)(x + a)(x + 2a)
:nﬂ1—m+1yo[ 1-(GA+2)a)(d-(5A+3)a)
3n+p+2A1+1)(x+a) 1]
1-(GA+2)a) ’

(n+p)x
m(1-(A+1)a)
M+p+22+D)(n+p+2QA+1)(n+p+3Q2A+1)) (x + a)(x + 2a)(x + 3a)
[ 1-GA+2)a)A-GA+3)a)(1-(7A+4)a)

6(n+p+2A+1)(n+p+2Q2A+1))(x+a)x +2a)

1-CGA+2)a)(1-(BGA+3)a)
7n+p+2A+1)(x+a)
1-(BA+2)a)

M (ea(t);x) =
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Lemma 2.2. For Kantorovitch operators (2) hold

VD (eo(t);2) = 1,
X 1+2Ax

(a) . -
VY (e1(b); x) = —GiDa + 2(n+p-A)

VY (ex(t); x) =

1 [1+ (n+p)x
m+p-A7213 1-(A+Da

(n+p) {(n+p+/\+1)x(x+a)
A-Aa)(1-(A+1Da) 1-2a(A+1)

+x(1+ /\x)}],

VY (es(t); x) =

1 [1+ 2(n +p)x
m+p-AP L4 A-(A+1a)
3(n+p) n+p+A+1) 2m+p+24+1)
20-(A+Da) {(1 —a) A2 +Da) T A=Gi+2w)
3(n+p)
A Am -+ Da)
n+p)n+p+2A+D(n+p+22A+1))
1I-(A+1)a)(1-GA+2)a)(1-(GA+3)a)

x(1 + Ax)

x(x + a)(x + Za)] ,

and

1 [1+ 4(n +p)
(m+p-A)*5  (1-A+1a)

(n+p) 2m+p+A+1) Bn+p+2A+1)
(1—(/\+1)a){(1—/\a)(1—2()\+1)a) (1-03BA+2)a)
2(n+p)
A=+ Da)
8m+p)n+p+2A+1)(n+p+22A+1))
1I-A+Da)d-0BA+2)a)(l—-0GA+3)a)
n+p)n+p+2A+ D) (n+p+2QA+1)(n+p+32A+1))
1-A+Da)1-BA+2)a)(1-0GA+3)a)(l-(T7A+4)a)

VY (ea(t); x) =

x(1 + Ax)

x(x + a)(x + 2a)

X x(x + a)(x + 2a)(x + 3a)].

Proof. From Lemma 2.1 and using the definition of operators vV we obtain the required result. [

Lemma 2.3. The generalized operators given by (2) satisfy

a(A+1) A

V(f’l) A —
R Yr ) Sl gy s oy b

}x(x +a)

}x(x +a)

4355

(7)
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Vi (e — %)% )

_ 1 n+p
- 3n+p—A)> +[(n+p—)\)2(1—(/\+1)a)
B 1 N m+p)(n+p+A+1)
(n+p=2) (n+p-1 A -2Aa)(1—A+1Da)(1-2(A+1)a)
N (n+p) ;
(n+p-A)>(1-Aa)(1-(A+1a)
+[ m+p)(n+p+A+1)
(n+p-A)P>(1=2Aa)(1— A+ D)1 -2(A+1)a)
A(n+p) 1+(A+ D 21 9

(n+p—A¥1—-Aa)(1-(A+Da) 1-(A+Da n+p-A o

Proof. Using Lemma 2.2, it is easy to obtain above central moments. [J

4356

Now we recall a result from [9], with the help of which we shall obtain a result for higher order central
moments.

Lemma 2.4. [9] Let V be any linear operators then

1,
V((e1 - x)j;x) = V(ej;x) - ]Z‘( z )xj_iV((61 - x)i;x),

i=0

and in the case when V(ej;x) = e (x), for j = 0,1, then we get

and

V((e1 - x)3;x) =V(es;x) —x° — 3xV((e1 - x)z;x),

V((e1 —x)% x) =V(eyx) —x* —4xV ((81 - x)3;x) + 6x2V((e1 - x)z;x).

Remark 2.5. For sufficiently large n, we can write the following inequalities by using Lemma 2.3 and Lemma 2.4:
2
1. V@ ((61 - x)2;x) < A@,
2\2
2. V@ ((el - x)4;x) < VD ey (x);x) < B@,

where A and B are some positive constants.

Lemma 2.6. There holds the following inequality for operators (2),

Vi (ol < 1]

Proof. From operators (2), we have

[V (f;2)| =

m+p-1Y 0 f 0 - feoar
k=0 np=A

n+p—A
k+1

<(+p-21)) o) f |f () = fo)|at
k=0 p=A

n+p=A
k+1

<(m+p-A7A) Z wfq‘f]z(x) fnkﬂ’_/‘ sup |f t) - f(x)l dt
k=0 n+p-A
<Ifll.
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3. Direct Results

3.1. Local Approximation

Let Cg (I) be the space of all the real valued continuous and bounded functions f on the interval I,
endowed with the norm

7]l = sup|f@).
xel
For the function f € Cg (I), let us consider following Peetre’s K—functional:

Ky (f;6) = inf {||f -g]+5

17
xeC3(I) g

}, 6>0,
where CZB () ={geCs(): 9,9 € Cg(])}. By DeVore and Lorentz( [6], p.177. Theorem 2.4) there exists an

absolute constant C > 0 such that

Ks (f;6) < Can (f; V0), ®)
where w; ( f; \/5) is second order modulus of continuity defined by

w2 (f; V6) = sup sup|f (x+2h) - 2f(x + h) + ()|

0<h<+V5 X€l

The usual modulus of smoothness(or simply modulus of continuity) for f € Cg (I) is given by

@ (f;6) = sup sup |f(x+1) = f(x)].

0<h<6d xel

Theorem 3.1. Let f € Cg(l) then for all x € I, we have the following inequality:

o) () ( PRCES)LE 1+21x )

@ £\ _
Vi) (f;%) = ()] < Can | f, A-(A+Da)  2(+p-2)

where C is a positive constant and

(A + Dxa 1+2Ax }2

() — @ (s _ 2.
Gy ) =V ((t x)’x)+{(1—(/\+1)0c)+2(n+p—/\)

Proof. Let us define the auxiliary operators:

O 0 = Vi (i) + £ - f(l - ()\x+ Da 2 (111 i ;2?/\_x A)) ' ©)
For these auxiliary operators and for all x € [ we may observe that V@ ( f;x) are linear such that
VO1x) =1 and VO (tx) =x,
i. e., preserve linear functions. Therefore
\A/f,“) (t—x;x)=0. (10)

Consider g € C3(I) and for £, x € I, Taylor’s theorem implies

t
g = g) + (- 1) () + f (t - wg" ().
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Using linearity of operators Vifo and taking into account (9) and (10), we obtain
Vi (:%) - g(x
=g VD (t - x);x0) + V@ f (t — u)g” (w)du; x)

=y (f (t —u)g" (u)du; x )
x

=y (f (t —u)g" (u)du; x

_ f R L, " (u)du
; 1-A+1Da 2(n+p—)\) 7 .

Thus
73 (g;%) = ()
¢
< ij")(f (t —u)g” (u)du ;x)
T Hrgn) x 1+2Ax .
+£ (1—()\+1)a+2(n+p—/\)_u)g (u)du|. (11)
Since |f: (t- u)g”(u)du' < (t—x)? ' g"’||, therefore (11) gives
73 (g;%) = ()
2
(@) 2. X 1+2Ax _ ’”
< [V" (= 'x)+(1—()\+1)a Tomrp—n) ¢ lg
2
(@) N2, (/\ + 1)3(& 1+ 2Ax ,
< [V” (= ’x)+{(l—(/\+1)a) T 2mrp-nJ |V
= ¢\ lg” (12)

Again using definition of auxiliary operators and from Lemma 2.6, we get

[V (f;x) - f)]
<[V ((f = 90| + [g(x) = FOO| + [V (g %) - g(x)|

X 1+2Ax
* f( —(/\+1)a+2(n+p—)L))_f(x)
A+ Dxa 1+ 2Ax
(f 1-A+Da) +2(”+P—A))'

Taking infimum on both the sides over g € C5 (I),

¢ (x) (A + 1)xar 142
(a)
EYNPASIE S

Hence by (8), we get

¢ (x) (A +1)xa 1+2Ax
@ (.0 _ N
Vi (£52) = f)| < Can | f; = *‘”(f' (1—(A+1)a)+2(n+p—ﬂ))'
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This completes the proof. [J

Now consider the following Lipschitz type space [15], a two parameter family:
For fixed ,y > 0, we have

It — x|

Liph? {feCB(I |f(t) - f(x)|<M e +yx)*/2’ x,t € (0, oo)}

where M is any positive constant and r € (0, 1].

Theorem 3.2. Let f € sz Y(r) and r € (0,1] then for all x € (0, c0), the following inequality holds:

g (x) )”2

Bx% + yx

Vi (£ - f)] < M(
where

i ) = Vi (- 0% ).
Proof. First we prove the result for r = 1. Then for f € sz (r) and for x € (0, %), we have

V(i) - f) < Vi ( i)

(t + px% + yx) f

we obtain

. _ . . 1 < 1
Applying Cauchy-Schwarz inequality for sum and )™ = )™

(3 M a
|V’(1 )(f; x) - f(x)( < W[qu )((f - x)2;x)]1/2

(a) 172
B (x)
B M{ px% + yx} ’

Therefore result holds for r = 1.
Further we prove the result for 0 < r < 1. Again for f € Llp '(r), using the same argument as in case for
r =1 and applying Holder’s inequality with p = 2/r,q = 2/2 — v, we finally get

a M o 7/
|V;)(f;x)—f(x)‘<m[ ()((t x)? x)] ?

o r/2
gl 7
Bxz+yx|

Let p(x) = 1 + x? be a weight function and consider

Bo(D) = {f : |f()] < Myp()},
endowed with the norm

)
~

Hence the result. [J

171,
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Also let

Co(I) := {f f € By(I)and fis Contmuous}

and

: |f)
Co(D) == {f € Cy(D) ;}LHQOW <00%.

The usual modulus of continuity of f on [0, b] is defined as:

wy (f,6) = sup_sup |f(t) - f(x)].

[t=x|<0 x,t€[0,b]

Theorem 3.3. Let f € C,(I) then for operators vV ( f;x) we have
Vi (f:%) = F@) | < 4My (14 52) 17 0) + 2040 (f, nff)(b)),

where ™ (x) = LW ((t -x)% x).
Proof. Letx € [0,b], t € (b+1,00),and t —x > 1 we have
|f(t) = f()| < Myop(t - x) = M {1 +(t= )7} = My (14 £ + 2% - 2xt)
<My (24 2 +2%) = My {2+ 202 + (t - x)° + 2x(t - x)}
< M(t - 0)? {3+ 2x + 22} <4M(t — 2% (1 +22)
<AM(t—x? (1+17).
If x €[0,b]and t € [0, b + 1] then we have

|t — x|
o

70 = ) < @t Gt = ) < (14 552 ot (£,6),6 > 0.
Combining (14) and (15), we obtain

It —

() - (0] < 4My (1 + %) (¢ - x) + (1 + x')a)b+1 (£, ).
Taking Cauchy Schwartz inequality we get
Vi) - F)] <4aMp (1+82) VP ((t - 0% %)

+ (1 + %Vﬁa) (It — x| ;x)) wps1 (f,0)
<M (1+02) VP ((t - 2% x)

oY) o

<4M;(1+1?) (“)(b)+2a)(f @ )).

4360

(13)

(14)

(15)
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3.2. Weighted Approximation
Theorem 3.4. Let f € Co (D) then, we have

lim ||V, (f;2) = f@)],, = 0. (16)

n—o0

Proof. To prove equation (16), it is sufficient to verify the following three conditions (as in papers [7, 8]):

lim

n—oo

vV (£;x) - ti||(P —0,i=0,1,2. (17)

It is very clear that equation (17) is true for i = 0 as V,(f‘) (1;x) = 1. Now using Lemma 2.2 we have

||V(“)(t-x)—x” — sup 1 X . 1+2Ax —y

o P g 1+x2|1-(A+1Da 2(m+p-A7A)
=su ! ! +x ! + A -1
P Tve2rp-1) \I-(A+Da T nrp-A

< ! +‘ ! + A —1‘
“2m+p-A) |1-A+Da n+p-A

which implies that lim ”V,(f’) (tx) - x“(p = 0. Similarly we have

1 (n+p)x (n+p)
37 1-(A+Da (1-da)1-A+1Da)

e 2

n+p+A+1Dx(x+a) 1
{( ;17_2(/\_'_)1)0( +x(1+)\x)}—x2m
< 1 N (n+p)
3n+p-AY (m+p-AP(1-(A+1)a)
N m+p)(n+p+A+1)
1-A)(1-A+Da)A-2A+Da)(n+p—-A)
m+p)(n+p+A+1)a 1

1-Aa)1-A+Da)(n+p-A)P>N1-2(A+1a|
(n+p)@1+A)
(m+p-AY(1-2Aa)1-(A+1)a)

v (tz;x) - x2“ =0.
¢

Hence lim |
n—oo
The proof is complete. [

Yiiksel and Ispir in [19] gave the rate of convergence by using weighted modulus of continuity. Inspired
by them, we are also finding the rate of convergence for our operators (2).
For each f € C{,(I), the weighted modulus of continuity is given by:

|f(x+h) - f(x)|

velo<hes 1+ (x +h)?

Q(f;0) =

Following lemma gives the properties of the weighted modulus of continuity:

Lemma 3.5. [19] Let f € C{,(I) then we have
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(i) Q(f;0) is a monotone increasing function of 6;
(ii) (sli%l Q(f;0)=0;
(iii) for each m € N, Q(f;md) = mQ(f;9);
(iv) foreach eI, Q(f;ud) =1+ wQ(f;9).

Theorem 3.6. Let f € C((I) the operators v £ x) satisfy

[VEO(f:0) = F(0)
sup ———— 55—

< KQ(f;6n),
xel (1 + x2)? (f;n)

where K is positive constant and 6, = %

Proof. Letx,t € [0,00), 0> 0 then by definition of Q (f; ) and property given by Lemma 3.5, we have
£ = f@)] < (1+ (e + 1= x)?) Q5 1t = x])

o)

<2(1+2)(1 +(t—x)2)(1+ %)Q(f;é).

<(1+(x+|t—x|)2)(1+

Since V{( f;x) are positive linear operators, therefore

[V (f;2) - f(0)

k+1

<@+p-1)Y 0w f If (t) - f(x)| it
k=0 np=A

n+p-A

k+1

<20(59)(1+2) 0+ -1 Y o) [T a1 B
k=0

n+p—A7A

<20Q(f;6) (1 +2%) [1 + VI ((t - x)%x)

LV ((1 +(t-2?) % ;x)]. (18)
Using Cauchy Schwarz inequality and Remark 2.5, we obtain
[ViO(f:2) = F)] <2Q(f36) (1+22) [1+ V7 (¢ - 0% x)
#3 {0V (=0 (V2 (0= 0%520) (v (- 205) )

<K(1+2)Q(f:6,),

where §,, = \/Lﬁ and K =2 (1 +A+ VA+ VAB) . Hence the result. O

3.3. Rate of convergence

Consider the class DBV, I, y > 0 of functions f defined on I such that each function f of this class has a
derivative of bounded variation on every finite subinterval of I and |f(t)| < Mft”, Vt > 0.
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It can be noticed that for f € DBV, I, we can write

f(x)=f0 g dt+ £ (0),

where g(t) is a function of bounded variation on each finite subinterval of I.
Now, in this section we shall estimate the rate of convergence for generalized positive linear Kan-

torovich operators V' for functions belonging to the class DBV, I. Several researchers have studied rate of
convergence for different operators like ([2], [12], [20]).

Before studying the approximation of functions having a derivative of bounded variation, we need
following results:

First, we write the operators Ve given by (2) in alternate form as:

VO(fx) = fo KD (0 £ (B, 19)

where

K (e, 0) = (n+p=24) ) w0l () g ()
k=0

and x k (t) is the characteristic function of the interval [ k kil ] w.rt [

n+p—A’ n+p-A
Also put B, (v, y) = foy K (x, t)dt; y > 0.

Remark 3.7. For sufficiently large n, there exists positive constants Ky and Ky such that

. 2 Ky (1+x)
(i) VI ((er - 0% x) < ey

(i) Vi ((er - x);x) < 508,

(iif) By Cauchy Schwarz inequality,

) . @) 2 2 < K
Vn (|€1 - X|,.'X') < [Vn ((61 - x) ,X)] < m (]. + x) .

Lemma 3.8. For x € (0, o0) and sufficiently large n, we have
(i) Since 0 <y < x, therefore

Ki(1 +x)?
(n+p-N)(x-y?

Bn (x,y) = j; ! K9 (x, dt <

(ii) If x < z < oo then we get

_ Y KiL+x)°
1 ﬁn(xlz)_‘fz K, (x’t)dts(n+}7—/\)(z—x)2.
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Theorem 3.9. Let f € DBV, (0, o),y > 0 then for all x € (0, o) and sufficiently large n, we have

[V (f;2) - f ()]

K1+x) |f (x+)+f (x—)'
T (m+p-A) 2
Ky - f'(x-) /
n+p—/\(1+x) 2 '+ n+p /\(1+x)f(x+)
+M(r,y,x)+ ){;x)‘ Ki(1+x)

(L2 o - - 0
Ki(l+x)® g
+%Vx_£fx X(1’l+p /\) Z x_,fr

where fy is an auxiliary operator defined by

f®)—fx—), 0<t<x
)= 0, t=x
f)=—fx+), x<t<oo
and moreover vfj f(x) denotes the total variation of f on [a, D].

Proof. Since VE,“) (1;x) =1, for all x € (0, ), we obtain

VO (f2) - Fx) = fo (£ — £ @) KD (x, )t

- fo ) K9 (x, 1) f t f' () dudt.

For f € DBV, (0, ), we can write
£ =3 (F @0+ f @) + £ @)+ 5 (F @) = f (=) sgn (e =)
+0.0)(f ()= 5 (F @) + £ ),

where

1, u=x
63((”):{ 0

U+ x.

It is obvious that

o) t
j; ( f (f’(u)—%(f’(x+)+ f’(x—)))éx(u)du)Kff)(x,t)dt=O

Using (19), we get

00 tl , , ) o
fo (j; 2(f (x+)+ f' (x ))du)Kn (x,t) dt

= (D £ DV (=),

4364

(20)

(21)

(22)

(23)

(24)
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Also
fom (fxt % (f (e4) = f (x=)) sgn (e — x) du | K (x, ) dt
- fo % (f (x+) = f (x=) (t = x) K9 (x, ) dt

<3l en-r o] [ -k woa
= 21F @8 = | VI e =), 25)

Taking into consideration Lemma 3.8 as well as equations (21), (23), (24), and (25), we have

Vi (fix) = f (x)
<2 D+ f NV (=50 + 5

00 t
’ (a)
+f(; (L fr (u)du)Kn (x,t)dt

£ () = f (=) VO (It =« s x)

1 K, (1 1 K
< 5070+ £ (0) UL 4 31 ) f oo\ 0
00 t
+ fo ( f £ () du) K9 (x, t) dt.
Therefore,

[V (f;x) = f ()]
, , (1+x)
(7 60+ £ o]

) = £ )] Ay = (00 s+ Jan 26)
where
]1,n,x = ’fx (f fx, (1) du) Kfqa) (x, £)dt
0 X

and

Jonx = j:o (f:fx’ (u) du)K,(f) (x, ) dt.

Applying Lemma 3.8, integration by parts and take y = x — %ﬁ, we obtain

e = ‘ [ ) ( | W) du) 4 (3, 1)

Y X
< fo B2 1) |F (0] d + fj 1B, (5,

3
2

L1
2

= “foxﬁn (x, 1) f (t)dt‘.

| ®]dt
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Since £’ (x) = 0 and B, (x,t) < 1, it implies

LL%meMwmiL%

(B = £ ()| Bu (x, t) dt

< fY_ ViRt < N Vi (f)-

=

Again applying Lemma 3.8 and put t = x — 7,

fo o " ()] Bu (x, ) dt

_ K+ ()]
T (n+p-A) (x - )

x_i
< f
0

Kd+x?: (W
Tx(n+p-A)

[\F
K1(1+X)2
Sx(n+p )\)Z ""(fx'

dt

(t)| B (x, b dt <

m+p-2)Jo (x — t)?

\/;1 (f")du

K1(1+x) x
hnx— \/— (fx) X(T’l-l—p A)Zv_"(fx

By using Lemma 3.8, we can write

(1 2
]Z,n,x < 2,1,x + 2,1,x

where

(1)

2,n,x

_ f:x (fxtfx’ (u)du)dt (1—Bu (x,1)

and

2

2,n,x

00 t
( f £ () du) K (x, ) dt|.

2 - VA
K1(1 +x) N t(f: )dt
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Applying integration by parts as well as using Lemma 3.8, (22), 1 — , (x,t) < 1 and putting t = x + 2



M. Dhamija, N. Deo / Filomat 31:14 (2017), 4353-4368

successively,

(1)

2,n,x

2x 2x
= f ' W) du(1 - B, (x,2x)) — f £ () (=B (x, b)) dt

(1= B (x, 20))| + ()1 = Bu (x|t

< fx(f’(u)—f’(x+))du

Ky(1 ,
< (ni(p—Jr;) |f 2%) = f () = xf" (x+)|
x+ 2x
* "B = G )]t + "1 - B (x, 1) dt
fx fx+\"rn
Ki(1 +x)? ,
= (n-il-(p—fj))xz |f 2%) = f () = xf" (x+)|

Ki(1+x)" (* Vi(A)
(7’l+p—/\) x+W (i’— )
2

N (fﬁ(;—f;))xz [f @) = f () = xf" (x+)
K42 (2 VAR e
(m+p-A) o (t—x)zdtJr \/ﬁvx ()
K1(1+x)2
S (rp-N2?

Zdt + f VE(F)dt

|f @) = f () = xf" (x+)|
[vr]

K1(1+x)2 x+k
ez g U O

Finally, Remark 3.7 implies

2 _

2,mn,x

00 t
( f (f (u) - f' (x+))du) K9 (x, ) dt
2x x

< f ) |f () = f )| K (x, £) dt + ) It — x| £ (x+) KD (x, ) dt
2x 2x
<M f PR (x, B dt + |f ()] f K9 (x, ) dt

2x

+ 1/”"‘}7 /\(1+x)f (x+).
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Asitis obvious thatt <2(t—x) and x<f—-x when > 2x therefore applying Holder’s inequality,

1o <M ( f (t— %) K (x, t) dt) *— |f & )) +x)

+‘/n+ — (1+x)f’(x+).
x) / K
=M(y,r,x)+ T :_|f /|\) (1+x)*+ n+p1—)\(1+x)f,(x+)'
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1)

@ 5
aneand J7 gives

Ki(1 +x)?

Fons S G |f 22) = f (x) = xf (x+)|
[vr]
Ki(1+ X)2 X+E o X g ’
(”“”—‘A)"szvx (fx)+ﬁvx (£
+M(y,r,x)+(:1+|£—(_x)))\)(1+x)2+ Kl_A(1 +2) f (x+).

Using Jiux and J»,,. in (26), we get the required result. [
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