Filomat 32:2 (2018), 681-691
https://doi.org/10.2298/FIL1802681H

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

Essential Norm of Weighted Composition Operators from the Bloch
Space and the Zygmund Space to the Bloch Space

Qinghua Hu?, Songxiao Li®

?Department of Mathematics, Jiaxing University, 314001, Jiaxing, Zhejiang, P. R. China.
bInstitute of Fundamental and Frontier Sciences, University of Electronic Science and Technology of China, 610054, Chengdu, Sichuan, P.R.
China. Institute of Systems Engineering, Macau University of Science and Technology, Avenida Wai Long, Taipa, Macau.

Abstract. In this paper, we give some estimates for the essential norm of weighted composition operators
from the Bloch space and the Zygmund space to the Bloch space.

1. Introduction

Let ID be the open unit disk in the complex plane C and H(ID) be the space of analytic functions on ID.
An f € H(DD) is said to belong to the Bloch space, denoted by 8, if

I1fllg = Su]]};(l —2P)If (2)] < 0.

8B is a Banach space under the norm [|f|lg = |£(0) + [|flls. See [29] for the theory of the Bloch space.
The Zygmund space, denoted by Z, is the space consisting of all f € H(ID) such that

Ifllz = 1F O+ 1f"(O)] + Suﬂg(l — l2P)If"(@)] < co.

It is easy to see that Z is a Banach space with the above norm || - ||z. See [1, 4, 5, 8, 11, 13, 14, 24, 25] for some
results of the Zygmund space and related operators on the Zygmund space.

Let S(ID) denote the set of all analytic self-maps of ID. Let ¢ € S(ID) and u € H(ID). The weighted
composition operator, denoted by uC,, is defined as follows

(uCyf)(2) = u(z)f(p(2)), f € H(D).

When u = 1, we get the composition operator, denoted by C,. When ¢(z) = z, we get the multiplication
operator, denoted by M,,.

By Schwarz-Pick lemma, it is easy to see that C,, is bounded on the Bloch space for any ¢ € S(ID). The
compactness of C, on 8 was studied, for example, in [17, 19, 26-28]. Tjani in [26] proved that C, : 8 — 8B
is compact if and only if

|1u}r—n>1 ”C(pau”B =0.
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a—-z

Here 0,(z) = {==. In [27], Wulan, Zheng and Zhu proved that C, : 8 — 8B is compact if and only if
lim;, . [l¢"|lg = 0. In [28], Zhao obtained the exact value for the essential norm of C,, : 8 — 8 as follows.

ey .
IClles—s = (5)lim suplig" .
n—oo

Recall that the essential norm of a bounded linear operator T : X — Y is its distance to the set of compact
operators K mapping X into Y, that is,

ITllex—y = inf{||T — K||lx-y : K is compact },

where X, Y are Banach spaces and || - ||x—y is the operator norm.

In [23], Ohno and Zhao studied the boundedness and compactness of the operator uC, : 8 — 8 (see
also [22]). In [2], Colonna provided a new characterization of the boundedness and compactness of the
operator uC,, : 8 — B by using [[u¢"|lg. The essential norm of the operator uC, : 8 — B was studied in
[7,18, 20]. In [18], the authors proved that

. lu@@)e’ @)1 - z7) . e )
uColle 88 ~ max | limsu , limsuplog ——— [t/ (2)|(1 — |z[)).
ICoplle = max (lim sup == o= lim suplog g s (1 - 121)

In [7], the authors obtained a new estimate for the essential norm of uC,, : 8 — 8, i.e., they showed that

14Cpll 55 ~ max (limsup L (@/)lls, limsup log jlu(¢))ls),

j—o0 j—oo

where i .
w@=£f©mm,wm=£ﬂwwm.

Various properties of composition operator, as well as weighted composition operators mapping into the
Bloch space were studied, for example, in [3, 9, 10, 12-20, 22-28, 30, 31].

In [14], Stevi¢ and the second author of this paper studied the boundedness and compactness of the
operator uC, : Z — 8. Among others, we proved that uC, : Z — 8is compact if and only if uC, : Z — 8

is bounded and .

. 2 ’ _
l(p};)rlg (1= 2D)z)¢" ()l log T— PEE 0
Motivated by the work of [2, 14, 27], the aim of this article is to give a new estimate for the essential
norm of the operator uC,, : 8 — 8 and some estimates for the essential norm of the operator uC, : Z — 8.
As corollaries, we obtain a new characterization for the compactness of the operator uC, : 8 — B and a
new characterization for the compactness of the operator uCy : Z — 8.
Throughout this paper, we say that P < Q if there exists a constant C such that P < CQ. The symbol
P~ Qmeansthat? < Q < P.

2. Essential norm of uC, : Z —» 8

In this section, we give some estimates for the essential norm of the operator uC, : Z — 8. For this
purpose, we first state some lemmas which will be used in the proofs of the main results in this section.

Lemma 2.1. [26] Let X, Y be two Banach spaces of analytic functions on ID. Suppose that

(1) The point evaluation functionals on Y are continuous.
(2) The closed unit ball of X is a compact subset of X in the topology of uniform convergence on compact sets.
(3) T: X — Yis continuous when X and Y are given the topology of uniform convergence on compact sets.



Q. Hu, S. Li/ Filomat 32:2 (2018), 681-691 683
Then, T is a compact operator if and only if given a bounded sequence {f,} in X such that f, — 0 uniformly on
compact sets, then the sequence {T f,} converges to zero in the norm of Y.
Lemma 2.2. [11] If f € Z, then the following statements hold.

@) If@)| < fllz, for every z € D.
(i) |f' ()| < lIfllzlog %m,for every z € D.

Lemma 2.3. [5] Let {f,} be a bounded sequence in Z which converges to zero uniformly on compact subsets of D.
Then limy, e SUP,p | fu(2)] = 0.

Theorem 2.1. Let u € H(D) and ¢ € S(ID) such that uC,, : Z — B is bounded. Then

I4Cl 72 ~ limsup [4Cy(Aa)|| ~ E.
al—1

where

_1 z 2
PP
moup(l — kR Elos T e M@= {losrgg) ) (o8

Proof. When ||l < 1. It is easy to see that uC,, : Z — B is compact by using Lemma 2.1. In this case, the
asymptotic relations vacuously holds.
Now we consider the case [|¢||l = 1. First we prove that

lim sup |[uCy(A,) 5 S Colle,z— 8-
la|—>1

Leta € ID. It is easy to check that A, € Z and ||A,||z < oo for all 2 € ID and A, converges to zero uniformly
on compact subsets of ID as |a| — 1. Thus, for any compact operator K : Z — B, by Lemma 2.1 we have
limy, -1 [IKA4llg = 0. Hence

1uCyp = Kllz-s 2 [((uCp = K)Adllg 2 [[uCy(Aa)lls = IK(A)l|5-

Taking limsup,,_,; to the last inequality on both sides, we obtain

l[uCp — Kllz—5 2 limsup |[uCp(A,)|| 5 -

la|l—1

Therefore, from the definition of the essential norm, we get

4yl 25 = ipflluCy - Kilz-s 2 lim sup [[14Cy(1a)]| -
a)|—

Let {z;}jen be a sequence in ID such that |¢(z;)] — 1 as j — 0. Define

-1 Z ’
e e
i) = (lgm) Il [Ing .

Similarly to the above proof we see that &; belongs to Z and converges to zero uniformly on compact
subsets of ID . Moreover, h;((p(z]-)) = log WW. Then for any compact operator K : Z — 5, we obtain

uCp = Kliz-s 2 limsup [[uCyhjllz —limsup [|Khjl|z

]—)00 ]—)00

v

tim sup(1 — [z;P)lu(z))llp’ (2l ()] - limsup(l = 2Pl (27l (z)

] j—oo

lim sup(1 — [zPlu(z)llg’ ()l log ——— — lim sup(1 2,2’ (z)lln (1)l
j—o0 1- |§0(Z])| j—oo
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Since uC,, : Z — 8B is bounded, applying the operator uC,, to 1 and z, we easily get that uCy,(1) = u € 8.
Using the boundedness of ¢, we also get

K:= sup(1 - 2)l¢’ @llu(z)| < oo.

By Lemma 2.3 and the fact that u € 8 we get

limsup(1 - Iz’ (z)lIhj(@(z))] = 0.

]—)00

Thus, by the definition of the essential norm, we obtain

- _ : R NN ¢
uCpllez—s = inflluC, Kllzﬁgzhrjnilp(l |z uz)llg (Z])|10g1—|(p(z]-)|2
e
= limsup(l - |zP)u@)ll¢’ (z)| log ———— =E
oot U TR

Next, we prove that

14Cylle z—5 < limsup|uCy(Ao)[l, and  [luCyllz—5 < E-
la|—1

For r € [0,1), set K, : H(D) — H(D) by (K/f)(z) = f:(z) = f(rz), f € H(D). It is obvious that f, — f
uniformly on compact subsets of ID as ¥ — 1. Moreover, the operator K, is compact on Z and [|K,||z-z < 1.
Let {r;} C (0,1) be a sequence such that r; — 1 as j — oco. Then for all positive integer j, the operator
uCyK;, : Z — Bis compact. By the definition of the essential norm we have

[uCollo z-5 < limsup [uCy, — uCy Ky [z 5. )

j—)OO

Thus, we only need to show that

limsup [[uCy — uCyK; llz-8 < E.

lim sup [[uC,, — uCyK; llz—s < limsup ||[uCp(A,)| 5,
j la|l—1

]—)OO ]—)00
For any f € Z such that ||f|]|z < 1, we consider
l(uCq — uCyKy))flig = u(0) f(9(0)) — u(0) f (rjO)| + Il - (f = fr,) © pllg- )
It is obvious that
tim u(0)((0)) ~ u(O)£(rjp(O)| = 0. ©)
Now we consider
limsup [lu - (f = fr;) o pllg
j—oo
< limsup sup (1-zPI(f - £,) (@@)llg’@llu@)| + limsup sup (1 - zP)(f - f,) (@@)llp’ @ lu)
jooo  p@z)l<ry jooo  lp@)>rN
+limsup Su]g(l — 2PIf = fi) (@@ )]
Jo zZ€E
= T1+ T, +limsup Su]]};(l — 2PI(f = )@@l (2)l, 4)
j— ZE

where N € N is large enough such that r; > 1 forall j > N,

Ti:=limsup sup (1-[P)(f - f) (@@)lg’ @)lu)

jmeo lp@)lsry
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and

T, :=limsup sup (1-[EP)(f - f) (@@)lg’ @)lu().

joeo lp@Pry
Since rjf;/ — f’ uniformly on compact subsets of ID as j — oo, we have
T; < Klim sup sup |f'(w) —r;f'(rjw)| = ®)
joeo lwisry

Similarly, from the fact that u € 8, f;, — f uniformly on compact subsets of D as j — co and by Lemma
2.3, we have

limsup sup(1 — [2P)I(f = f)(@@)ll' ()| < llullg lim sup sup |f(w) — f(rjw)] = (6)

j—oo zelD j—oo  weD
We consider T,. We have T, < limsup j_m( J1 + J2), where
Ji:= sup (1-EP)If (@@l @llu@)|, 2= sup (1—[zP)rlf (rip@)le’ @lu).
lp@)I>rn lp@)I>rn
First we estimate [;. Using the fact that |f'(z)| < |fllz log ﬁ(by Lemma 2.2) and ||f||z < 1, we have

Ji = sup (1-[EP)If (@)l @)luE)
lp@)I>ry
-2 e ’
< lqul)llfm(l |zl fllz log T-lp@R ¢’ (2)l|u(z)]
2 ’ e
-3 l;;)llfm(l ~ EPle"@lu@)llog T——— PE

It is easy to check that A, — 0 uniformly on compact subsets of D as |a| — 1. From Lemma 2.3 we know
that limy 1 [A4(a)| < limy 1 sup,p [44(2)] = 0. Then by the fact that u € 8 and letting N — oo, we obtain

lim sup(1 — 2P|’ ()l A gy (@(2))] = 0.

lp(z)l—1

Since

sup ””C@Aa”ﬁ = sup (1- |z|2)|u’(z)(/\(p(z)((p(z))) + ”(Z)(P (2) log 1= 2|

lal>rn lp@)>ry | @l

> sup (1-|zP)u(z)e’ (Z)Ilogl—2 - sup (1-2P) (2)(Apr (@),
lp@)I>ry lp@)| lp@)I>rN

we get

limsupJ; < limsup(l - zP)|¢’ (2)llu(z)| log ———— T s =E

j—eo lp(z)-1 | @)
< limsup [[uCy(Aa)lls + limsup(l — 2P|’ (@) (@)l
a|—>1 lp(z)—1

< limsup ||uC¢,(/\,,)||B.

la|l—>1

Similarly, we have

limsup/, < limsup(l- |z? o' @)llu(z)|log ———
j—>oo |(p(z)|—>1 1

Bl

| BE = E < limsup ||uC(P(/\ﬂ)|
la|—1

i.e., we get

T, < E < limsup |[uC

la|l—1



Q. Hu, S. Li/ Filomat 32:2 (2018), 681-691 686

Hence, by (2)-(7) we get
1im sup [[uCp — uCyKy llz-s = limsup sup [[(uC, — uC(PKy].)fIIB

J7e0 j=eo iflizs1

limsup sup [lu-(f = f,) o ¢lls

jooo ifliz<1

E < limsup ||uC(,,(A,Z)

lal—1

A

5 ®)

Therefore, by (1) and (8) we obtain

[1uCpllez—s < E and [[uCylle.z-5 < hﬁr} sup [[4Cp(Aa)| 5 -
a|—

The proof of this theorem is complete. [

From Theorem 2.1, we immediately get the following new characterization of the compactness of the
operator uC, : Z — 8.
Corollary 2.1. Let u € H(ID) and ¢ € S(ID) such that uC,, : Z — 8 is bounded. Then uC, : Z — B is compact if
and only if limsup,, ”uC(p(Aa)”B =0.

3. A new characterization of uCy, : Z — 8

In this section, we give another new characterization for the boundedness, compactness and essential
norm of the operator uC, : Z — 8. For this purpose, we state some definitions and some lemmas which
will be used.

Letv : D — R, be a continuous, strictly positive and bounded function. The weighted space, denoted
by Hy’, consists of all f € H(ID) such that

Ifll, = sup v(z)|f(z)| < oo.

zelD

H?® is a Banach space under the norm || - [|,. If v(z) = v(]z|) for all z € D, the weighted v is called radial. The
associated weight v of v is defined by

v = (supllf(@)|: f € HY lIfll < 1),z € D.

When v = 0j05(2) = (log ﬁ)‘l, then Tiog(2) = Viog(2) (see [7]). When v = v,(2) = (1 - 2)%(0 < & < o), it is
easy to check that v,(z) = v,(2). In this case, we denote HY by Hy, where,

Hg, ={f € HD) : [Ifll., = sup If(2)(1 — |z < oo}.

Lemma 3.1. [7] For @ > 0, we have

%imka||z’<*1||v“:(27“)“ and  lim (10g )1zl = 1.

Lemma 3.2. [21] Let v and w be radial, non-increasing weights tending to zero at the boundary of ID. Then the
following statements hold.
(a) The weighted composition operator uC, : Hy — Hy is bounded if and only if sup, 2B 1(2)] < oo

op(2)
Moreover, the following holds
Iyl -z = Sup = ju()
P T W)
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(b) Suppose uC,, : HyY — Hy, is bounded. Then

w(z
luCoplle iy ~Hy = lim sup ®

$217 o(z)l>s (p(2)) (2l

Lemma 3.3. [6] Let v and w be radial, non-increasing weights tending to zero at the boundary of ID. Then the
following statements hold.

(a) uCy : HyY — Hy is bounded if and only if sup,., Hﬁ;}”” < oo, with the norm comparable to the above
supermunm.
(b) Suppose uC,, : HyY — Hy; is bounded. Then

[uColle iy —pz = lim sup

Theorem 3.1. Let u € H(D) and ¢ € S(D). Then the operator uCy, : Z — B is bounded if and only if
u € B,sup, (1 — lzP)u@)lle’ (2)| < co and

log(i —1
sup og(J. )

j=2

IL(@")llg < oo. ©)

Proof. By Theorem 1 of [14], uC,, : Z — Bis bounded if and only if u € 8 and

sup(1 - |zP)[u(@)ll¢’ (z)| log ———— - (10)

zeD

| @F

By Lemma 3.2, (10) is equivalent to the weighted composition operator u@’C,, : Hy = — Hg is bounded. By
Lemma 3.3, this is equivalent to

i1
|Iu<p}<p Il ‘o
o1 112 oy,
Since I,(¢/)(0) = 0, (lu(qﬂ‘)(z))' = ju(z)¢’(2)¢/ (), by Lemma 3.1, we see that uC, : Z — B is bounded if
and only if u € B and

! j_lv = Iu J
o > Supllu(p(p lloy _ ! ()8

o 1 My 12 oy

(—1)

~ max{sup(l - EP)u@l¢’ @), sup (P lls)-

zeD

The proof is complete. [
Theorem 3.2. Let u € H(ID) and ¢ € S(ID) such that the operator uC,, : Z — 8 is bounded. Then

. log(j—1) .
I4Copllz-+5 = lim sup =221l
j—oo
Proof. From Theorem 2.1, Lemmas 3.1 and 3.2, we have
, e,
Cpllozos ~ E = lug Cpllos —pz = limsup ———b 121
log ! j—o ||Z] “U]Og
. . , i . log(j—1) .
~ limsuplog(j - Dliug’¢/ o, = limsup %ulu(@f)ug,
j—oo j—oo

as desired. The proof is complete. [
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From Theorem 3.2, we immediately get the following new characterization of the compactness of the
operator uC, : Z — 8.

Corollary 3.1. Let u € H(D) and ¢ € S(ID) such that the operator uC,, : Z — B is bounded. Then uCy, : Z — B8
is compact if and only if

log(i —1 )
#Illu((p])lls =0.

lim sup

]—)00

4. Essential normof uC, : 8 —» 8

In this section, we give a new estimate of the essential norm for the operator uC,, : 8 — 8.

Theorem 4.1. Let u € H(D) and ¢ be an analytic self-map of ID such that uC,, : 8 — B is bounded. Then

5)

[[uCoplle, 3-8 ~ max { lim sup ||qu)(xa)( 5 ,lirer sup ||qu,(ya)
a|l—1

la|l—1
where s s
1 g 1—eﬁz lo euz
Xa(2) == <10 e ) ’ Ya(z) := )2
& TP log =

Proof. When [|¢|l < 1. Itis easy to see that uC, : 8 — B is compact by using Lemma 2.1. In this case, the
asymptotic relations vacuously holds.
Now we consider the case [|¢ll = 1. For the simplicity of the proof, we denote

A= limsupHuCW(x,,) g, Bi=limsup ||”C<p(%)||3-
la|l—1

lal—1
LetaeDD.
2la| 1 logi5
X, = sup(l - z)— =
.11 ZEHIDD( |z|%) ¢ [T-azlog 1—Tu|2
log = ( e )_1 e
< sup|——=| = [log —— su'lo _‘.
b |log =z |\ B1-p) Shl®1-az
Since
e e = e e
< 1 =log|—=% - ———|<log|2- ——| =log2 + log ———,
|log1—c‘zz| ~ Og‘l—o‘zz' 8 JW 1—lal2{ 8 1—|al? 8 Og1—|a|2

we get ||x,]lg < oo for all 2 € ID. Similarly we have ||y,llg < oo for all 2 € ID. Clearly x,, y, converge to zero
uniformly on compact subsets of D as |a| — 1. Thus, for any compact operator K : 8 — B, we have

lim [IK(xa)llg = 0, Lim [K(y)lls = 0.
Similarly to the proof of Theorem 2.1, we get
14Cpll 55 = inflluC, ~ Kilg-z 2 max {4, B}.

Next, we prove that
luCplle 55 < max{A, B}.
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For r € [0,1), it is easy to check that the operator K, is also compact on 8 and ||K|lg—s < 1 (see also [18]).
Let {r;} C (0,1) be a sequence such that r; — 1 as j — oco. Then for all positive integer j, the operator
uCyK;, : 8 — Bis compact. By the definition of the essential norm, we get

||ucfp||e,£9—>8 < lim sup ”uc(p - uC(pKr]-”B—>8- (1)

]—)m

Therefore, we only need to prove that

limsup |[uCy — uCyK; llz-g < max {A,B}.

]—)OO

For any f € 8 such that ||f]lg < 1, we consider

I(uCp — uCyK:)) fllz = [u(0) f((0)) — u(0) f(rj(ODI + llue - (f — fr;) © @llg. (12)
It is clear that
lim 1(0) f((0)) — u(0) £ (rj(0))] = 0. (13)
Now we estimate
liI}Lillp||u-(f—f,j)0(p||ﬁ < Py + Py + P3 + Py, (14)
where

Py :=limsup sup (1-[zP)I(f ~ f,) (@)’ @lu()l,

jmeo ey

Py :=limsup sup (1-[zP)I(f — £,) (@)’ @lu()],

j=oo  p@)>rN

Ps:=limsup sup (1-[zP)I(f — fr)(@@)llu' )],

jmoo o)<y

Py:=limsup sup (1-[zP)I(f - fr)(@@)Iu' (2)l

j=eo lp@E)I>ry

and N € N is large enough such that r; >  for all j > N. Similarly to the proof of Theorem 2.1 we have

P; < Klim sup sup |f'(w) —r;f'(rjw)l = 0 (15)
jooo wlsry
and
P3 < |lullg limsup sup |f(w) — f(rjw)| = 0. (16)

jooo  wl<ry
We consider P,. We have P, < limsup ]._m(ll + I5), where
L= sup (1-EPIf (9@’ @luE),  L:= sup (1-zP)rilf (rje@)le @)luE)l.
lp@)>ry lp@)|>rn

First we estimate [;. Using the fact that ||f|lg < 1, we have

L = sup (1-1zP)If (e@)llg’@lu)
lp@)>rn
1 2 lp(2)]
< a”f”:g wazl)llfm(l =zl (Z)||M(Z)|w
- (1 - 2P’ @)llu@)llp)|
- lp@)>rN 1-lp(z)P
< sup ||qu,(xa - ya)”8 < ‘s‘up HuC(p(xa) g T sup HuC(p(ya) 5"

lal>ry lal>7n
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Taking the limit as N — oo we obtain

limsupl; < limsup ||uC(P(xg)||B + lim sup “uCW(yu)HB =A+B.
jooo la|—>1 la|—>1

Similarly, we have lim sup jco I SA+B,ie,we getthat
P, < A+B < max{A,B}. (17)
We have P4 < limsup j_)oo(13 + 1), where

L= sup (1-IzP)If(p@)I' (), Iy:= sup (1-EP)f(rjp@)l ).

lp@)I>rn lp@)I>rn

Since f € Band ||f|lg < 1, we know that

f@I < fliglog T—— | 2 slo g1_| 2

After a calculation, we have

L = sup (1-1P)If(pE) z)
lp@)>rn
e

< sup (1- P @)llIfllglog —

Sup fllz g1—| BE

1

< sup =(1-zP)(2)llo

IW(Z)IEW?’ ST lp@I | @)l

2

< sup IuC o = S v 5 S SUP [[uCy )| + SIHP [14Cop ol

al>rn >N
< sup [[uCy( xa)||B+SuP ”“C ya)”B

la|>rNn lal>rn

Taking limit as N — oo we obtain

limsup I3 < limsup ||qu,(xﬂ)||B + lim sup “qu,(ya
j 1 1

Joe la|— lal—

B=A+B

Similarly, we have limsup, ., Is S A + B, i.e., we get that

Py < A+ B < max{A,B}. (18)
Hence, by (12)-(18) we get
limsup |[uCy — uCy Ky llgsg = limsup sup [[(uCy — uCyK;,)) f”g =limsup sup |ju-(f - fr] ) o @llg

Joe j=eo lflls=1 j=oo flls=1

max {A, B}. (19)

A

Therefore, by (11) and (19), we obtain
1uCylle 55 < max{A, B},
The proof is complete. [J

From Theorem 4.1, we immediately get the following new characterization of the compactness of the
operator uC, : 8 - 8.

Corollary 4.1. Let u € H(ID) and ¢ € S(ID) such that uCy, : 8 — B is bounded. Then uC,, : B — B is compact if
and only if

tim sup JuCo (el = limsup uCy (4 = 0
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