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Abstract. We generalize the concept of mixed norm spaces and define a class of mixed paranorm spaces,
study their fundamental topological properties and determine their first and second duals. Furthermore we
obtain the corresponding known results for mixed norm spaces and spaces of sequences that are strongly
summable to zero as special cases of our new results.

1. Introduction and Notations

Let 1 < p < 0. By w we denote the set of all complex sequences x = (x);2 ;-
In 1968, Maddox [8] introduced and studied the sets

1 n

_ i o p_

wg— xew.&g&onzml =0
k=1

of sequences that are strongly summable to zero with index p by the Cesaro method of order 1. He also

observed that the sections 1/n ) ;_; can be replaced by the dyadic blocks 1/2" Zi:zlfl, and that the section
and block norms || - ||s and || - ||y are equivalent where

1/p ovl_q 1/p
1 Y i 1 P
lllly =sup| =~ Y bl | and [l = sup| 5= Y
n \"Mi3 v |2 k=27

In 1974, Jagers [5] studied the Cesaro sequence spaces

(o] 1 n p
ces, = xea):z —lekl < 00
n
n=1 k=1
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which are Banach spaces with the norm given by

© (1 & p\1/p
lIxllces, = {Z [E Z IXk|] ) .
n=1 k=1

It can be found in [3] that an equivalent norm on ces,, is

0 v+l _q p\1/p
ZZV(l—P)[ Z |Xk|] ] ]

v=0 k=2v

llxll =

In 1969, Hedlund [4] introduced the mixed norm spaces

o (2411 rlp
lr,p)=qx€w: Z[ Z |ku”] < o0} (see also Kellog [6]);

v=0 \ k=2

obviously the Cesaro sequence spaces ces, are weighted £(p, 1) mixed norm spaces. Results on the equiva-
lence of block and section norms on mixed norm spaces can also be found in [3].

In this paper, we generalize the definition of mixed norm spaces to that of mixed paranorm spaces.
This is achieved by replacing the dyadic blocks by arbitrary blocks, the constant exponent r by an arbitrary
positive sequence (r,),, and the spaces ¢, by £(r) and co(r). We are going to show among other things that
our new spaces are FK spaces with AK if and only if the sequence (r,);”, is bounded. Furthermore we
determine their first and second f-duals. Finally, we obtain many known results as special cases.

As usual, we denote by (s, ¢, cp and ¢ the sets of all bounded, convergent, null and finite sequences,

respectively. If p = (px),2, is a sequence of positive reals then the sets

) = {x cw: Yl < oo} and co(p) = {x € w: lim |yl = o}
k=1

are generalizations of the sets £, and cy. Furthermore, let cs and bs be the sets of all convergent and bounded
sequences. We write €, = {x € w : Y ;24|x| < oo} for 1 <p < 00, and e and ™ (n = 1,2,...) for the sequences

with e, = 1 for all k, and eﬁ,”) =1land el(cn) =0 (k # 0), respectively.

An FK space X is a Fréchet sequence space with continuous coordinates P, : X — C where P,(x) = x, for
allx = (xy);>, € Xand n = 1,2,.... We say that an FK space X D ¢ has AKif xI" = Y} xe® — x (m — o0);
x["™ is called the m-section of the sequence x. A normable FK space is said to be a BK space.

If X and Y are subsets of w and z is a sequence, we write '+ Y=lncw:a-z= (axzx);2, € Y} and

MXY)=Nexx '*Y={a€w:a-x €Y forall x € X}. The special cases X* = M(X, ¢1), Xf = M(X, cs) and
X = M(X, bs) are called the a—, f — and y—duals of X.

2. The Definition of Our Spaces and Their Topological Structures
Throughout, let (k(v));2, be a sequence of integers with
1=k(0) <k1)<---. (1)
By K<K"> (v = 0,1,...), we denote the set of all integers k that satisfy the inequality
kv)<k<k(v+1)-1

and we write ), = } x> and max, = maxex<o-. Given any sequence x = (xi);2, € @, we define the
K<"> blocks of x by

x> =Y xe® forv=0,1,....

Now we define the mixed paranorm-norm spaces.
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Definition 2.1. Let (k(v)),2, be a sequence of integers that satisfy the condition in (1). Furthermore, let (X;, || - |;)
be a normed space, (Xo, g,) be a paranormed space and ¢ C X;, X,. We denote the sequences in X; by x = (xx),2, and
those in X, by y = (yv);2,, and define the set

(o8]

Z = [Xo, X)* = {Z = (@), €@ (||Z<V>||i) € X”}’

v=0
and write
h(z) = g, ((||z<">||i)::0) forallz € Z.

Remark 2.2. (a) Since ¢ C X;, |lz<*"||; is defined for all z € w and all v = 0,1, . ... Hence the sequence

v = = ()., @)

is defined.
(b) Since ¢ C X;, X,, we obviously have ¢ C Z.

We say that a norm || - || or a paranorm g on a sequence space X is monofonous, if x, ¥ € X and |x| < ||
forall k =1,2,... together imply ||x|| < [|%|| or g(x) < g(¥). We also recall that a subset X of w is said to be
normal if x € X and [%| < |x| forallk =1,2,... together imply ¥ € X.

Example 2.3. (a) The natural norms on £, (1 < p < o), le, ¢ and cy are monotonous.

(b) Let p = (pr);~, be a bounded sequence of positive reals and M(p) = max{1,sup, px}. Then the paranorms g, and
Gpo with

o 1/M(p)
gp(x) = [Z kal”k] and g,0(x) = sup | P/M®
k=1 k

on £(p) and cy(p) are monotonous.
(c) The sets £(p), £ (p) and co(p) are normal, but c(p) is not normal.

Remark 2.4. Let (X, || - ||) be a normed space. Then neither does the monotony of || - || imply that X is normal, nor
does the converse implication hold, in general.

Proof. 1f we choose X =cand || - || = || - ||, then || - || is monotonous, but ¢ is not normal.

To prove the second part, we choose X = ¢; and ||-|| = || |y Where ||x|lpo = Y.roq Xk — Xe—1| with the convention
P p k=1

xg = 0. Then || - || obviously is defined on X and X is normal. But, for x = e® + ¢® and & = ) + ¢? + ¢®,

we obtain |xi| < % fork=1,2,... and ||x||=4>2=|X. O
Now we establish some general results on the structures of the mixed paranorm spaces.

Theorem 2.5. Let (X;, || - |l;) be a normed space, (Xo, g,) be a paranormed space, p C X, Xo, and Z = [X,, X;]<<)>.

(a) If X, is normal and || - ||; is monotonous, then Z is normal.

(b) If g, is monotonous, then Z is paranormed with respect to h; if g, is total, so is h. If, however, g, is not monotonous,
then h does not satisfy the triangle inequality, in general.

(c) If (X, || - l;) and (Xo, go) both are FK spaces, g, is monotonous, and Z is complete, then Z is and FK space.

(d) If X; is any of the spaces £, (1 < p < oc0) and X, is any of the spaces {(r) or co(r) for r = (1), € leo, then Z is
complete.

Proof. For any sequence z € Z, we define the sequence y € X, by (2).
(a) Letz € Z and 1Z| < |zl for k = 1,2,.... Then it follows from the monotony of || - ||; that 7, = [|Z<"]|; <
lz<">|l; = y, forv=0,1,... and, since X, is normal, this implies € X,, hence z € Z.
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(b) Obviously, h is defined on Z, h(0) = 0, h(z) > 0 and h(z) = h(-z) for all z € Z. Let z,Z € Z be given.
Then we obtain by the triangle inequality for || - ||;, the monotony of g, and the triangle inequality for g,

h(z +2) = g, ((”(z + Z)<V>||i)z10) =g, ((||Z<V> + Z<V>||l.)io)
< o (==l + 11E11),0) = 70 ((E=11), + (1), 2,)

<00 (17 11).)+ 90 (=1

,)VZO) = h(z) + h(®).
Finally, let A, — A and h(z™ —z) = 0 (n — o0). Then we have

0 < h(A,2" — Az) < S1(n) + Sa(n) + Sz(n),
where
0<S1(m) = h((Ay = HED -2) = g, ((”(A ~ (0 —2)

=90 (Mn —-Al- (”(Z(ﬂ) _ Z)<V> oo

)0) = ((H(Z‘") —2)™”

= h(z™ - z) for all sufficiently large 7,

1)
)

since |A, — A| < 1 for all sufficiently large n and g, is monotonous, hence lim,_,., S1(1) = 0; also

0= S5(n) = h((As = 1)2) = go (([|(1e = 2=7]),)
= 9o (M” — Al (”Z<v>”1‘):o=0)

and putting y, = |A, — Al and y™ =y = (|z=|)2, for v = 0,1,..., we have y, — 0, g,(y" —y) — 0
(n — o0), and so, since g, is a paranorm, it follows that g,(u, y") = 0 (n = o), that is lim,,,. S2(n) = 0;

finally
i)v:O)

and putting i, = p = [A| and y™ = (21" — 2)<"|;)%2,, for all n, we have p, — w, go(y™) — 0 (n — ), and
so, since g, is a paranorm, g,(i,y™ — 0) — 0 (n — o0), that is, lim, . S3(1) = 0.
Thus we have shown h(A,z, — Az) = 0 (n — o).
Furthermore, if g, is total, then h(z) = g, ((Iz<"”l;);—y) = 0 if and only if ||z="*||; = 0 for v = 0,1,..., and this
is the case if and only if zx =0 fork =1,2,..., thatis,z = 0.
To see the last part, we consider X, = bv and g, = || - [|o- Then g, is a norm on X, which is not monotonous,
as we have seen in the proof of Remark 2.4. Now we choose k(v) = v+1forv=0,1,..., X; = leo, |- li = |I*|lco,
z=eD 4+ 6@ 463 and z = eV — @ + @ and obtain h(z + 2) = 2h(e® +e®) = 8 > 4 = h(z) + h(Z).

(c) We have to show that z™ — z (n — o0) implies zl((") — zx (n — o) for each k.
Let

<v>

Ss(m) = (A" = 2)) = 90 (1M (| (= - 2)

hzZ" -z) = g, ((H(z(”) - z)<v>

Since X, is an FK space, this implies [[(z™ —z)<*>)||; = 0 (n — ) for each v, and since X; is an FK space, this

[oe]
) )—>Oasn—>oo.
1/v=0

implies zl((") — z; foreach k € K> andv =0,1,....

(d) We have to show that Z = [X,, X;]**")> is complete when X; is any of the spaces ¢, (1 < p < o) and
X, is any of the spaces £(r) or cy(r).
Let (z")> | be a Cauchy sequence in Z and ¢ > 0 be given. Then there exists an N = N(¢) € N such that
h(z™ —zM) < ¢/2 for all n,m > N. Since X; and X, are FK spaces, it follows that (z,(("));i1 is a Cauchy
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sequence of complex numbers for each fixed k, hence convergent by the completeness of C, zx = lim;;—co z,((m)

(k=1,2,...), say. Let u € Ng be given and z(y) = zKt+D-11 = Y601 o0 We fix n > N. Then we have
y t g t k=1
for X, = €(r)
1/M(r)
Ty
p ]

Wl]i_l;r‘}oh((z(n) _ Z(m)) (['1)) — WIII_IBO [io‘ ||(Z}(:l) _ Z;{m))<v>

u 1/M(r)
£ =
k k »
v=0

= h((z(") - z) (y)) < % <.

Since u € INg was arbitrary, we have
h (z(”) - z) < eforallnm > N. 3)

Now (3) implies zV) -z € Z = [€(r), f,,]<k(v)>, and since Z is a linear space, we have z € Z. Thus we have
shown that [£(r), €,]*")> is complete.

Finally let X, = co(r). As before, it can be shown that (3) holds for all n > N. Since z™ € Z = [co(r), £,]15)>,
there is an integer vy such that

||(Z(N))<V>

and we obtain from (4) and (3) for all v > v

1y /M(r)

< £ for all v > vy, (4)
p 2

1y [M(r)

||Z<V> <eg,

rv/[M(r) N ke
. + H(z N )

fV/M(r) < ”(Z _ Z(N))<v>

1

p

hence z € Z. Thus we have shown that Z = [cy(r), fp]<k(v)> is complete. [

Corollary 2.6. Let 1 < p < co and r = ()%, be a bounded positive sequence. Then Z = [{(r), £,]™"> and
Z = [co(r), €155 are FK spaces with AK with respect to the total paranorms h defined by

o 1/M(r)
Z<v>||"v zeZ=[(r),¢ <k(v)>
o) = (V:o“ [& ( [£(r), £,1°0)

sup lz”[;™0 (2 € Z = [eo(r), 1),
v

(5)

Proof. In view of Theorem 2.5 and Example 2.3, the spaces Z are FK spaces in both cases with respect to i
defined in (5); hence we have to show that they have AK. First we observe that ¢ C Z by Remark 2.2 (b).
We consider the case of Z = [{(r), fp]<k(")>. Let z € Z and ¢ > 0 be given. Then there exists vy € INy such that

0 1/M(r)
[Z 1IZ<”>|I;"J <e. (6)

V=Vo

We choose 1y = k(vg) € N. For m > my, let v(m) denote the integer such that m € K<">. Then we have for

all m > my
1/M(r)
Ty
p ]

h(z™ - z) = (i H(z['"] - z)<v>
v=0
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. /M)
.y ||z<v>||::]

P v=v(m+1)

1/M(r)
<eg,
P

and 50 z = limye0 2™ = Y12 26®.
It is easy to see that this representation is unique.
The case of [co(p), £,]")> is proved analogously. [

(Z[m] _ Z)<v(m)>

|

[ee)
< Z ||Z<v>

V=vy

Remark 2.7. Let r be a sequence of positive reals and 1 < p < co. Then [€(r), £,]*V> and [co(r), €,]15")> are linear
spaces if and only if r € {u.

Proof. The sufficiency of the condition r € £, is clear by Corollary 2.6.
To show the necessity of the condition we assume thatr ¢ {.,. Then there exists a strictly increasing sequence
(v(i));2, of positive integers such that r,; > i fori =0,1,.... We define the sequence x by xiu(; = 1/2 and

x = 0 for k # (k(v(i))) (i = 0,1,...). Then we have Y2, k<[ = ¥2)270 < £%27 < oo, that is,
x € [€(r), €,]155>, but

||2 . x<V(i)>||;"(i) = 1for all i, that is, 2x ¢ [co(r), £,]50)>.

The statement now is clear, since obviously [£(r), £,]*")> C [co(r), £,])>. O

The following figures show the projections on (x3, x3, x4) of the unit balls in [£(7), t’p]<k(v)> when k(v) = 2V
v=0,1,...)

Figure 1: Left ry =3/4, 1, =4/5,p =5/4. Rightry =2/3,1, =2,p =5/4.



E. Malkowsky et al. / Filomat 31:4 (2017), 1079-1098 1085

Figure 2: Leftry =1/2, 1, =4/5,p =4. Rightry =3/2,1, =5/2,p=7/2.

Figure 3: Leftr; =2,7, =2,p=1. Rightr; =1, =1/2,p=1.
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We close this section by considering some special cases.

Example 2.8. (a) Letr, =r>1(v=0,1,...) and 1 < p < oo. Then the spaces [£(r), £,]")> reduce to the mixed
norm spaces €(r,p) = [€,, €,]15> ([3, 5]).

(b) If k(v) = 2" and r, = 1 for v =0,1,..., and the sequence u = ()52, is defined by w = 277 (k € K<kW)>. ) =
0,1,...), then we obtain the sets

2v+1_1

<k(v)> 1

wg:u‘l*[c(),fp] © z{xewzgggo? Z kalpZO}
k=2"

of sequences that are strongly summable C; to 0, with index p ([8]).

(c) By Corollary 2.6 and [14, Theorem 4.3.6], the sets €(r, p) and w}, are BK space with AK with respect to the norms

I My and |l - llo,p) defined by

s 1/r
_ <v> * _ <v>||"
o =1 | =[St
and
1 2v+1_1 1/P
o) = H(||(u~x)<v>||,,)V=0Hm :sup{z—v Y |xk|P] (18], [10, Proposition 3.44]).
v k=pv

Example 2.9. Let r = (), be any sequence of positive reals and 1 < p < co. Ifk(v) =v +1forv=0,1,..., then
we obtain [£(r), €,]15K> = £(r) and [co(r), €, = co(r). It follows from Corollary 2.6 and Remark 2.7 that {(r)
and co(p) are FK spaces with AK if and only if v € L ([2] and [1, Remark]).

3. The Dual Spaces

Here we determine the dual spaces of [cy(p), ;15> and [€(p), £,]K¢)>.

Since both [co(p), &1 and [€(p), £,]5")> are normal by Theorem 2.5 (a), the a—, f— and y—duals
coincide. Also if 7 = (1,)%) € Lo, then [co(p), ;1% and [£(p), €,]")> are FK spaces with AK by Corollary
2.6 and so the f— and functional duals conicide ([14, Theorem 7.2.7 (ii)]).

Throughout, let r = (r,);2,, be a sequence of positive reals, not necessarily bounded, 1 < p < o0 and g the
conjugate number of p, thatis, g =ocoforp=1,qg=p/(p—1) for1l <p < oo and g = 1 for p = oo; also let
sy = 1,/(ry — 1) for r, > 1. We define the following sets

Mo((r),p) = U {a Ew: Z “a<V>”q NV < OO} )

N>1 v=0
U {a Ew: Y, ||a<">||;” N7 < oo} ifr, >1forallv

M((r),p) = {n>1 v=0
[Loo(r), €,]°K> if r, < 1 for all v.

Theorem 3.1. We have
(leor), 6,17 = Mo((1), p). 7)

Proof. First we show

B

Mo((r), p) < (Ieo(r), 6,170 ®)
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We assume a € My((r), p). Then there is N > 1 such that Y. la="||, - N™'/" < co. Let x € [co(r), £,]%")> be
given. Then there exists vy € INy such that we have for all v > vy

Ty

1
< —, thati
» SN atis,

<v> <v>
X

||x ) < N7 Vr,

Since

Yo lagxy| < ||a<v>”q : ||x<”>“p forallvand for1 <p < oo, )

(the case 1 < p < co by Holder’s inequality), we obtain

0 i ) oo
Z |akxk| < Z vakxkl < Z ||a<v>” . ||x<v> < Z Ha<v>H _N—l/rv < oo,
k v=0 =0 g P =0 q

-1
that is, a € ([co(r), £,]¥*")>)F. Thus we have shown (8).
Now we show

(leor), €17 € Mo((1), p). (10)

We assume that a ¢ My((r),p). Then }.,2, lla=">l, - N~ = oo for all N > 1, and consequently we can
determine a sequence (v(n));", of integers 0 = v(0) < v(1) < v(2) <... such that

v(n+1)-1
M, = Z ”a<v>”q m+1D)Vv>1forn=0,1,....

v=v(n)

If 1 < p < 00, we define the sequence x by

_ —q/ B ~
X = sgn(ay)la|"" (|a<v>||qq P+ 1)V M!
(k (S K<k(v)>;1/(n) <v < v(n + 1) -Lin= 0’1"”).

Then we have forn =0,1,...

v(n+1)-1 v(n+1)-1 1
Z YoM X = Z ||a<V>”Z( ) (n+1)7YreM
v=v(n) v=v(n)
v(n+1)-1
= 2 el ey =1,
M" v=v(n) i

hence ) axxy diverges. But, since M, > 1 for all n, we have for v(n) <v<v(n+1) -1
_ _A\Iv/p M _ 1
<v>||"v _ ap-p || ,<v>|"1 —p/ryAfP _ ’n <v>||@=Dre/p
L A e R e

that is, x € [co(r), £,]¥">. Thus we have shown (10) when 1 < p < co.
If p = 1, we define the sequence x by

sgn (ako(v)) (n+1)7VrM (k = ko(v))
where ky(v) is the smallest integer in K<k(")>

x = { with [ag,w)l = 127 [l
0 (k # ko(v))

(ke K> ymy <v<vin+1)-1,n=0,1,...).
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Then we have forn =0,1,...

v(n+1)-1 v(n+1)-1 1 v(n+1)-1

Toxc= ) Il + 170! = M, Y e+ 1) =1,

v=v(n) v=v(n) v=v(n)
hence )" axxy diverges. But, since M, > 1 for all n, we have for v(n) <v <v(n +1) -

1y
e < M o 1
n+1 n+1

hence x € [co(r), £1]°">. Thus we have shown (10) when p = 1.
Finally, if p = co, we define the sequence x by

xe = sgn(a)(n + D)V MY (ke K¥> vy <v<vin+1)-1,n=0,1,...).

Then we have forn =0,1,...

v(n+1)-1 v(n+1)-1
Xy = Z Tolal(n + 1)~
v=v(n) v=v(n)
1 v(n+1)-1
:M 2 ” <v> (1’l+1) 1/rv_1
v=v(n)

hence ) axxy diverges. But, since M, > 1 for all n, we have for v(n) <v <v(n +1) -

—Ty
ey < M o 1
“n+l1 " n+1’

hence x € [co(r), £1]°¥">. Thus we have shown (10), when p = co.
Consequently, we have established (10) for 1 < p < oo, and finally, (10) and (8) yield (7). O

Theorem 3.2. We have

(1), 617Y = M(), ). (11)

Proof. Casel.r, >1forallv=0,1,.... First we show

M(@),p) < (1), 617 (12)

Leta € M((r), p) be given. Then there exists N > 1 such that ) ;2 |Ia<">||s‘ N=/" < oo. Let x € [£(r), ¢, ]<k<V)>

be given. Using (9) and applying the well-known inequality |b,,| < Ib [ + |y with b, = [la=">|, N~ Ln,

and y = [lx**||, N'/™ (v = 0,1,...), we obtain

<V>

Lol < ||11<V>” forv=0,1,.

Sy
< ||a<v>|| N~ Sy /1y + N”x<v>

[l
q

hence

Z lapxy] < Z (Ha<v>

8

N—sv/r,, +N ||x<v>

rv)
P

(oY)
Sy o ry
— “ <v>||q NS/ 4 NZ ||x<v>||p < 0.
v=0 v=0

8
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Thus we have shown (12).
Now we show

(16, 6,177 < M), p). (13)

We assume a ¢ M((r),p). Then Y2, ||a<V>||q’5v -N7%/" = co forall N > 1, and consequently we can determine
a sequence (v(n));”, of integers 0 = v(0) < v(1) <v(2) <... such that

v(n+1)-1

M, = Z ||a<v>

v=v(n)

;V-(n+1)_s"/” >1forn=0,1,....

If 1 < p < oo then we define the sequence x by

Xk = sgn(a)lag’™! Ha<v>||;"_q S+ 1) M

(ke K> ym) <v<vin+1)-Ln=0,1,...).

Since 1 —s, = —s,/r, for all v, we obtain for all n

v(n+1)-1 v(n+1)-1
Sy—q — _
Y, L= ) Il fle | e DM
v=v(n) v=v(n)
1 v(n+1)-1 1
- - Z ||a<v> Sy . (7’1 + 1)—5‘,/T(v> — ,
(n+ 1M, ot q n+1

and so Y ;o ax diverges. But, since r,(s, — g + q/p) = s,, we have for all v with v(n) <v < v(n + 1) — 1 and
for all n

<V>

b= = ooy P == |7 o+ 1oy

p -
= == I 2y = o

S 1M

Furthermore, since M,, > 1foralln,r, >1ands, =1 +s,/r,, it follows that for all n

v(n+1)-1 v(n+1)-1
Z ||x<v> ;v < E Z ||a<v>||:v (n + 1)—5\-—7‘,
v=v(n) v=v(n)
1 v(n+1)-1
- <v>|[%v —s,
= DM, v;i) o ”q (2 +1)
1 v(n+1)-1 ; 1
— <v>|Pv —Su/tv —
= (it DM, DI g MU A i+ 1)

v=v(n)

that is,

(o]
2 ||x<v>
v=0

and so x € [£(r), £,]15*")>. Thus we have shown (13) when 1 < p < oo.

o v(n+l)-1

Tv <v>||™ . 1
P:Z Z “X Hpﬁém<0®

n=0 v=v(n)
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If p = 1 then we define the sequence x by

s (ak,) =117 (n + 1) M (k = ko(v)
where ky(v) is the smallest integer in K<k(")>

x = { with lag,)| = [la=]|
0 (k # ko(v))

(ke K> ym)y <v<vin+1)-1;n=0,1,...).

Again, since 1 — s, = —s, /1, for all v, we obtain for all n

v(n+1)-1 v(n+1)-1
Toae= Y lagel- el (0 + 17 M
v=v(n) v=v(n)
(n+1)-1
1 ’ <v> 1
e — n+ 1) = ,
My(n+1) VZV(;) =l 3 T n+1

and so Y-, axxx diverges. But, since s,r, — 1, = s, we have for all v with v(n) <v <v(n+1) —

e < () O+ )M = a4+ 1M

Furthermore, since M,, > 1,r, > 1 and —s, = —1 — s, /r,, it follows that for all n

v(n+1)-1 1 v(n+1)-1
<> Ty < a<r> sotj n+1)"
Y s o ) e IRee+ D)
v=v(n) v=v(n)
(n+1)-1
1 ! 1
= = [ + 1)~/ = ,
(n+1)2M,, V_Zv(;o T (n+1)2
that is,
oo oo v(n+1)-1 oo
Brei =5 % e s Bty <
v=0 n=0 v=v(n) n=0

and so x € [£(r), £,]%>. Thus we have shown (13) when p = 1.
Finally if p = oo then we define the sequence x by

X = sg(alla= |y~ (n + 1) M;,!

(k € K*O>:pm) < v

Again, since 1 - s, = —s,/r,, we obtain for all n

v(n+1)-1 v(n+1)-1
L= ) e IE () (n+ )M
v=v(n) v=v(n)
v(n+1)-1
_ 1 <V>11Sy =Sy /1y — 1
—m Z [la=" 17 (n + 1) R
v=v(n)

and so ) axxx diverges. But, since s,r, — 1, = s, we have for all v with v(n) <v <v(n +1) —

Ty _ e — _
||X<V>||(r>¥, < (”a<v>”?_1) (Tl + 1)—5‘,r‘,Mnru — ||€l<v>||iv(7’l+ 1) Sy ranrv'

<vin+1)-1,n=0,1,...

1090

1 and for all n

).

1 and for all n
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Furthermore, since M,, > 1,7, >1and 1 —s, = —s,/r,, it follows that for all n

v(n+1)-1 v(n+1)-1

1
Y s ———r Y e )
v=v(n) ( +1)M v=v(n)
(n+1)-1
1 ! <Vv>||Sv 1
— v+ 1) = ,
(n+ DM, o=l G+ 7 =
that is,

oo v(n+1)-1

g||x<v>n£z=z 2, Il Z(n+1)2 o,

n=0 v=v(n)

and so x € [£(r), £]")>. Thus we have shown (13) when p = co.
Consequently, we have established (13) for 1 < p < oo, and finally, (13) and (12) yield (11).
This concludes the proof of Case 1.
Case2.r,<1forallv=0,1,2.... First we show (12).
Leta € M((r),p) = [{(1), €q]<k(")> be given. Then there exists N € N such that sup, ||a<V>||;” < N. Let

Bin = {x Ew: Z “x<"> ;” < %}

v=1

be the closed ballin [£(r), £,]%*")> with radius 1/N and centre in the origin. Then, by (9), we have (¥, laxxil)™ <
lla<">1ly" - llx<">|l} < 1 for all x € By;y and for all v. But we have }. laxxi| < (X, laxxi])"™, since r, < 1 for all v,
and so

Z lapxe| = Z Y lapx < Z (X laxi])™ < Z ”a<v> r‘ . <v>“;‘,

<v>||"

< sup ”a Hx<v>”:' <1 (14)

This shows Y, laxxi| < oo for all x € By

Now let x € [£(r), €,]")> be arbitrary. Since [£(r), £,]*")> is a paranormed space by Corollary 2.6, By y is
absorbing ([13, Fact (ix), p. 53]), and so there ex1sts a positive constant C such that y = C'x € Byy. Now
(14) yields Y72 laxxel = CYpoqlacykl < C. Thus Y024 lagxk| < oo for all x € [£(r), ¢, ]<k(v and we have shown
(12).

Now we show (13). We assume a ¢ M((r),p) = [€o(r), €17, Then there exists a sequence (v(1)), of
integers v(0) < v(1) < »(2) < ... such that [l7="®>|[;* > (n + 1)* forn = 0,1,.....

If 1 < p < oo, then we define the sequence x by

_ {sglfl(ak)lﬂkw_1 H”<V(n)>||q_q (k € K=v>) n=0,1,...).

0 (k ¢ K<v(n)>)

Then we have

Z ||x<v>

(o)

— m’”/p — . <v(n)>||"ve)
= ) (o)™ = Y [l
n=0

q
n=0

i H g<v(n)>

q(1/p=1)

= 1
M:) < Z (n + 1)2 < 0,

n=0
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that is, x € [£(r), £,]1%¢)>, but

(o)

(9] (e8]
2 0= ) (Zooolost) (7 = 1=
k=1 n=0

n=0

Thus we have shown (13) when 1 < p < co.
If p = 1, then we define the sequence x by

sgn (ax,, ) [l (k = ku)
_ | where k() is the smallest integer in K<"">
with |a,, | = ”a<v<n)>||oo
0 (k # kyy or k ¢ K<V(")>)

Then we have

(o) oo
h Eai HEDM e
v=0 n=0

that is, x € [£(r), £,]5)>, but

(o)
N
2 7
oo e n+1)

oo s -
F o= S = e
p =0 n=0

Thus we have shown (13) when p = 1.
Finally, let p = co. We define the sequence x by

- {Sgnwk) o=l ek

0 (k ¢ K<v(n)>)

Then we obtain

(o]
Z ||x<v> ’1 < Z ||a<v(n)>

v=0

—r‘, (n) =
< E
L (n+ 1)2

that is, x € [£(7), £ ] K>, But we have

Y=Y ol o[ =) 1= .
k=1 n=0 n

=0

Thus we have shown (13) when p = co.

Consequently, we have established (13) for 1 < p < o0, and finally, (13) and (12) yield (11).

This concludes the proof of Case 2. [

(n

0,1,...
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Now we obtain the f—duals of the sets considered in examples 2.8 and 2.9 as an immediate consequence

of Theorems 3.1 and 3.2.

Example 3.3. (a) Let r, = r > 0 forall vand 1 < p < co. Then we obviously have by Theorem 3.1

([Co,fn]<k(V)>)ﬁ ={(1,q) = C’é, gﬁ]<k<v)> ,
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and by Theorem 3.2, for 1 <r < ocoands =r/(r—1),

(t@r,p))f = {a Ew: Z ||a<">||2 < oo} ={(s,q),
v=0

and forr < 1, ({(r,p))f = €(c0,q), that is,

<k(v)>

(t(r,p))f = [é’f, fﬁ in both cases.

O Ifk=2",r,=1forallv,1<p<oo,gq=oc0forp=1q=p/(p—1)for 1 <p < ooand u is the sequence with
u =277 (k e K>y =0,1,...), then we obtain by Part (a)

(wg)ﬁ _ (u—1 « [co, fp]<k(v)>)ﬁ = (1/u)t + €(1, q)

v=0 2v<k<2v+1-1

= 00 2v+1_1 1/q
{aew:ZZV/P(Z |ak|q) <oo} (1<p<oo)

v=0 k=2v

{aea):EZV max |ak|<oo} p=1
([8D).

Example 3.4. Let r = (1), be any sequence of positive reals, 1 < p < oo and k(v) = v + 1 for all v. Then we obtain
from Theorems 3.1 and 3.2

(co(r)f = My(r) = U {a cw: Z la N~ < oo} (19, Theorem 6])

N>1 k=1
and

U {a cw: Y la*N—5/" < oo} (re > 1) ([9, Theorem 1])

(“”))ﬁ = M(r) = {n>1 k=1
Coo(7) (re £ 1) ([12, Theorem 10]).

Remark 3.5. We obtain from Examples 3.3 and 3.4

<k(v)>

<k(v)>\P <k(v)> <k()>\P
(Ieo(), 6,1¥Y = [(co®))’, 3] and (1), €17) =€), 6] .
Now we determine the second f—duals of the sets [cy(r), fp]<k(v)> and [£(r), f,,]<k(")>. We put

Meuo((r),p) = ﬂ {a cw: Z ||a<v>|)q N < oo},

N>1 v=0

Méz)((r),p) = ﬂ {a Ew: sgp ||a<v>||p NV < oo}

N>1

and

M((s),9) ifr, >1forallv
(2) =
M=((r),p) { Mo ((r), q) ifr, <1 for all v.

We need the following result for the determination of the second p-dual of [£(r), £,]<*")> in the case of

r, <1 forallv.
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Lemma 3.6. Let r = (r,);2,, be a sequence of positive reals and 1 < p < co. Then we have
o\B
([£er), £,177) = Mus((7), p)- (15)
Proof. First we show
<Kk(v ‘B
Meo((1), p) € ([lea(r), 17 ) (16)
Let a € Mo((r),p) and x € [€w(r), £,]°"")> be given. Then there exists Ny € N \ {1} such that

<v>

max {1,sup || ;V} < Np, hence sup “x<v>Hp <NJ/7,
v 4

and we obtain as in (9)
o0 o0 o0
Yt < Y el < X el N < oo
k=1 v=0 v=0

Thus we have shown (16).
Now we show

(1), 6177Y € Maal(8), ). (17)

We assume a € M« ((r), p). Then there exists Ny € N \ {1} such that ), ||a<">||qNé/’“ = oo.
If 1 < p < oo, then we define the sequence x by

Xk = sgn(ak)lakl"‘1 “a<V> ;q/p N(l)/r" (ke K*V>:p =0,1,...).

Then we have for all v
1/r,
ro_ 1/ LNV -
"= (@l N ) = (e

that is, x € [£w(7), 5,,]<k(v)>, but for all v

alp=qlp
q

<v>

||x )rv NO = NO/

q(1-1/p)

Yo = (L, lagl?) [|a=> .

;q/p N(l)/r‘, _ ” v N(l)/rv _ H <

1/r,
q No™s

hence Y ;7 axxy = 0.
Thus we have shown (17) for 1 < p < oo.
If p = 1, then we define the sequence x by

sgn (a,) N/™ (k=k,)
where k, is the smallest integer in K<<()>

with |, | = (14"l

0 k%K)

Xy = (v=0,1,...).

Then we have |[x<"[|}" < No for all v, that is, x € [£w(r), 610> but ¥ axg = Iak‘,IN(l)/r" = ||a<">||ooN(1)/r" for all
v, hence Y ;2 axy = oo.

Thus we have shown (17) for p = 1.

Finally, if p = oo, then we define the sequence x by x; = sgn(ak)Né/ " (ke K*W>;1 =0,1,...). Then we have
x> ||Z < No for all v, that is, x € [€w(r), €], but for all v ¥ axxx = ¥ ladNy™ = [la<" [Ny, hence
Z,Zlakxk = 00,

Thus we have shown (17) for p = 1.

Consequently, we have established (17) for 1 < p < oo, and finally, (17) and (16) yield (15). O
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Theorem 3.7. We have

(eo, 1% = MO (@), p); (a)
(1), 6177Y = MO, p). (b)

Proof. We write for each N € N\ {1}

Sn(0) = Sn(O, (), p) = {a Ew: (“a<">”q N_l/“’)io € 51}
and
Sv = Su(),p) = {aew: (o], N"7) e o) 0> 1forallv).
v=0

It follows by a well-known result ([7, Lemma 1 (iv)]) that

p :
[U SN(O)J = () (Sn(0))’ and [U SN] =[Sk (18)

N>1 N>1 N>1 N>1

We define the sequence o(N) = (vk(N))y>, by vx(N) = N~" for k € K*(> and v = 0,1,.... Then we have
Sn(0) = ((N)) ™1+ [£, €,1°%)> and Sy = (o(N)) ™! * [£(s), £,]°*")>. We conclude

(SO = (L)« (161, €170 (19)

and

Sl = @)™« (1e(s), €1 (20)

(a) It follows from Theorem 3.1, (18), (19) and Example 3.3 (a)

B
(eoM, 617" = Mo, )Y =[U sN<0>] = (N n Y

N>1 N>1

— ﬂ (1/0(1\]))_1 . ([fl,fq]<k(1/)>)ﬁ

N>1

= ﬂ (/o)™ * [,

N>1

1 = M2, p).

(b) If r, > 1 for all v, then it follows, similarly as in the proof of Part (a), from Theorem 3.2, (18), (20) and
Theorem 3.2 with r, and p interchanged with s, and g that

B
(1€, 617" = M), )Y = [U sN] N

N>1 N>1

_ ﬂ (1/U(N))_1 . ([f(s),fq]<k(v)>)ﬁ

N>1

= (e« [U Su((s), q)]

N>1 M>1
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= ﬂ U {a Ew: “a<V>N1/'“

N>1M>1

v M*V\f/sv < OO}
P

= frew: o=y Mt < oof = M),

M>1

= M((1), p)-

Finally, if r, < 1 for all v, then it follows from Theorem 3.2 and (15) with g instead of p that

(16, 1%97Y = ), p)Y = (1), 617) = Mool ) = MO(), p).
|

Corollary 3.8. Let r = (r,)%2, be a sequence of positive reals with r, > 1forall v,and 1 < p < co. Then [€(r), €,]5")>
is B—perfect if and only if r € {.

Proof. First, we assume 1 < r, < M(r) = sup,, r, < oo for all v. Then we have

_ 1 1 _ M(n) B
sv_1—1/rvZ1—1/M(r)_M(r)—lforv_o'l'”” (21)

Theorem 3.2 implies

[£(5), €1 < M((0),p) = (160, 6177,

and so by [14, Theorem 7.2.2 (iii)] and Theorem 3.2 with r and p replaced by s and g
v)>\PP s \B
(160), €15 )" < (166), €177 ) = M((s), 9). (22)

It also follows from (21) that m(s) = inf, s, > 0, hence N™"*/* > N~M"/"() for all v and each N > 1. So we
obtain

(o]

i ||a<v>||r" < NM0)/m(s) Z “a<v>
r

v=0 v=0

Ty

, N*V\'/Svl

whence

M((s),q) € [€0), 6,17, -
Now it follows from [14, Theorem 7.2.2 (i)], (22) and (23) that

[£(r), [p]<k(v)> c ([K(r), gp]<k(v)>)ﬁﬁ c M((s),9) < [€(r), gp]<k(v)>,
that is,

(1), 6177Y = 1), 6,107

Conversely, if [£(r), f,,]<k(v)> is perfect, then it is a linear space, being the f—dual of a set, and so we have
7 € oo by Remark 2.7. [

Finally we obtain the f—duals of the sets considered in Examples 2.8 and 2.9 as an immediate consequence
of Theorem 3.7 (a) and (b).
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Example 3.9. (a) Letr, = > 0 forall vand 1 < p < co. Then we obviously have by Theorem 3.7 (a)

<k(v)>\PP <k(v)>
([co, é’p] ) = {(co,p) = cgﬁ, fﬁﬁ .

Also Theorem 3.7 (b) yields for 1 <r < ocoands =r/(r —1)

(€ p)* = {a cw:) [l
v=0

and forr <1,

L < 00} =1, p),

(E(r,p))Pf = {a Cw: Z ||a<V>||p < oo} =((1,p),
v=0

Thus we conclude
(E(r,p)) = [ffﬁ,ffﬁ ]<k(v)> in both cases.

Consequently €(r, p) is B perfect, if and only if r > 1.
O Ifk=2",r,=1forallv,1<p<oo,gq=cforp=1qg=p/(p—1)for1l <p < oo and u is the sequence with
up =27"P (k € KKW>;1 = 0,1,...), then we obtain by Part (a)

(wg)ﬁﬁ — (u*1 % [CO/ €p]<k(v)>)ﬁ/g — Lfl . ([CO/ fp]<k(v)>)ﬁﬁ

2v+1_1
=ulx {(c0,p) = {a € w : sup % Z laxP < oo} ([11, Theorem 5.8]).
v k=2"

Example 3.10. Let r = (r,);2,, be any sequence of positive reals, 1 < p < oo and k(v) = v + 1 for all v. Then we
obtain from Theorem 3.7 (a) and (b)

(co(r))PF = Méz)(r) = m {a € w :sup |l NV < oo} ([7, Theorem 2])
N>1 k

and

Ulaew: Y la*N7/% < oo} ifre > 1 forall k

({(r))ﬁﬁ — M(Z)(r) — JN>1 k;l
N1acw: Y [NV <oo} ifre <1 forallk;
N>1 k=1

also £(r) for re > 1is B perfect if and only if r € €o ([7, Theorem 4 (i)]).
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