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Abstract. In this paper we introduce a new algorithm based on the viscosity iteration method for solving
the split common fixed point problem of two infinite families of k-demicontractive mappings. We shall also
study the split common null point problem, and the split equilibrium problem for this class of mappings.
As an application, we obtain strong convergence theorems for the split monotone variational inclusion
problem and the split variational inequality problem. Our results improve and extend the recent results of
Cui and Wang [9], Takahashi [21], Tang and Lui [22], Moudafi [15], Eslamian and Vahidi [17], and many
others.

1. Introduction

Let H; and H, be two real Hilbert spaces and let A : Hy — H, be a bounded linear operator. Given
nonlinear operators T : Hy — Hj and U : H, — H,, the split fixed point problem (SFPP) is to find a point

x € Fix(T) such that Ax € Fix(U) (1)

where Fix(T) and Fix(U) stand for, respectively, the fixed point sets of T and U. The (SFPP) has the following
extension:

Let T; : H — Hy, (1 <i < m)be nonlinear operators on Hy, and let U; : H, — H, (1 < j < n) be nonlinear
operators on Hy. Then the split common fixed point problem (SCFPP) is to find a point

xe ﬁ Fix(T;) suchthat Axe ﬂ Fix (). )
i=1 j=1

In particular, if T; = Pc, and U; = Pg,, then the SCFPP (2) reduces to the multiple-sets split feasibility
problem (MSSFP): find

m n
X € Q P, suchthat Axe Q Pg,.
i= j=
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where {C;}, and {Q]'}]’?:1 are nonempty closed convex sets in H; and H, respectively.

In [23] Censor and Segal introduced the iterative scheme
X1 = U = p AT -T)A) x,

which solves the problem (1) for directed operators. This algorithm was then extended to the case of
quasi-nonexpansive mappings [13], as well as to the case of demicontractive mappings [14]. Finally, Wang
et al. [24] solved the problem for infinitely many directed operators.
Moudafi [13] then introduced the following relaxed algorithm with weak convergence for the split fixed
point problem
Uy = x, + YBA* (T — I) Ax,

X1 = (1 —ay) Uy + a,U (uy)

where a,, € (6,1 - 6) for asmall enough 6 >0, € (0,1)and y € (0, Aiﬁ) with A being the spectral radius of the
operator A*A. In [17], Eslamian and Vahidi studied an algorithm for solving the split common fixed point
problem for an infinite family of quasi-nonexpansive mappings. They established the following theorem.

Theorem 1.1. [17] Let Hy and H, be two real Hilbert spaces, and A : Hi — H; be a bounded linear operator. Let
Si:Hy — Hyand T; : Hy — Hy, (i € IN), be two infinite families of quasi-nonexpansive mappings such that S; — I
and T; — I are demiclosed at 0. Suppose that Q = {x € N2, Fix (S;) : Ax € N2 Fix(Ty)} # 0. Let f be a k-contraction
of Hy into itself, and {x,} be a sequence generated by xo € Hy and by

Yn =Xy + 221 ﬁn,i)/ﬁlqyr (Tl - I) Axy,
Up = Qn0Yn + Loy @niSilfn,
Xn+1 = an (un) + (1 - Vn) Uy,

where B € (0,1), and y € (O, Alﬁ) with A being the spectral radius of the operator A*A, and the sequences {aty, i}, {Bn,i}
and {vy} satisfy the following conditions:

(i) Z‘]ﬁl ay,j = 1, and liminf, a, oat,; > 0, for all i € N,

(i1) 2}21 Bn,j =1, and liminf, B,; > 0, for all i € N,

(iii) lim, oo vy = 0 and Y ;74 vy = 0.

Then, the sequence {x,} converges strongly to x* € Q which solves the variational inequality

(= f(x),x=x)>0, YxeQ.

Let T : H — 2H be a multivalued mapping with graph G (T) = {(x,y) : y € Tx}, domain D(T) = {x €
H: Tx # 0} and range R(T) = U{Tx : x € D(T)}. The mapping T is said to be monotone if (x —y,u —v) > 0
for all (x,u),(y,v) € G(T). We denote the set {x € H : 0 € Tx} by T~! (0). A monotone operator T € H X H
is said to be maximal if its graph is not properly contained in the graph of any other monotone operator.
If T C H X H is maximal monotone, then the solution set T~! (0) is closed and convex. An operator T on a
Hilbert space H is maximal if and only if R (I + *T) = H for r > 0 (see Barbu [1]). If T ¢ H X H is a maximal
monotone operator, then for each > 0 and x € H, there corresponds a unique element x, € D (T) satisfying

x=x,+rTx,.

We define the resolvent of T by J,x = x,. In other words, J, = (I + rT)_1 for all » > 0. The resolvent J, is
a single-valued mapping from H into D (T). It is easy to see that T-'0 = F(J,) for all » > 0, where F(J,)
denotes the set of fixed points of J,. We can also define, for each r > 0, the Yosida approximation of T by
T, =(I-],)/r. We know that (J,x, T,x) € T forall ¥ > 0 and x € H.
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Byrne et al. [4] considered the following problem: For given set-valued mappings A; : H; — 2!,
1<i<m,and B;: Hy, — 2f: 1 < Jj < n, and bounded linear operators T; : Hy — H>, the split common null
point problem is to find a point z € H; such that

m n

-1 —-1p-1
QAI. 0 H[QT]. B 0]
i= j=

where A7'0 and B0 are null point sets of A; and Bj, respectively.

S

Let C be a nonempty closed convex subset of H, and let F be a bifunction of Cx C into R. The equilibrium
problem introduced by Blum and Oettli [3] for F : C x C — R is to find x € C such that

F(x,y) =0, VYyeC 3)

The set of solutions of (3) is denoted by EP(F). Numerous problems in physics, optimization, and economics
reduce to finding a solution of (3) (see [8], [23]). The split equilibrium problem was introduced by Moudafi
in [15]; indeed he considered the following pair of equilibrium problems in different spaces. Let H; and
H, be two real Hilbert spaces, and F; : C X C — R and F; : Q X Q — R be nonlinear bifunctions, and
let A : Hi — H> be a bounded linear operator. Consider the nonempty closed convex subsets C € H; and
Q < H,; then the split equilibrium problem (SEP) is to find x* € C such that

Fi(x,x) >0, VxeC

and such that
y=Ax"e€Q, F.(y,y)=0, YyeQ.

In this paper, we present a new algorithm based on the viscosity iterative method for solving the
split common fixed point problem for k-demicontractive mappings, as well as the split common null
point problem and the split equilibrium problem. We also consider some particular cases such as quasi-
nonexpansive operators and directed operators. As application, we obtain strong convergence theorems
for split monotone variational inclusion and split variational inequality problems. Our results improve and
extend some recent results due to Cui and Wang [9], Takahashi [21], Tang and Liu [22], Moudafi [15], as
well as Eslamian and Vahidi [17].

2. Preliminaries

In this section, we collect some basic facts which are needed for the proofs of the main results of this
paper.

Lemma 2.1. [20] Let C be a nonempty closed convex subset of a real Hilbert space H and x € H. Then xo = Pcx if
and only if forall y € C, (xo — y,x — xp) = 0.

Let T be a maximal monotone operator on a real Hilbert space H. It is known that the resolvent |, of T
for r > 0 is firmly nonexpansive, i.e.,

Wrx =yl < e =y, Jix = Jry),  Vx,y € H.
It is also known that the inequality

A = ul
A

IJax = Juxl| S( )le—hXII

holds true for all A, u > 0 and x € H (for details, see [18]). Moreover, we have the following lemma due to
Takahashi et al. [19].
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Lemma 2.2. [19] Let H be a real Hilbert space and let T be a maximal monotone operator on H. Then we have

s—t
T(]sx = Jix, Jsx = x) = ||Jsx — ]tx”2
foralls,t >0and x € H.

Lemma 2.3. [7] Let H be a real Hilbert space and let B1(0) = {x € E : ||x|| < 1}. For any given sequence
{xu}>2, € B1(0) and for any given sequence {ay,} | of positive numbers with Y1 @y = 1 and for any positive
integers i, j with i < j,

oo
=1

(e8]
1) anxull? < ) anllall® — cvierjlix — ;1.
] )
n=1 n

Lemma 2.4. [25] Let {y,} be a sequence in (0, 1) and {5,,} be a sequence in R satisfying
() L yn =,

(ii) limsup, . ¥n <007 Y02 [y40n] < o0.

If {a,} is a sequence of nonnegative real numbers such that

Ap+1 < (1 - yn)an + Vnénr
foreach n > 0, then lim,,, a, = 0.

Lemma 2.5. [11] Let {s,,} be a sequence of real numbers that does not decrease at infinity, in the sense that there exists
a subsequence {s,,} of {s,} such that s,, < s, for all i > 0. For every n € IN, define an integer sequence {t (n)} as

T (n) = max{k < n: s < Sk}
Then T (n) — oo and max{s(), Sy} < Sr(my+1-

We call a bounded linear operator B on a real Hilbert space H strongly positive if there exists a constant
¥ > 0 such that

(Bx,x) > 7llx|> Vxe€H.

Lemma 2.6. [12] Assume that A is a strongly positive self-adjoint bounded linear operator on a Hilbert space H with
coefficient > 0and 0 < p < ||A||I™Y. Then ||l — pAl| < 1 - py.

For solving the equilibrium problem, we assume that C is a nonempty closed convex subset of a real
Hilbert space H. Let us assume that f : C X C — R is a bifunction satisfying the following conditions:
(A1) F(x,x)=0forallx € C,

(Az) F is monotone, i.e., F(x,y) + F(y,x) <0 forany x,y € C,
(A3) F is upper-hemicontinuous, i.e., for each x,y,z € C,

limsupF(tz+ (1 -t)x,y) <F(x,y),
t—0+

(A4) F (x,0) is convex and lower semicontinuous for each x € C.

Lemma 2.7. [3] Let C be nonempty closed convex subset of a smooth, strictly convex and reflexive Banach space E,
let F be a bifunction of C X C into R satisfying (A1) — (As), and let r > 0 and x € E. Then, there exists z € C such that

F(Z/]/)"‘%(]/—X,Z—X)ZO, YyeC
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Lemma 2.8. [8] Let C be a nonempty closed convex subset of a smooth, strictly convex and reflexive Banach space E,
let F be a bifunction of C x C into R satisfying (A1) — (A4), and let ¥ > 0 and x € E. Define a mapping T, : E — C
as follows:

T,x={z€C:F(z,x)+ %(y—z,z—x) >0, VyeClL
Then, the following hold:

(i) T, is single-valued;
(ii) T, is a firmly nonexpansive-type mapping, i.e., for any x,y € E,

IT.x = T,yl* < (Tyx — Try, x — y).
(iii) F (T,) = EP (F);
(iv) EP(F) is closed and convex.

Definition 2.9. Let T : C — C be a mapping, then 1 — T is said to be demiclosed at zero if for any sequence {x,} in
C, the conditions x, — x and lim, .« ||x, — Tx,|| = 0, imply x = Tx.

Definition 2.10. Let T : H — H be a mapping with Fix (T) # 0. Then
(i) T : H— H is called directed if

(z—Tx,x—Tx) <0, Yz € Fix(T), VYxe€H.
(ii) T : H — H is called quasi-nonexpansive if
ITx —z|| < |lx —zl|, ¥z € Fix(T), VYxeH.
(iii) T : H — H is called k-demicontractive with k < 1, if
ITx = zI> < |lx = z|* + k| I = T) x||*, Vz € Fix(T), Vxe€eH

or equivalently
k-1

(x=2z,Tx—x) < lIx — Tx|?, ¥z € Fix(T), VYxe€H.

(iv) T : H — H is called averaged if there exists a nonexpansive operator N : H — H and a number A € (0, 1) such
that

T=(1-A)I+AN.

A typical example of a directed operator is the orthogonal projection P¢ from a Hilbert space H onto a
nonempty closed convex subset C C H defined by

Pcx := argmin ||x — yllz, x € H.
yeC

It is well known that the projection P is characterized by

y=Pcx ifandonlyif (x—Pcx,z—Pcx)<0, VzeC

3. Main Results

This section is devoted to the main results of this paper. We start by proving a split common fixed point,
and common null point problem.
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Theorem 3.1. Let Hy and H; be two real Hilbert spaces, and A : Hi — Hj be a bounded linear operator. Assume that
Fy:Hy — 2" and F, : Hy — 22 are two maximal monotone operators such that F7'0 # O and F;'0 # 0. Let ], be
the resolvent of Fy for r > 0 and Q,, be the resolvent of F5 for i > 0. Let, fori € N, T; : Hy — Hj be an infinite family
of k-demicotractive mappings and S; : Hy — Hy be an infinite family of I-demicotractive mappings such that S;—1I and
T;—Iaredemiclosed at 0. Assume further that Q) = {x € (FIlo) N (Ni2y Fix(S;)) : Ax € (F;lo) N (N2, Fix (T))} # 0.
Suppose that f is a b-contraction of Hy into itself and that B is a strongly positive bounded linear operator on Hy with
coefficient y > 0and 0 <y < % Let {x,} be the sequence generated by xo € C and

Y = Jr, (0 + AA* ((anQu, + Bul + L2 Y Ti (Qu,) — 1) Axa))
wy = 611 Oyn Zz 1 6711 tynr (4)
Xn+1 = aan (wy) + (1 —a,B) wy,

where A € (O, T /}“2) and A" is the adjoint of A. Assume that the sequences {cn}, {Bn}, Aynib, Arn} and {a,,} satisfy
the following conditions:

(i) an + Bn + 221 Vi = Land 6,0 + 221 Oni =1,

(ii) {a,} C (0/ 1)/ lim, e a, =0, 22021 ay = o,

(ii)0<a<r,<ocoand 0<b<pu, <o (a,beR),

(iv)k<a,<landl <6,0<1,

(v) iminf, e aufn > 0, iminf, (@ — k)yni > 0 and liminf, e (04,0 — [)On,i > 0.

Then the sequence {x,} converges strongly to x* € Q which solves the variational inequality

(B=yf)x',x—=x")>0, VxeQ.

Proof. Since Pq (I — B + yf) is a contraction, by the Banach contraction principle there exists g € Q such that
g = Po (I - B+ yf)(g); this is equivalent to saying that

(I-B+yf)g-q9,9-p)20, YpeQ.

Since lim, .« @, = 0, we may assume that a, € (0, ||A||‘1) for all n > 0. By Lemma 2.6, we have ||[ — a,B|| <
1-a,y. Take p € Q and u, = Q,Ax,. From Lemma 2.8, we know that for any n > 0,

llun — Apll = 1Qu, Axn — Qu, Apll < llAx,, — Apll.

We show that {x,} is bounded. Take z, = ayu, + BnAXy + Y.ioq VniTi (). Since for each i € N, T; is
demicontractive, from Lemma 2.3 we have

Iz = APIP = ettty + BuAxs + Y yniTi () = AplP

i=1

< i, = AplP? + BallAx, — Apl* + Z Yull T (1) = Apll?

i=1
2 2
- anﬁnllen - ”n“ - an)/n,i”un - Tiun”

< ayllig = ApIP + BallAxy = ApIP + Yy (Il = ApIP + Kl = T: () IP)
i=1

2 2
- anﬂn”Axn — Uyll” = anVn,illun — Tiuy|

< 1A%, = ApIP = auull Axy = P = (@0 = K) Y Yl — Tt
i=1
< ||Ax, — Ap|l*.
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From Lemma 2.8, we also have
Iy = pIF = ]y, (xn + AA" (24 — Axy)) — pIP
< Iy + AA" (zy — Axy) = pIP
= llxu = pl* + A2NAIPlIzn — Axall* + 2¢xy — p, AA" (2 — Axy))
= |lxn — pI* + A2NAIPllz, — Axul? + 2A(Ax, — Ap, z, — Axy)
= [lxn = pIP + A2AIPIzy — Axal? + 22 (20 = Ap, 20 — Ax) = llz — Ax,|?)

1
<l = pIP + A2AIRlz0 — Ax|? + 2A(§ (Ilzn - AplP
Iz = Axl = 1Axy — ApIP) = llzn — Axa|?)

1
< llxn = pIP + A2|AIP|z, — Axal? + 24 (5 (Ilen — ApIP = anBallAxy, — uy|?

@y =0 Y ity = Tl + 20 = Ax,l? = 1 Ax, — AplP?

i=1

1
< I = pIP + A2IAIPlIzy = Axy| +2A (E (Ilzn — Axy|P* = aufallAx, — unll2)

—lzn - Aanz

~(an=K) Y il — Tiun||2] - llz —Axnuz]

i=1
= ||lx, — P”z +A (/\”AHZ - 1) |z, — Axn||2 - Aanﬁn”Axn - unllz

-A (Dfn - k) Z Vn,i”l’ln - Tiun“z-
i=1

Similarly, since for each i € IN, S; is demicontractive, it follows from Lemma 2.3 that

o = pIP = 10n0% + Y, OniSitin = pIP
i=1

< 6n,0||]/n - P||2 + Z 6n,i||si]/n - P||2 - 6n,06n,i||]/n - Si]/n”Z
i=1

(o)

< Suollyn = pIP + Y i (1Y = PIP + Uy = Siall?) = Sn,06mllyn — Sivl®
i=1

=1y =PI = ©no =) Y Onillyn = Sivall

i=1

< =PI = ©no =) Y Onillyn = Sivall

i=1
< Ity = pIP + A (ANAIR = 1) llzn = Axal? = AdtuBull Axy — 11|

= A =R) Y Yualli = Tiatal? = G0 = 1) Y 6nillyn = Sl

i=1 i=1

Hence |lw, — pll| < |lx, — pl|. From Lemma 2.6, we have

3865
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IIXp4+1 — P” = |la, (Vf (wn) - BP) + (I - unB) (wn - P) |
< aull (yf (wn) = Bpll + |II = a,BIlll (w, — p)) |l
<an (Vllf n) = f ()1 + 11y f (p) = Bpll) + (I = axp) | (wn = p) I
< apbyllwy — pll + anlly f (p) — Bpll + (I = axp) | (xn — p) |
< (I=a, (7 = by)) lxw = pll + aully f (p) - Bpll.

Using mathematical induction, we obtain that
= n 0.
V- vk

This argument shows that {x,} isbounded. Now, it is easy to see that {w}, {y,}, {u.} and {f (w,)} are bounded
too. Since x,11 — wy, = a, (¥ f (wy,) — Bw,) and lim,,_, a,, = 0, we obtain

l -B
llx;, — pll < max {on -7l M} ’

Xpp1—wy, >0, n— oo.
Next, we want to show that for each natural number i,
lim (ITjy —unll =0, lim [IS;y, = yall = 0.
To this end, we note that

Xns1 =PI = llawy f (wa) + (1 = a,B)w, — pl?
< I = a,Blll[w, — pI* + aully f (w,) - Bpl?
< (1= a,7) [lben = plP + A (ANAIR = 1) Iz = Axal? = AtuBill Az, — 1]

- Aoy, —k) Z )/n,i”un - Tz'”n”2 - (671,0 - l) Z 6n,i||]/n - Szyn”] + an)/”f (wy) — BP||2

i=1 i=1
This implies that
(1 = axp) A (AAIR = 1) llzn = AxalP < [l = pI? = w1 = pI? + anyllf @wn) - BplP, (5)
and
(1=au7) Ono = 1) Y Onillyn = Sitiall < vy = X1 = s = X1 + v IIf (1) = B'| (6)

i=1

We now consider two cases:
Case 1: Assume that {|lx, — pll} is a monotone sequence. We may assume that {||lx, — pll}usn, is either
nondecreasing or nonincreasing. Since {||x, — pll} is bounded, it is convergent. Since lim,_,., a4, = 0 and
{f (un)} and {x,,} are bounded, in view of inequalities (5) and (6) we conclude that

lim (1 - a,7) A (AIAIP = 1) llzs — Axal® = 0,
n—00

and
31_1)1010 (1- an?) (6n,0 -1 On,illyn — Siyall = 0.

By assumptions that lim inf,, 6,,; (0,0 — 1) > 0, lim, e a1, =0and A € (0, W) we have

35?0 Iz, — Ax,ll = 0, @)
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and
Tim [l — Siyall = 0. ®)
Using a similar argument, we can prove that
lim [l — Tiu| = O, ©)
lim [|Axy — ]| = 0. (10)
Note that, from (4), we have

Y = pI? = 1], (%0 + AA" (2, — Ax)) = I, P2
SYn — P, Xn + AA™ (2, — Axy) — p)

1
= 5 llyn - pIF + 11X + AA" (20 — Axy) = pIF = llyn — p — (xu + AA* (24 — Ax) = p) 1P}

1 *
< Sllyn - pIF + llxn = pIP = 1y — xall> = A%[|A” (2, — Ax) |2
+ 2MAN (Y = x0) |z — Axull}.
On the other hand,

IRt = I < (1= a7) Iy = PI? = Guo =) Y, Snillyn = Sivall? | + @y f e0) = BplP.

i=1

So, we have

(1= @) I = Yall® < 1t = pIP = a = pIP = (1 = 27) G0 = 1) Y, (millyn = Siyall®)

i=1
+anyllf (wn) = Bpl? — auplixy — pll + 24 (1 = a,) 1Ay — Axallllzn — Axll.
Since ||x, — pll is convergent, lim,_,c a, = 0, {x4}, {yx} and {f (w,)} are bounded, it follows from (7) that

lim ||y, — x,|| = 0. (11)

Next, we show that
limsup(Bg — f(q),x, —q) > 0.

n—oo

To prove this inequality, we can choose a subsequence {x,;} of {x,} such that
ilim(Bq — f(q),xni —q) = limsup(Bg — f (q),x, —q) > 0.
- n—oo

Since {x,;} is a bounded sequence in a reflexive Banach space, there exists a subsequence {x,,i/} of {x,;} which
converges weakly to v. Without less of generality, we may assume that x,,; — v. Since lim,,_,o [|Ax, —u,|| = 0,
we have u, — Av. We show that v € Q. Let us verify that Av € Filo. Note that u, = Q,,Ax, and for

(h, 1) € G(F,), we have (h — u,, h* — ‘%) > 0. Because of (u,,, ‘%) € G(F,) and the fact that F, is a
monotone operator, ||Ax, — u,|| = 0 and the condition (iii) we get
[[Ax,; — uyll
—_—
tn

Recall that u, = Q,,Ax, — Av. Thus (h — Av,h*) > 0. So, the maximality of A implies that Av € F; 10. Now,
from y,, — v, the fact that lim,, ||y, — Siyall = 0, and the demiclosedness of I — S; at zero, we conclude

0.
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that v € (N2, F(S;). Note also that A is a bounded operator and x,, — v, therefore Ax,, — Av. In view of the
inequality (9) and a similar argument as above we conclude that Av € (2, F(T).
Now to prove v € F;'0, we take k, = x,, + AA* (z, — Ax,). From inequality (3.12), it is easy to see that

lim ||k, — x,|| = 0. (12)
Combining (11) with (12), we conclude that

Lim [ly, =kl < im (lyn = xall + llxn = Kall) = 0.

Since y, = J;,ky, a similar argument as above reveals that v € FIlo. This implies that v € Q. Since
g=Po(I-B+yf)(g) and v € Q, we have

Um(Bq — £ (9), xni = ) = limsup(Bq — f (q), x» —q) = (Bg ~ f (9),v =) 2 0.
As Xy41 —q = v, (¥ f (wy) — Bg) + (1 = v,,B) (wy, — q), we have
Ixus1 — gl* = llany f () + (1 — a,B) wy, — qlI*
< I1(I = auB) (wy — ) I* + 24,y f (wy) — B, Xps1 — q)
< (1= a,7) 1w — gl + 28,4y f (@) = V£ (@), Xus1 — 9) + 28,7 f () — Bg, Xus1 — )
< (1= a,7)* Il = qIP + bya, (lkos — gl + Ila = q1) + 2a,(y £ (4) = Bg, Xns1 — )
= (1 = awp)* + byay) llxy — ql> + byaulixa — gl + 20,y f (q) — B4, u1 = ).

This implies that
2 (77 B b)/) ay )/_2112 2a
—q|? - — gl n _ A2 n _ _
“xn+1 QH < (1 1= b')/ﬂn “xn q” + 1_ bﬂny ”xn 11|| + 1= blln'}/ <7/f (q) Bq, Xn+1 q)
2(y = by)an 2 27 -by)an, a,l 1
= BT Y - —_ —
<1 1 - bya, Iben = gII" + 1-bya, {2(1 Iy + 1= b<7f (9) = Bg, X1 — )}

= (1 - T]n) I, — 11|| + nnénz

2()7—hy)a,,
1-bya,
that n, — 0, X.;2; 1, = 0 and limsup,_, 6, < 0. Lemma 2.4 now implies that the sequence {x,} converges

strongly to g = Po (I - B+ 7 f)(q).

where L = sup{|lx,—qll : n >0}, 1, = ,and 6, = 2(”1—5,) + ﬁ(yf (9)—Bq, xn+1 —q). Now, itis easy to see

Case 2: Assume that the sequence {x, — g} is not monotone. Then, we can define an integer sequence
{t (n)} for all n > ny (for some ny large enough) by

©(n) = max{k € Nyk < : |lxe — gl < [lxns1 —4II}.
Clearly, 7 is a nondecreasing sequence such that 7, — coasn — oo, and for all n > n,

||xT(}’l) - 6]|| < ||xT(TL)+1 - 11||

From (5) we obtain that
Hm Iz = Axeell =0,

Hm i) = Tittell = 0,

and
lim [|Ax(ay = the(ull = 0.
n—oo
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By a similar argument and from inequality (6) we get that
Hm [y = Siyell =0, (€ N).
Again, as in Case 1, we arrive at

||xT(n)+1 - 11||2 < (1 - 771'(71)) ||xT(n) - 11||2 + 77'((71)6’[(11)

where ;) = 0, Y21 ey = o and lim sup,_,, Oz < 0. Hence, by Lemma 2.4, we obtain limy, e [|[X(n) —
gll = 0, and limy, e |[X7(1)+1 — gll = 0. Now Lemma 2.5 implies that

0 < iy = gll < max{{|xz() = qll, [Ixn = qll} < lxz(y+1 = 4lI.
Therefore, {x,} converges strongly to g = Po (I-B+yf)(g). O
To prove our second main theorem, we need to recall the following statement from [19].

Proposition 3.2. [19] Let H be a real Hilbert space and let C be a nonempty closed convex subset of H. Let
f : CX C — Rsatisfy the conditions (A1) — (Ay). Let Ay be a set-valued mapping on H defined by

[zeH: f(x,y)2(y—x2) VYyeC}, xeC

A =19 xeH\C

Then EP(f) = A/:lo and Ay is a maximal monotone operator with dom (A f) c C. Furthermore, for any x € H and
r > 0, the resolvent T, of f coincides with the resolvent of Ay, i.e.,

T,x = (I + 1’Af)71 X.

Using Theorem 3.1, we obtain the following strong convergence theorem for finding solutions of equilibrium
problems in Hilbert spaces.

Theorem 3.3. Let Hy and Hy be two real Hilbert spaces, and let C € Hy and Q C Hj be nonempty closed subsets. Let
A : Hy — H, be a bounded linear operator. Assume that fi : CxC — Rand f, : Q x Q — Rare two bifunctions
satisfying (A1) — (A4) and that f, is upper semicontinuous. Let, for (i € N), T; : Hy — H; be an infinite family of k-
demicotractive mappings and S; : Hi — Hj bean infinite family of I-demicotractive mappings such that S;—I and Ti—I
are demiclosed at 0. Assume further that Q = {x € EP(f1) N (N2, Fix(S)) : Ax € EP(f2) N (Ni2; Fix (T))} # 0.
Suppose that g is a b-contraction on Hy and that B is a strongly positive bounded linear operator on Hy with coefficient
7>0and 0 <y < L. Let {x,) be the sequence generated by xo € C and

Yu = TP (0 + AA (TS + Bul + L2 yuiT: (TS) - 1) Axy))
Wy = 6n,0yn + 221 6n,isi]/n/
Xn+1 = An)qg (wy) + (1 = a,B)w,,

where A € (O, m) and A" is the adjoint of A. Assume that the sequences {an}, {Bn}, 0n,), {Yni}, {rn} and {a,} satisfy
the following conditions:

(1) o + B+ Yoy Vi = Land Spp + Y700 Oni = 1,

(ii) {a,} € (0,1), limy e @ty =0, Yoy a4y = 00,

(iii) {r,} € (0, ) and lim inf, _,. 7, > 0,

(iv)k<a,<landl <6,0<1,

(v) iminf, e a,B, > 0, liminf, e (@ — k) V4 > 0 and iminf, e (0n0 — 1) O > 0.

Then the sequence {x,} converges strongly to x* € Q which solves the variational inequality

(B=yg)x",x—x)>0 VYxeQ.
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Proof. For the bifunctions f; : CxC — Rand f, : QXQ — R, we define Ay, and Ay, as in the Proposition 3.2.
-1
We take F; = Ay, and F; = Ay, in Theorem 3.1, it then follows from Proposition 3.2 that ], = (I +1,A fl)
-1
and Q,, = (I + UnA fz) forall v, > 0 and u, > 0. Thus the desired result follows from Theorem 3.1. O

Example 3.4. Let Hi = H, = R be equipped with the usual inner product and norm. Let C = [0, +o0) and
Q=(-,0]. Let f1: CxC— Rand f, : Q X Q — R be defined by

fl(x/y):O/ x/VEC/

and

fuv)y=ulv-—u), uveQ.
It is easy to see that the bifunctions fi and f, satisfy the conditions (A1)—(A4), moreover the bifunction f, is upper-
semicontinuous. From Lemma 2.8, we conclude that T{ix = x. Indeed, for any x, y € C and r > 0 we have

1
ey + ;(x—z,y—x) >0,
from which it follows that
(x-2)(y—-x)=0, VyeC

This implies that for y > x we have x > z, and for y < x we have x < z. Therefore, z = x, and so

T{[lx: X.

Tn
Similarly, we can prove that
T,fju =@, +1u.

We now consider, for x € R, the mappings g (x) = §x, A(x) = —1x, and Bx = 2x. For i € N, define the mappings
Tiin—)HzﬂTldS,‘IHl —>H1 b]/

x
Esm— x#0,
Ti(x) =
0 x=0,
and
S-(x)—Lx
O T

Then (2, Fix (T;) = {0}, N; Fix (S;) = {0},

x2 1 x 1\
|Tix — 0 = Esinzg sz—(x—gsin;)

=[x = 0P — |x — Txf?,

and

1
x—0] = |—x| < |x|.
St =01 = |l < I«

So, each T is a —1-demicontractive mapping, and each S; is a 0-demicontractive mapping. Note that the mapping g is

contraction with constant k = %, A is a bounded linear operator on R with adjoint operator A* and ||Al| = ||A*|| = %,

and B is a strongly positive bounded linear self-adjoint operator with constant y = 1 on R. On the other hand, we
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can take y = 2 which satisfies 0 <y < £ <y + 1. We can now define, forn € N, ay = %, By = 3, Vi = 3, 0n0 = 3

and &, = 5. It is easy to see that EP (f1) = [0, 00) and EP (f,) = {0}. Furthermore, we have

{erP(fl)m{ﬂsz(S)

: Ax € EP(f) N [ﬂ Fix (Tz)}

i=1

Now, all the assumptions in Theorem 3.1 are satisfied. Let us consider the following numerical algorithm:

Z, = T{:Axn,

Xpt1l = =AWy + (1 2ﬂn) Wy,
where a, = =t Ifr, = 1, then
1 1 1
Yn = Xn = gXusin I

%
n+1

— Wy
n+8
By Theorem 3.3, the sequence {x,} converges to a solution of the variational inequality stated in the theorem.

Xn+l =

The following statements are now easy consequences of our main result.

Theorem 3.5. Let Hy and H; be two real Hilbert spaces and C € Hy and Q C Hj be two nonempty closed subsets. Let
A : Hy — H, be a bounded linear operator. Assume that F1 : CxC — Rand F, : QX Q — Rare two bifunctions
satisfying (A1) — (A4), and F is upper-semicontinuous. Let, for (i€ N), T; : Hy — Hy and S; : H — Hj be
two infinite families of quasi-nonexpansive mappings such that S; — I and T; — I are demiclosed at 0. Assume that
Q = {x € EP(F1) N (N2, Fix(S;)) : Ax € EP(F,) N (24 Fix (T;))} # 0. Suppose that f is a b-contraction on Hy and
that B is a strongly positive bounded linear operator on Hy with coefficient > 0, and 0 < y < %. Let {x,} be the
sequence generated by xo € C and

Yo = T3 (0 + AA" (@ T32 + Bul + T2y yuiTi (TF2) - 1) Ax)),
wy = 611,0]/11 + Zi:l 6n,zszynr
Xn+l = an)/f (wy) + (1 —a,B) w,.

Assume that the sequences {a,}, {Bn), Aynib, Arnl, and {a,} satisfy the following conditions:
(i) oy +ﬁn +Zl 1Vni = 1and6n0+zl 16711 =1,

(ii) {a,} € (0,1), limy ey =0, Yoy a4y = 00,

(iii) {r,} € (0, ) and liminf,_,., 7, > 0,

(v k<a,<landl <éb,0 <1,

(v) liminf, e aufn > 0, iminf, e (@y — k)yni > 0 and liminf, 0 (04,0 — [)On,i > 0.

Then the sequence {x,} converges strongly to x* € Q which solves the variational inequality

(B-yf)x',x—x"y =0, Yx e Q.
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Proof. Since every quasi-nonexpansive operator is clearly 0-demicontractive, the result follows. [

Theorem 3.6. Let Hy and H; be two real Hilbert spaces and C € Hy and Q C Hj be two nonempty closed subsets. Let
A : Hi — H; be a bounded linear operator. Assume that F1 : CXC — Rand F, : QX Q — Rare two bifunctions
satisfying the conditions (A1) — (A4), and that F, is upper-semicontinuous. Let, for (i€ IN), T; : Hy — H and
Si : Hi — Hj be two infinite families of directed mappings such that S; — I and T; — I are demiclosed at 0. Assume
that Q = {x € EP (F1) N (N2, Fix (Sy)) : Ax € EP (F2) N (N2 Fix (T))} # 0. Suppose f is a b- contmction on Hy
and that B is a strongly positive bounded linear operator on Hy with coefficient y > 0,and 0 <y < L. Let {x,,} be the
sequence generated by xo € C and

Yn = Tf (xn + AA* ((anTF2 + Bul + Y21 Vn,i ,( ,) )Axn))
wy = 6n,0yn + Zi:1 6n,151yn/
Xn+l = an)/f (wy) + (1 —a,B)w,,

where A € (0, I 2”2) and A* is the adjoint of A. Assume the sequences {a,}, {Bn}, ,AYnil, rn), and {a,} satisfy the
following conditions:

(i) oy +ﬁn + 27017/711 =1 ﬂnd5n0 + Zfol 6711' =1,

(ii) {a,} € (0,1), limy ety =0, Yoy a4y = 00,

(iii) {r,} C (0, ) and lim inf, ., 7, > 0,

(v k<a,<landl < b, <1,

(v) iminf, e ayBy > 0, liminf, e (@ — k) vy > 0 and iminf, e (On0 — 1) O > 0.

Then the sequence {x,} converges strongly to x* € Q which solves the variational inequality

(B-yf)x',x—x") >0, Vx € Q.

Proof. A simple calculation shows that every directed operator is —1-demicontractive, thus the result fol-
lows. O

Theorem 3.7. [16]. Let Hy and H, be two real Hilbert spaces. Let A : Hi — H, be a bounded linear oper-
ator. Let, for (i€ IN), T; : Hy — Hj be an infinite family of k-demicotractive mappings and S; : Hi — H;
be an infinite family of I-demicotractive mappings such that S; — I and T; — I are demiclosed at 0. Assume that
Q = {x € EP(F1) N (N, Fix (S;)) : Ax € EP (F2) N (21 Fix (T:))} # 0. Let f be a b-contraction on Hy, and let {x,}
be the sequence generated by xq € C and

Yn = Xn + AA" (X321 VuiTi — 1) Axy,
wy = 671,0]/71 + Zil 6n,i5iynr
Xn+1 = an) f (wy) + (1 — ay) wy,

where A € (0, i 2”2) and A* is the adjoint of A. Suppose the sequences {0,}, {yn,} and {a,} satisfy the following
conditions:

(i) Y21 yni = Land 6,0 + X121 60 = 1,

(ii) {an} c (0/ 1)/ limn—wo a, =0, Z;T:l ay = 09,

(iii) | < 6,0 < 1,

(iv) lim inf?n — ooy, ; > 0 and iminf?n — co (8,0 — 1) 6, > 0.

Then {x,} converges strongly to x* € Q) which solves the variational inequality

(I=-yf)x",x=x)>0, VxeQ.

Proof. Putting F (x,y) =0forallx,y € C, F,(x,y) = 0 forall x,y € Q and r, = 1 in Theorem 3.1, we have
T = Tfn > = I. Now, by taking B = [ and y = 1 in Theorem 3.3, we obtain the desired result. [
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4. The Split Monotone Variational Inclusion Problem

Following this line of ideas, Moudafi [15] introduced the Split Monotone Variational Inclusion Problem
(SMVIP). We first review the basic definitions of the literature and then will provide an application of our
theorem to approximate the solution of SMVIP.

Let H; and H; be two real Hilbert spaces. Let two mappings f : Hi — H; and g : H, — H,, a bounded
linear operator A : H; — H,, and two set-valued mappings By : H; — 2H and B, : H, — 2H2 be given. The
SMVIP is formulated as follows:

find apoint x*€C suchthat 0¢€ f(x") +B; (x")

and such that the point
Yy =AX)eH, solves 0eg(y)+B(vy).

Note that if C and Q are nonempty closed convex subsets of H; and H», (resp.), and By = N¢ B, = Ng where
Nc and Ng are normal cones to C and Q, (resp.); then the split monotone variational inclusion problem
reduces to the split variational inequality problem (SVIP) which is formulated as follows:

find apoint x*€C such that(f(x"),x—x") >0 forall xeC
and such that the point
y'=Ax"e€Q solves (g(y),y—y)=0 forall yeQ.

SVIP is quite useful in the study of the split minimization between two spaces, because the image of a
solution point of one minimization problem, under a given bounded linear operator, is a solution point of
another minimization problem.
Let h : H — H be an operator and let C C H. The operator / is called inverse strongly monotone with
constant § > 0 if
() =h(y),x—y) 2 Bl ) ~h(y)IP, VxyeH

Remark 4.1. If h : H — H is an a-inverse strongly monotone operator on H and if B : H — 2H is a maximal
monotone operator, Then ]ﬁ (I — Ah) is averaged for each A € (0, 20).

Proposition 4.2. [2] Let T : H — H be a nonexpansive mapping. Then for all A € (0,1] and (x,y) € H X H, the
averaged operator T satisfies

1-A
ITrx = Tayll? < llx = yli* - — M =T)x - (I -Th) ylP.

Theorem 4.3. Let Hy and H, be two real Hilbert spaces, and T : Hy — H, be a bounded linear operator. Let for
i€N, A; : Hi — 2 and B; : Hy — 2% be maximal monotone mappings such that 02 A710 # 0 and N, B0 # 0
and that for each i, h; : Hi — H; is an a;j—inverse strongly monotone operator, and g; : Hy — Hy is a pj—inverse

strongly monotone operator. Assume that p = infiencif; > 0 and that T € (0,2p). Suppose that the SMVI

i=1""

X eND A0 0€ f(x)+ A (x) Vie NN,
y=Txen2B0 0€g(y)+Bi(y) VieNN,

has a nonempty solution set Q). Suppose further that f is a k-contraction on H, and {x,} is the sequence generated by
X9 € H, and

Yn = Xpn + AT* (Zle 7/11,1']:‘{ (I - Thi) - I) Txy,
Wy = Ou0Yn + Loen Onilh (I = T4) Yn,
Xn+l = aan (wn) + (1 — ay) wy,
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where A € (O, W) and T" is the adjoint of T. Suppose the sequences {0,;}, {yni} and {a,} satisfy the following
conditions:

(i) 221 Vni= 1and 6n,O + Zzl 671,1' =1,

(ii) {an} c (0/ 1)/ lirnn—>oo a, =0, Zzozl ay = 0o,

(iii) | < Oy < 1,

(iv) lim inf, e Vi > 0 and im infy, e (84,0 — 1) 64 > 0.

Then {x,} converges strongly to x* € Q which solves the variational inequality

(I-fx',x—x">0, YxeQ.

Proof. Since JA (1 - thy) and J5 (I - 1g;) are t-averaged, from Proposition 4.2 we conclude that JA(1 - thy)
and J;" (I - tg;) are —1=*-demicontractive mappings. Thus, the result follows from Theorem 3.7. []
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