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Abstract. Recently the authors introduced the mean value multipoint multivariate Padé approximations

which generalize the Goodman-Hakopian polynomial interpolation and the one dimensional multipoint
Padé approximations.

Now, we present the scale of mean value multipoint multivariate Padé interpolations which includes

as particular cases both the scale of mean value polynomial interpolations and the multipoint multivariate
Padé approximations.

1. Introduction

The problem of multivariate interpolation by polynomials or rational functions is essentially more
complicated than its univariate analogue. The reader may consult papers [4], [5] and references therein.
One of very important (especially from the theoretical point of view) approaches in multivariate polynomial
interpolation is mean-valued interpolation (see the book [2]) which is used as a source of main definitions
and facts here, or the papers [3] and [6]. To the best of authors” knowledge the mean-valued approach was
not applied for multivariate rational interpolation. The main goal of this note is to present a construction
which generalizes both the scale of mean value interpolations [2] and [3] and the multipoint multivariate
Padé interpolations [1] as well as one-dimensional Padé approximation.

Definition 1.1. The Box spline B (x|X) is a function defined by the rule

ff(x)B(xlX)dxz ff(X(t))dt, allfeCO(]Rk),
Rk

o1

where

n
X (t) = Ztixf fort=1{t,... ta} €R"
i=1

and Co (]Rk) is the space of continuous functions on RF with compact support and [0,1]" is the unite cube in R".
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To obtain a geometric interpretation for the Box spline let us consider the parallelepiped Q in R" :

i=1

n
Q:= {Ztiyi:OStisl, izl,...,n}, vol,Q # 0,

with the vertices y' satisfying y' |g: = x'. Then,

vol, {ueQ:ulge =x}

, xeRY,
vol,,Q X

B(x|X) =

where vol,, denotes m-dimensional volume (Lebesgue measure).

Definition 1.2. If vol, [Y] # O for every subset Y of k + 1 elements of X, then we say X is in a general position (here
[Y] denotes convex hull of Y.

Definition 1.3. The space S¥ . of spline functions of order m, 1 < m < n —k, with a knot set X is defined as a linear
span of system

Qf  =1{B(.[Y): Y € X[m+k], voli[Y] # 0}
where
X[m+kl={YcX:|Y|=m+k}.

n—

Theorem 1.4. Let X be in a general position and 1 < m < n — k. Then, dim S¥ = ( K

" )with n = |X| where

|X| is number of elements in X.

Definition 1.5. ff = f fi= ff(voxo +...+ vrx’) dvy ...dv,, where X = {xo,...,xr} CRY f:RF 5 R
S’

X1 [0,...27]
and

S ={(vo,...,vs):vo+...+v,=1,v;>0,i=0,...,7}

is the standard r—simplex. Or, carrying out a surface integral of the second kind to the multiple integral:

/
[0,.x

where

f=ff[x0+v1(x1—x°)+...+vr(x’—x°)]dv1...dv,,
r] Qr
Q ={(v,...,v): vi+...4+4v<1,v;>0,i=1,...,1}.

Definition 1.6. Let X = {xo, .. ,xr} C R, volk [X] #0,a € ZK, |a| = r —k + 1, and let f be sufficiently smooth.
Then the k—variate a—divided difference of f at X is

rf= 2 [0y = [ sai.

[X] Rk
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2. Results

Now we are ready to present the new definition of the scale of mean-valued multivariate multipoint
Padé approximations.

Definition 2.1. The ratio P/Q of a non-trivial pair of polynomials Q € T1,_,, (IR") ,Pell,_, (]Rk) where TT,,_p, (]Rk)
is the set of all polynomials in R¥ with degree at most n — m such that

f(fQ—P):O,foranyA€X1[m+1]UX2[m+l], m=0,..., k-1 (1)
[A]
where

_ 0,1 .2 m m+l . m+2 r
X1—{x,x,x,...,x L XM x ,...,x}

_ 0,1 .2 m r+l 42 n—m+r
Xz—{x,x,x,...,x PP Gl Gl & }

is called the m-th mean valued multipoint multivariate Padé approximation.
Since the homogeneous system (1) has n; + n, — 1 equations with n; + n, unknowns the m-th mean
valued multipoint multivariate Padé approximation always exist (here n; = ( " ;{m ) and n; = ( ' —km )) .

Clearly the approximation is unique if and only if the matrix of the system (1) has maximal rank. Here we
give in details one particular case (fixing constant coefficient of the denominator).

Denote by HY"y" d " (f) the determinant

ffxl ffx vol (A7) fxlr(—m

[A41] [A] [A1]

f :fxl f J:(xlr(_m vol (:A,,]) f :x;;—m

fxl e f fxlr;m vol (A”1+1) Ce f xlr;m

[Anl+1] [A)11+1] [Anlﬂ]
f fX1 e f fx]:—m vol (Am+nz—1) e f x}r{—m
n]+n2 1] [An1+112—1] [An1+112—1]

Furthermore, let the determinants HY/"¢" “(f)and HY' kﬁ (f) be obtained from HY"" g " (f) by replacing the

column which corresponds to the mdex a, lal=A, 1 S )\ <r—-mandp,

by - ff f fl.

[All [An1+n2—1]

Theorem 2.2. For sufficiently smooth function f with Xy and X, in general positionand m = 0, ..., k—1 there exists
the m-th mean valued multipoint multivariate Padé approximation P/Q which satisfies for each A C X1 or A C X»,
with |Al > m +1,

Bl =wu 0 g y < n — m respectively

fD“(fQ—P)=0, lal = 1Al =m —1. ()

(Al
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If the determinant H”‘ mk " (f) doesn’t vanish, then the ratio P/Q is unique and is given by the formulas

QW) = Zm DS

A=0 |a|=A
and
n—m
P =YY
=0 |g|=p

where qp =1,
_Hgx ) )

- Hrnmk a#0,
k)

and
kB
Hyw, " ()
Tk oy
HERl ()
Proof. Choose A1 = {xO,...,xm},Az,...,Anl such that
{B(-]4)), j=1,...,m]

and also choose A1 = {xo, e, xm} s Apy+, -+, Anyan,—1 such that

pgp=-—

form a basis of Sm kL%,

{B('|A1)' j=1lm+1,...,m +n2_1}

form a basis of Sm LY,

So the system (1) of n; + 1, — 1 equations

r—m ) f _nm ‘B_
;';Aq [,f x ;'%‘pﬁ[z«fﬂx

AjeXl[m+1]UX2[m+1],j=1,...,n1+n2—1

is a linear system with dimIT,_, (]Rk) + dimIT,_, (]Rk) = n; + np, unknowns. Hence, it has at least one
non-trivial solution. Applying the Kramer formulas gives all assertions of the theorem except for (2).

Now, we proceed like in the proof of [2, Theorem 12.5]. According to [2, Theorem 10.3] equalities (2)
hold if and only if

fo—P=0for eachAeXi[m+1]UX,[m+1],
[A]

what is equivalent to

f(Qf—P)B(xlA)dx =0forall Ae X;[m+1]UX,[m+1] (3)
because of [2, (9.2.3)].
Since (3)isproved forallAj, j=1,...,n+n-1 and{B ( |Aj), j= 1,...,n1}, {B ( |A]~), j=1m+1,...,nm +np— 1}
are bases of Sm kL%, and Sm ki1x, We have the desired result. O
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Example 2.3. Let f be given by f (x1,x2,%3) = x1(x2 +x3), r =3, n =3, m = 2. Put
X = {xo,xl,xz,x3},
X, = {xo,xl,xz,x4}
where
2" =(1,0,0), x' =(0,1,0), x¥* =(0,0,1), x* = (2,0,0), x* =(0,0,2).

Then,

X1 [3] {{xo, xl,xZ} , {xo, xl,x3} , {xo, xz,x3} , {xl,x2,x3}} ,
X>[3] = {{xo,xl,xZ},{xO,xl,x‘L},{xo,xz,x4},{x1,x2,x4}}.
Polynomial Q with fixed coefficient qy = 1 is given by
Q =1+ q1,00%1 + q01,0%2 + 0,01 X3-
Analogous representation is valid for P
P =p, + p10,0%1 + Po1,0X2 + Po,0,1X3-
Hence the equations (2) are written as
1 1
Y X [ =Y Yom [ =0 @
A=0 Jaf=A [A] #=0 |g|=u [4i]
where
AjeXi[BluX;[3],j=1,...,5.

Consider in details the case A1 = {xo, xl, x2} . Here the equation is

fo—P: ff FI0+ Vi (2! = 2%) + Vo (2 = 20)] dVad V2 = 0

[xU,xl,le Vi+Vp<1
V120
V,>0
or
41,00 + q0,1,0 + qoor Po  Proo  Poro  Poo1 _i
30 40 40 2 6 6 6 12

Anaogously other cases of Aj € X1 [3] U X, [3] are

74100 D010 _Po _Poo _poro _ 1
60 20 2 2 6 8’
74100 D01 _Po _poo _poor _ 1
60 20 2 2 6 8’
q1,0,0 + qoro 4qop1 Po  P1oo  Poro  Poor _ _l
10 60 60 2 6 6 6 24’
q1,0,0 + qo0,1,0 40,01 _ @ _ P1,0,0 _ Po,1,0 _ Poo1 _ _1

20 30 12 2 6 6 3 g



C. Akal, A. Lukashov / Filomat 31:4 (2017), 1123-1128

f00 7001 Po  pioo  Poos 1

20 60 2 6 2 8
and
_ @ _ Po,1,0 _ Poo1 _ 0
2 6 2
The solution of (4) gives finally
5 5
= 1-Zxy—=
Q cX2 T 2%,
P = 1+ix —ix —ix
T Tttt 12
Thus;

£_4+3X1—3X2—3X3
Q 36 —30x, —30x3

References

1128

[1] Akal, C. and Lukashov, A., "Mean Value Multipoint Multivariate Padé Approximations”, AIP Conference Proceedings, 2014, 1611,

183-185.

[2] Bojanov, B.D., Hakopian, H.A., Sahakian, A.A., “Spline Functions and Multivariate Interpolations” Springer, 1993.
[3] Goodman, T.N.T., "Interpolation in minimum semi-norm and multivariate B-splines”, J. Approx. Theory, 1983, 37, 212-223.
[4] Olver, PJ., ”"On multivariate interpolation”, Stud. Appl. Math., 2006, 116, no. 2, 201-240.

[5] Cuyt, A. and Yang, X., “A practical error formula for multivariate rational interpolation and approximation”, 2010, 55, 2, 233-243.
[6] Waldron, S., ”Integral error formulae for the scale of mean value interpolations which includes Kergin and Hakopian interpolation”,

Numer. Math. 1997, 77, no.1, 105-122.



