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Abstract. We present the definition and some properties for the Moore-Penrose inverse in possibly
degenerate indefinite inner product spaces. The extensions of appropriate results, given for matrices in
Euclidean and nondegenerate indefinite inner product spaces are established. All this is done by using the
concept of linear relations.

1. Introduction

Let C" be the space equipped with an indefinite inner product induced by a Hermitian matrix H € C"™"
via
[x, y] = (Hx, y),
where (.,.) denotes the standard Euclidean scalar product on C". If the Hermitian matrix H is invertible,
then the indefinite inner product is nondegenerate. In that case, for every matrix A € C™" there is the
unique matrix A" satisfying
[AMx, y] =[x, Ay], forallx,y e C".

Spaces with a degenerate inner product (when Gram matrix H is singular) are not so familiar. In
that kind of spaces the H-adjoint of the matrix A € C"™" need not exist. Examples can be found in ([3, 8]).
In ([2]) it was shown that the orthogonal complement of a subspace is not necessarily the direct complement.

In ([4]) the definition and the basic properties for the Moore-Penrose inverse were given. It was shown
that in a nondegenerate indefinite inner product space a matrix need not have a Moore-Penrose inverse.
By ([4], Theorem 1.) the Moore-Penrose inverse for matrix A exists if and only if rank(A) = rank(AAM) =
rank(A1A). When it exists, it is unique. Also, if the Moore-Penrose inverse exists, then R(A) and N(A!) are
orthogonal complementary subspaces of C".

Our aim in this paper is to propose a more general definition of the Moore-Penrose inverse. Asin ([3, 7,
81), we will consider H-adjoint Al not as a matrix, but as a linear relation in C", i.e. a subspace of C?". Also, a

matrix A € C"™" can be interpreted as a linear relation via its graph I'(A), where: T'(A) := {( Xx ) (X € C”} c
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z
mention that we can always find a basis of C” such that the matrices H and A have the forms:

_ H1 0 _ A1 Az
H—|: 0 O]andA—[A3 A4]'

C?'. The H-adjoint of A is the linear relation A" = {( Y ) € C*: [y, w] = [z,x] for all ( Z) ) € A} . We just

Here H; is an invertible Hermitian matrix and the inner product induced by it is nondegenerate. From
([8], Proposition 2.6) we have
n
* _ yz . * —
A[ I = Al[*]Hl " : Az Hl]/l =03.
22
Here we will suppress the subscripts H and H; whenever it is clear from the context what is meant.
About inner product spaces see ([1, 2, 5, 6]).

We give some important notions for linear relations.

Definition 1.1. For linear relations A, B C C*" we define:

domA = {x : ( ; ) € A} - the domain of A,

mulA = {y : ( 3 ) € A} - the multivalued part of A,

Al = {( Y )( X )eA}—theinverseofA,
x y

A+B:{( x )( X )EA,( X )eB}—thesumoanndB,
y+z Y z

AB = ( ch : there exists some y € C" with z ) € A,( ; ) € B} - the product of A and B.
If domA = C", we say that A has full domain. In all the cases x, y, z are understood to be from C".

Theorem 1.2. Let A, B C C?" be linear relations. Then
1. A C B implies BM c Al
2. At + B c (A + B,
3. mulAM = (domA)L; if A is a matrix, then mul A% = kerH;
4. (AMHI = A + (kerH X kerH).

In [4] the notion of the Moore-Penrose inverse of matrices in nondegenerate indefinite inner product
spaces is introduced. In this paper we give a generalization of the notion of the Moore-Penrose inverse Al'!
to degenerate indefinite inner product spaces. It is done via linear relations.

This paper is organized as follows. After giving basic notions and results concerning indefinite inner
product spaces and linear relations in Section 1, in Section 2 we give definition of the Moore-Penrose inverse
for the linear relations and investigate its properties for square matrices in degenerate case. Also, we show
that the Moore-Penrose inverse is not unique in general (Example 2.4). This section includes our main
result - the description of the Moore-Penrose inverses of A"A and AA!" under the additional assumption
that A and A"l are matrices. More precisely, the following is shown:
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o (A ¢ (AFHHT (Theorem 2.6),
o AMAAM = A and AMAAN ¢ AP (Theorem 2.8),
o AM(AMTYIM is the {1,2, (3)}-inverse of AIA (Theorem 2.11),
o (A AM is the (1,2, (4)}-inverse of AAM! (Theorem 2.12) ,

e necessary and sufficient conditions are given such that AM(AM) is the Moore-Penrose inverse of
AMA and that (A1) A is the Moore-Penrose inverse of AAM (Theorem 2.14 and 2.15).

2. Definition and Properties of the Moore-Penrose Inverse

In this section we give a new, more general definition for the Moore-Penrose inverse. That definition
includes linear relations and matrices. Most of the results in this paper are given for matrices. The case when
the Moore-Penrose inverse is not a matrix but a linear relation will be the object of some later researches.

In ([4]) it was shown that the Moore-Penrose inverse for a matrix A € C"™" is the unique matrix X € C"*"
that satisfies following equations:

AXA=A, XAX=X, AX=AX)M and XA =(XA).

If A and X are n X n complex matrices, then (AX)l and (XA)!*! are matrices if and only if H is invertible
([3]). That means that in the space with an indefinite inner product induced by Hermitian but not invertible
matrix H, the third and the fourth condition from the definition of the Moore-Penrose inverse are never
satisfied. These conditions are equal to (AX)'H = HAX and (XA)'H = HXA, respectively. By ([3], Propo-
sition 2.5) it is equivalent to AX and XA are H-symmetric. This motivates the following definition of the
Moore-Penrose inverse.

Definition 2.1. Let A C C?" be a linear relation. A linear relation X C C*" is the Moore-Penrose inverse of A if it
satisfies the following four equations:

AXA=A 1
XAX =X 2)
AX C (AX)M] (3)
XA C (XA)M 4)

The Moore-Penrose inverse of A is usually denoted by A,

We recall the notion of the weighted generalized Moore-Penrose inverse (where the weights are Hermi-
tian and possibly singular matrices) and then show its equality with the Moore-Penrose inverse in indefinite
inner product spaces.

Definition 2.2. Let A,M and N be matrices of order m X n, m X m and n X n, respectively, where M and N are
Hermitian. An n X m matrix X is said to be a generalized weighted Moore-Penrose inverse of A if the following
conditions are satisfied: AXA = A, XAX = X, (MAX)* = MAX and (NXA)" = NXA, where » denotes conjugate
transpose.

Lemma 2.3. Let A € C™" be a matrix and let H be Hermitian matrix of the same size. Then the Moore-Penrose
inverse and generalized weighted Moore-Penrose inverse of A (with respect to H) coincide.
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Proof. The (3) and (4) are direct corollary of ([3], Proposition 2.5.), i.e,
HAX = (HAX)" and HXA = (HXA)".
0

Unlike the nondegenerate case, in degenerate inner product spaces a Moore-Penrose inverse does not
have to be unique. The next example illustrates it.

10 10
Example 2.4. LeifA—[1 O]andH—[O 0].

By direct computation the matrix X that satisfies (1), (2), (3) and (4) has the form X = [ i 8 ] where ¢ is an

arbitrary complex number.

Through this paper we will assume that matrices A, X and H are given in their characteristic forms:

_ A1 Az _ X1 Xz _ H1 0 .. . .
A= [ As A ], X = [ Xs X, ] and H = [ 0 0 ], where H; is invertible, as in [8].

Theorem 2.5. Let A € C™" be a matrix. Then X € C™" is a Moore-Penrose inverse of A if and only if the following
conditions hold:

(i) A1Xo + Ax X, =0,

(ii) A1 X1 + A X3 is Hy-selfadjoint,

(ZZZ)X1A2 + XA =0,

(iv)X1A1 + XpA3 is Hy-selfadjoint,

(v) A1 X1A1 + A X3A1 = Ay,

(vi) A1 XA + A2X3A2 =A,,

(vii) A3X1A1 + A4X3A1 + A3X2A3 + A4X4A3 = A3,
(viii) AyX3A) + AyXyAy = Ay,

(ix) X1A1 X1 + X0A3Xq = Xy,

(x) X1A1 X0 + XpA3X5 = X,

(XZ) X3A1X1 + X4A3X1 + X3A2X3 + X4A4X3 = X3,
(xii) X4A3X2 + X4A4X4 = X4.

Proof. From the third condition for the Moore-Penrose inverse, by Lemma 2.3. we get:

— * Hl 0 Al A2 Xl X2 _
HAX = (HAX) <=>[ oo [A3 W HX3 X ]_
| HitArXq + AxX3) Hi(AiXo + AxXy) || (Hi(A1Xa + AX5)) 0 ;
- 0 0 - (Hl(A1X2+A2X4))* (01 [

(i) A1 Xo + Ar Xy =0,
(i) A1 X1 + A2 X5 is Hy-selfadjoint.

Similarly, from the condition (4) we have:
(111)X1A2 + X2A4 = O,
(iv)X1A1 + X2 A3 is Hy-selfadjoint.

From these two results and the conditions (1) and (2) we have:

A1 X1A1 + A XA, A1X1Ar + ArX3A; _ A1 Ap .
A3X1A1 + A4X3A1 + A3X2A3 + A4X4A3 A4X3A2 + Ay X4 Ay - A3 Ay /e

(V) A1X1A1 + Ao X3A1 = Ay,
(Vl) A1 XA, + A2X3A2 =A,,
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(Vll) Az X A + AyX3A1 + A3 X0A3 + Ay XAz = As,
(Vlll) ApX3A, + Ay XAy = Ay

Similarly,
X1A1X1X,A3X, X1A1 X5 + X0A3X5 _ X1 X»
X3A1X1 + X4A3X1 + X3A2X3 + X4A4X3 X4A3X2 + X4A4X4 - X3 Xy |’
(ix) X1A1 X7 + XpA3X7 = Xy,
(x) X1A1 X2 + X2A3X, = X,
(Xl) X3A1X1 + X4A3X1 + X3A2X3 + X4A4X3 = X3,
(Xll) XAz Xy + X4 AyXy = Xy O

In the rest of the section we give some basic properties of a Moore-Penrose inverse.
Theorem 2.6. If Atl € C"™" is a Moore-Penrose inverse of A € C™", then (Al ¢ (A,

X1 Xz

— Altl =
Proof. Letus put X = A™ = [ X X

]. We have that
n

* yz . * —
X[ 1 = X-l[*]Hl yl . XZHlyl - O

22

and

n

. Y2 oA -
A[] = Al[*]Hl yl . A2H1y] =0;.

22

We check the conditions from the definition of the Moore-Penrose inverse of Al
h AiHyyi =0,
Xy H1A My, =0,
A;Hle[*]Al[*]yl =0

[yl Al — Y2
(1) AMX™A A1[*]X1[*]A1[*]y1

z
Let AJH1y: = 0 hold. Thzen
Xo'HiAMyy = Xo'Arv iy = (A1 Xe) Hiyn & (A Xs) Hiys = —X4'Ay"Hyyp = 0, from our assumption.
Also, Ay"Hi X A My, = Ay X"AvHiyy = (A XAy Hiy ‘D
(A2 — A2 X3A0)" Hiyr = ASHiyy — (A2X3A2) Hiyr = —A2'X3"Ay"Hiyr = 0, and
APIXA Y = (A XAy 2 (A - AXaAD Y =
Ay — (A XAy = Ay — Hi7LAC XS Ay Huyn = Ay

Thus, AFIXMHAPF = : AjHyy =07 = AL

(2) Similarly, XMANM X = X,

n n
) - XH1y =0, Y2

A Hy, | A;H1X1[*]y1 =0 (X1A1)Hy
22 23

(3) AlIXI = : X5H1y1 = 0§ because of
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" ¥ v # . (iii) .
Ay Hi XMy, = Ay X" Hiyn = (1A Hiyr = —Ad X2 'Hiyp = 0.

On the other hand, we have

(atxEN {( y ):[y, o] = [z,] for all ( : )eAI*JX[*l}.

Itis easy to see that AFIXT € (AVIXH) if and only if [y, w] = [z,x] for all( : )( y )eAHXH.

Let ( X ), Y ) e AMXM Asx = ( 1 ) and y = ( n ) are from the domain of AMX,
w Z X2 Y2
we have that X;Hlxl = X;Hlyl =0.

Also, w = ( Z; ) _ ( (X1A1)Mx )and .= ( Z1 ) _ ( (X1 A1)y, )

(00)) Zy Zy

Now, we have,
[y, w] = w*Hy = w1*Hiy = (X1A)Mx)*Hiys = x;H1X1A1y1 and

* £ £ * ( ) * * * *
[Z, x] =x"Hz = lelzl = lel(XlAl)[ ]yl z lel(XlAl + X2A3 - (X2A3)[ ])yl = X1H1X1A1y1 + X1H1X2A3y1 —

X AsXsHiyn = x{Hi Xq Ay, as X5Hixy = X;Hyy = 0, proving that [y, @] = [z, x]. Thus, AFXM ¢ (A["]X[*])H

holds.
(4) In the same way it can be shown that XAl ¢ (X["]A[*])M . O

Remark 2.7. We mention that in degenerate inner product spaces, in general we just have (AXA)l*! 2 AFIXIAL]
([3]). From the previous theorem we see that if X € C"™" is a Moore-Penrose inverse then equality holds.

In nondegenerate indefinite inner product spaces the well known property of the Moore-Penrose inverse
Al = AFAAM = AAAM holds. We will show that it is not true in general in the degenerate case. As
usual, in the proof of the theorem we will use X = Alfl = [ §1 §z ]

3

Theorem 2.8. If Al'l € C™" is a Moore-Penrose inverse of A € C™", then A = AFTAAM and ATTAAN € Al

Proof. Using (i) we have
n

AFIAAM = a . o L AHi (A1 Xy + A Xa)yr = 0V
Al[ ](A1X1 +A2X3)y1 2 1( 141 2 3)y1
Z2
The conditions that we have can be simplified as follows ((ii),(vi),(v)):
A;Hl(Ale + A2X3)y1 =0 A;Hl(Ale + A2X3)[*]y1 =0
A;(Ale + A2X3)*Hly1 =0 (A1X1A2 + A2X3A2)*H1y1 =0 A;Hlyl =0.

Also, AP1(A1 Xy + AxXa)yr = (A1 Xa Ay + A Xs Ay = Ay,

1

So, we have AMAAM = : AjHyy =03 = AL

Y2
A 1[*] i
23
Let us check the second statement:
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n
2
(X141 + XzAs)Ag*]yl
(X3A1 + X4A3)A5*]]/1 + (X3A2 + X4A4)Zz

(iv v i)

Now, we have (X; A + XoA3)Ay; 2 (A, X1 41 + Ay XoAz)Hy, 2
(A1 - A2X3A1 - A2X4A3)[*]y1 = A[l*]yl’ for A;Hlyl =0.

AMAAN = cAyHiy =0¢.

n
Thus, AMAAL = A?lfyl L AyHyyr =0
(X3A1 + XaA3)Aly1 + (X342 + XaAd)zo
1
- [%]2 . A;Hlyl =0} = A[*].
141 ]/1

23
The opposite inclusion holds just in the case when X3A; + X3A4 is invertible. [

Example 2.9. To see that a similar statement that AMAAM = AV does not hold, consider the following example:

n Y1

A= 1.0 and H = 10  Then AW = | Y2 U and A AAR = Y2 AU ohere 2y and c are arbitrary,
1 0 0 0 A1 Y1
22 CY1

but fixed complex constants.

So, we have just AMAAM ¢ AM while the opposite is not true, for example, in y = ( 8 )

Definition 2.10. A matrix X € C™"is{1,2,(3)}-inverse ({1, 2, (4)} —inverse) of A € C™" if the following conditions
hold: AXA = A, XAX = X and AX C (AX)M, (AXA = A, XAX = X and XA C (XA)M).

Theorem 2.11. If Al € C™" is a Moore-Penrose inverse of A € C™", then AIM(AIMM is a {1,2,(3)}- inverse of
AA.

Proof. To simplify the notation, we denote Al by X. Let us check the conditions for the Moore-Penrose
inverse:

(1) AAxXxH A A = AFIXEIARIA = AFIAL
(2) XXHAMAXXP = XXHAM X = XX,
(3) AMAXXDE! = AFIXED C (AFIXEDE,

The first parts follow from Theorem 2.8 and the second ones from Theorem 2.7. [

Theorem 2.12. If Al € C"™" is a Moore-Penrose inverse of A € C™", then (AHMAM is a {1,2,(4)}- inverse of
AAM,

Proof. We check the conditions (1), (2) and (4) from the definition of the Moore-Penrose inverse. The equal-
ities that arise here are explained in detail below.

(1)AA[*](A“])[*]A[*]AA[*] = AAIXEI XA A =
At
AAL Y2 : A Hiy1 =0
XX A1 + X45)Ay; X;Hi (X141 + X245)AMy; = 0
23
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A a1
A Hyyp = 0
= AAl 2 | AHyy =04 =A g 2 Sy i Ly -
(AX)Hly, [P AP Ay [T AHI (A X))y =0
) 22
n Y1
Y2 LA _ _ Y2 LA+ _ _ [] .
A CAHpy; =08 = A 2| AT Hyy = 04 = AAF wh d th t
(A1X1A1)[*]y1 SHiy Aglyl SHiy where we use e equations
) )

from the Theorem 2.5.

Let AH1y; = 0. Then:

Xy Hi(X1A1 + X2A3) ANy = XoH (X1 AL + XoA5)H Ay, =
X3 (X1 A1 + XoAs) HiAMyy = (X1 A1X0 + XoAsXo) Hi Ay, =
XEHlAg*]yl = X;ATH1y1 = (A1 X2)"Hiyr = —(A2X4)"Hiyr = 0.

AISO, Xg*](XlAl + XzAg)Ag*]yl = Xg*](XlAl + X2A3)[*]A[1*]y1 = (X1A1X1 + X2A3X1)[*]A[1*]y1 = XE*JA[;]%/

and A;H1(A1X1)[*]y1 = A;(Ale)*Hlyl = (A1X1A2)*H1y1 — (Az _ AZXSAZ)*Hlyl - 0.
Finally, (A1 X1A1)My; = (A1 — A2 X3A)y, = A[l*]l/l.

(2) For checking the second condition we have: X1 XAAMXIX =

n
XsHi(Xqy1 + Xoy2) =0
XEIXAY  pgopg D aerr e
ATXT Oy + Xay) |1 A HIX Xy + Xoy2) = 0
w2
n
XUXAY| ol L X3H (Xay1 + Xoy2) = 0 =
AKX Gy + o) |} TG 2V
w2
n

Y2 Ly _ _
ALAYXYE (X y) + Xoun) + Ay | XXy +Xay2) =00 =

AgAg*]XE*](lel + ngz) + A4a)2

n
[*] yZ - X* = =
XN XA + XA ATTXE X,y + Xoyy) |F Y+ Xay2) =0
1
X Y2 L X3Hy(Xoyy + Xaya) = 04 =
XA (X1 + Xouo) 2
n
Y2 ) XSH1(Xay1 + Xoy2) =0 _
Xg*](xlAl)[*](lel +Xon) |T XGHi(G AN (X + Xoyn) = 0
22
n
Y2 .Y — o\ = xI
: XzHl(lel + Xzyz) =0; = X"X.

XE*] (Xay1 + Xoy2)
22
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Similarly as in (1), let X;H1(X1y1 + X2y2) = 0.
Now, A;Hi XU (Xiy1 + Xoyn) = (X1 A2) Hi(Xays + Xop) = A X Hi(Xayn + Xay2) = 0
and X;Hi(X1ADM(Xay1 + Xoyn) = (X1 A1 Xo) Hi(Xays + Xayz) = (Xo — XoA3X0) Hi(Xay1 + Xo) = 0.

Also, we have

X1A1A[1*]X[1*](X1y1 + Xzyz) + X1A2w2 + X2A3A[1*]X£*](X1y1 + Xzyz) + X2A4cu2 =

(X141 + XoA3)AMXP (X1 + Xao) + (XiAz + XoAs)ws =

(X141 + XzAs)[*]Ag*]Xg*](lel + Xoy2) =

(X1A1(X1A1 + XA (Xayr + Xoy2) = (X1A1 X141 + (Xo — X2A3X0)A3) N (Xay1 + Xoyo) =
(X141 X1 AN (X ys + Xayn) = (X1 — X2AsX)ADM Xy + Xoy2) = (AN Xy + Xoya),

and
XE*](XlAl)[*](lel +Xo12) = A XD (Xy1 + Xon2) = (X1 — XA X)) (Xayr + Xoyo) = Xﬁ*](Xu/l + Xo12).

(3) We show that (AT A AAN ¢ (AFYHAMAAM e, XFIXAAM C (XIFIXAAM) s satisfied. Here
we use the equalities from (1).

n

XFIXAAM = : AsHiyi = 0

/3
(A1 X))y,
23
We know that XI'IXAAP ¢ (XMXAAF)E if and only if
((A1X1)[*]x1)*H1y1 = x;Hl(A1X1)[*]y1, forally = ( g; ) and x = ( 2 ) such that ASH1y; = ASHix, = 0.

The left side is ((A1X1)[*]x1)*H1y1 = X;H1A1X1y1.
The I‘ight side is: x]Hl(Ale)[*]yl = x;Hl(Ale + A2X3 - (A2X3)[*])y1 =
XIH1A1X1]/1 + X;H1A2X3y1 - X;X;A;Hlyl = X1H1A1X1y1, because of A§H1x1 = A;Hﬂ/l =0.
The left and the right side are equal, so we see that X" XAAl € (XM XAAM) s satisfied. [

We can show that in general case the fourth (third) condition is not satisfied.

Example 2.13. Let A = [ } ; ] and H = [ (1) 8 ] Then the Moore-Penrose inverse for A is given by X =
2 -1
-1 1

We check if the fourth condition holds:
N
ARAMNHAMA = XXHANMA = :]z/ ; , where y1 and zy are arbitrary complex numbers. The definition

22
of H-symmetry implies that if ATAMYFAMA ¢ (ARNATNYEAM A then (z3)*y1 = (y1)z2. Obuviously, it is not
satisfied for y; = 1 and zp = i.

Theorem 2.14. If X = AlYl € C™" is a Moore-Penrose inverse of A € C™" then AM(AM) is g Moore-Penrose
inverse of AMA if and only if Xo"Hyyy = 0 for all y = ( 5; ) which satisfies Ay"H1(A1y1 + Azy2) = 0.
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Proof. From Theorem 2.11, we already have that Af(A s {1,2,(3)}- inverse of AMA. Putting X = Al
we have

n
XXFAFA = XX . C AYH (A + Agy) = 04 =
Al[](Al]/1+A2y2) 2 1( 1Y1 2y2)
22
n
X 2 A Hi(A1yn + Aaya) =0
XA Ay + Asyn) |1 X HiAM Ay + Asya) = 0
23
i Y1
X v2 L AYH (Aryn + Agyn) = 0 = vz L AYH (A + Agys) = 04
Avys + Asy 5 1(A1y1 + Azy) X1(Ary1 + Aoya) + Xozo 5 1(A1y1 + Azy)
Z X3(A1y1 + Agy) + Xuzp

Here we use conditions from the Theorem 2.5: we have X,*H; A" (A1 +A2y2) = X5ATH 1 (A +A2yn) =
- X ASH1(A1y1 + Azyz) = 0, from the first condition.

Also, XA M (A1 + Asya) = (A X)) (Arys + Asya) = (A1 Xa + AaXs — (AxX3)M)(Aryr + Asyn) =
A1 X1Arn + A X3A1y1 + A1 X1Aryr + A X3Aryp =
(A1 X1 A1 + A X3A1) 1 + (A1 XAz + Ao X3A0) Y = Ajyr + Ao,

The necessary and sufficient condition for being the {(4)}-inverse (i.e. XXI"AMA ¢ (XXMAMA)M) is:
(X1(A1x1 + Axxz) + Xow2)'Hiyr = x1"Hi(Xa(A1yr + Axy2) + Xo22), when Ax'Hi(Ar1y1 + Azyz) = 0 and
A2"Hi(A1x1 + Apxy) = 0 for every z, and every w,.

The last condition is equivalent to
X;(XlAl)*Hlyl + x;(XlAg)*le + a)z*XZHlyl = X;H1X1A1y1 + x;HleAzyg + X;H1X§ZZ for all z> and w» of
appropriate sizes.

It is not difficult to see that the last one is satisfied if and only if X,"Hiy; = X;Hix; = 0 and
X7 (X1A1) Hiyr + x5(X1A2) Hiyr = x{H1X1A1y1 + x{H1 X1 Aoy,

Moreover, from Theorem 2.5. and X, H;y; = X5H1x; = 0 we have
X (X1A1) Hiyr = x{H1(X1A1)My; = x{H1X1A1 141, as in the proof of Theorem 2.12.

NOW, X;(XlAz)*Hﬂ/l = —x;(X2A4)*H1y1 = —x;AZX;Hﬂ/] =0and X;H1X1A2y2 = —x§H1X2A4y2 =0.

So, under the condition that X;H;y; = 0 forall y = ( z; ), such that AJH1(A1y1 + A2y2) = 0 we have that

left and the right side of the previous equation are equal. Thus, we have that it is necessary and sufficient
condition for AM(AM) being a Moore-Penrose inverse of AMA. O

Theorem 2.15. If X = AlYl € C"™" is a Moore-Penrose inverse of A € C™" then (A')AM is g Moore-Penrose
inverse of AAM if and only if Ay"Hyyy = 0 forall y = ( z; ) which satisfies Xp"Hy(X1y1 + Xay2) = 0.

Proof. Similar to the previous result. [J

Corollary 2.16. If X = Al € C™" is a Moore-Penrose inverse of A € C™" and A, = 0 and X, = 0 (equivalently
to AM and XU have full domains), then (AMA)T = AP AN gnd (AAF)H = (AR A,

Proof. Since A, = X, = 0 we have that A;Hl(Alyl + Ayyp) = 0, X;Hl(lel + Xp10) = 0, A;Hlyl =0
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and X;Hyy; = 0 for all y = ( ]];1 ), so by Theorem 2.14. and Theorem 2.15, (AMA)f = AF(AIT, and
2
(AAMNH = (AMYHIAM hold. [
The next example shows that Alfl = (AMA)TAF and Al = AFI(AAM)HT does not hold.

n
Example 2.17. Let H = [ (1) 8 ]andA =D. Then A =X =1, = 52
1
2
n
Accordingly to Corollary 2.16, we have (AMA)M ALl = AMIAN)FIAN = X XTI AL = z j . Also, AMI(AAM)IH =
22

n
AFAMH AT = ARIXEX = 3 Y2 U Hence we have (APTAYTA £ A gnd AFIAAN)H 2 AL,
n

23
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