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Abstract. In this paper, we study warped product pointwise semi-slant submanifolds of a Kaehler mani-
fold. First, we prove some characterizations results in terms of the tensor fields T and F and then, we obtain
a geometric inequality for the second fundamental form in terms of intrinsic invariants. Furthermore, the
equality case is also discussed. Moreover, we give some applications for Riemannian and compact Reman-
nian submanifolds as well, i.e., we construct necessary and sufficient conditions for the non-existence of
compact warped product pointwise semi-slant submanifold in complex space forms.

1. Introduction

It is well known that the geometry of warped product manifolds provide magnificent setting to supermodel
space time near black holes and bodies with large gravitational fields. The idea of warped product manifolds
was introduced by Bishop and O’Neill [6] to study manifolds of negative curvature. These manifolds are
extension of Riemannian product manifolds with warping functions.

On the other hand, the theory of slant submanifold is still active field of research nowadays which
was introduced by Chen in [7] of almost Hermitian manifolds. Among the class of slant manifolds we find
that almost complex(holomorphic) and totally real submanifolds are special cases of these submanifolds.

The study of pointwise slant submanifolds of almost Hermitian manifolds got momentum after the
work of E. Etayo in [15] which he call them the name of quasi-slant submanifolds. It was proved that the
totally geodesic quasi-slant submanifold of Kaehler manifold is slant submanifold. The best exmaple of
pointwise slant submanifolds is: every two dimensional submanifold in an almost Hermitian manifold
is always a pointwise slant submanifold. Later, these submanifolds in details studied by Chen-Gray
[12] in almost Hermitian manifolds. They obtained many interesting results geometric and topological
obstructions of almost Hermitian manifolds. It was proved that in [12] a totally geodesic quasi-slant
submanifold of a Kaehler manifold is slant submanifold.

Recently, Sahin [29] studied warped product pointwise semi-slant submanifold of Kaehlers. He proved
that the there do not exist warped product pointwise semi-slant submanifolds of the form M = My X Mr of
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Kaehler manifold where My is proper pointwise slant submanifold and Mr is a complex submanifold. Then
he considered warped products of the form M = Mr X Mg and obtained many interesting results including
characterization and inequality. He also provided some examples of pointwise semi-slant submanifolds
and their warped products. For the survey of warped product submanifolds we refer to[13].

In the present paper, we extend this study to the warped product pointwise semi-slant submanifolds
of Kaehler manifolds. The paper is organised as follows: Section 2, we recall some basic formulas and
definitions. Section 3, we give a brief introduction of pointwise semi-slant submanifolds. Section 4, we
study warped product pointwise semi-slant submanifolds and obtain some characterization results in
terms of the tensor fields. In Section 5, we establish an inequality for the second fundamental form in terms
of intrinsic invariants (Chen’ Invariants). The equality case is also discussed. Section 6, we give some
applications of such inequalities for Riemanian and compact Riemannian submanifolds in complex space
forms.

2. Preliminaries

Let (]\7[, J, 9) be an almost Hermitian manifold with almost complex structure | and a Riemannian metric g
such that

(@) ?=-1, () 9(JU,JV) = (U, V), 2.1)

for all vector fields U, V on M, where [ is the identity map.

Let F(T]\7I) denote the set of all vector fields on M and V denote the Levi-Civita connection on M. If
the almost complex structure | satisfies

(Vu))V =0, 2.2)

forany U,V € F(T]VI), then M is called a Kachler manifold.

Let M be a submanifold of an almost Hermitian manifold M with induced metric g and if V and V+
are the induced connections on the tangent bundle TM and the normal bundle T-M of M, respectively, then
Gauss and Weingarten formula are given by

() VuV = VuV + k(U V), (i) VuN = —AyU + VN, (2.3)

for each U,V € T(TM) and N € I'(T*M), where h and Ay are the second fundamental form and the shape

operator (corresponding to the normal vector field N) respectively for the immersion of M into M. They are
related as
g(h(U, V),N) = g(AnU, V), (2.4)

where g denote the Riemannian metric on M as well as the metric induced on M. Now for any U € I'(TM)
and N € I'(T+*M), we have
(@) JU=TU+FU (i) JN =tN+ fN, (2.5)

where TU(tN) and FU(fN) are tangential and normal components of JU(JN), respectively. From (2.1) and
(2.5)(i), it is easy to observe that for each U, V € I'(TM), we have

(@) g(TU, V) = —g(U, TV) and B) ITIP = )" g*(Tes,e;). (2.6)

ij=1
For a submanifold M of a Riemannian manifold M, the equation of Gauss is given by
R, V,Z,W) = RWU,V, Z,W) + g(h(U, Z), h(V, W))

— g(h(U, W), h(V, 2)), (27)
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for any U, V,Z, W € I'(TM), where R and R are the curvature tensors on M and M respectively. The mean
curvature vector H for an orthonormal frame {ej, e; - - - e,} of tangent space TM on M is defined by

1 1v
H = Etmce(h) = ;h(ei,ei), (2.8)
where n = dimM. Also we set
n
;= glhtei,e),e) and P = )" glinei,e)), hiei ). 29)

i,j=1
The scalar curvature p for a submanifold M of an almost complex manifolds Mis given by

p(TM) = Z K(ei nej), (2.10)

1<i#j<n

where K(e; A ¢)) is the sectional curvature of plane section spanned by e; and e;. Let G, be a r—plane section
on TM and {ey, e; - - - ¢;} any orthonormal basis of G,. Then the scalar curvature p(G,) of G, is given by

p(G,) = Z K(ei Aej). 2.11)

1<i#j<r

A submanifold M of an almost Hermitian manifold M is said to be fotally umbilical and totally geodesic if
h(U, V) = g(U, V)H and h(U, V) = 0, respectively, for all U, V € I'(TM) where H is the mean curvature vector
of M. Furthermore, if H = 0, them M is minimal in M. The covariant derivatives of the endomorphism J, T
and F are defined respectively as

(Vu)V =VyJV - [VuV, ¥ UV € T(TM) (2.12)
(VuT)V = VTV - TV,V, Y U,V € T(TM) (2.13)
(VuF)V = VLFV —FVyV ¥ U,V € T(TM). (2.14)

On using (2.1), (2.2), (2.3), (2.5) and (2.12)-(2.14), we obtain
(@) (VuT)V = ApyU + th(U, V), (b) (VuP)U = fh(U, V) - h(U, TV), (2.15)

Assume that the set T*M containing of all non-zero tangent vectors of submanifold M of an almost Hermitian

manifold M. Then for each non-zero vector X € I'(TyM) at point x € M, the angle 0(X) between JX and
tangent space T,M is called the Wirtinger angle of X. Globally, the Wirtinger angle become a real-valued
function which is defined on T*M such that 6 : T"M — R, is called the Wirtinger function . In this case, the
submanifold M of almost Hermitian manifolds M is called pointwise slant submanifold.

A point x in a pointwise slant submanifold is called a totally real point if its slant function 0 satisfies
cosO = 0, at x. In the same way, a point x is called a complex point if its slant function satisfies sin@ = 0
at x. A pointwise slant submanifold M in an almost Hermitian manifold M is called totally real if every
point of M is a totally real point. A pointwise slant submanifold of an almost Hermitian manifold is called
pointwise proper slant if it contains no totally real points. A pointwise slant submanifold M is called slant
when its slant function 0 is globally constant, i.e., 0 is also independent of the choice of the point on M. It is
clear that pointwise slant submanifolds include holomorphic, totally real and slant submanifolds. It clear
that CR-submanifold and slant submanifold are particular case of semi-slant submanifolds with 6 = /2
and O = 0, respectively.
Recently, Chen and Garay in [12] proved the following theorem for pointwise slant submanifolds such as:
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Theorem 2.1. Let M be a submanifold of an almost Hermitian manifold M. Then M is pointwise slant if and only if
there exists a constant A € [—1,0] such that
T? = — cos? OL. (2.16)

for some real-valued function O defined on the tangent bundle TM of M (cf. [12]).

Hence, for a pointwise slant submanifold M of an almost Hermitian manifold ]\71, we have the following
relations which are consequences of the Theorem 2.1,

g(TU, TV) = cos? Og(U, V), (2.17)

g(FU,FV) = sin* 0g(U, V), (2.18)

for any U,V € I'(TM). For differential function ¢ on M, the gradient gradp and Laplacian V¢ of ¢ are
defined respectively as

g(gradp, X) = X and VX = Z{(Vg,.e,-)(p — eiej}. (2.19)

i=1
The Laplacian of f is defined by

n

Af = Z{(Veiei)f —eilei()H) = - Z g(Vegradf,e;). (2.20)
i1

i=1

For a compact orientable Riemannian manifold M without boundary. Thus from the integration theory on
manifolds, we have

f AfdV =0, (2.21)
M

such that dV denote the volume element of M (see [4]).m

3. Pointwise semi-slant submanifolds

The concept of semi-slant submanifolds were defined and studied by N. Papaghiuc (cf. [27]) as natural
extension of CR-submanifolds of almost Hermitian manifolds in terms of slant immersion. Moreover, as
a generalisation of semi-slant submanifolds, the pointwise semi-slant submanifolds were studied by Sahin
[29]. He defined these submanifolds as follows:

Definition 3.1. Let M be a submanifold of Kaehler manifold M is said to be a pointwise semi-slant submanifold if
there exists two orthogonal distributions D and DO such that
(i) TM=De D
(ii) D is holomorphic, i.e., [(D) € D,
(iii) DO is pointwise slant distribution with slant function 6 : T'"M — R.

On a pointwise semi-slant submanifold, If we denote the dimensions of 9 and Do by d; and d,, then M is
invariant if d, = 0 and pointwise slant if d; = 0. Also, if 0 is constant then M is proper semi-slant submanifold
with slant angle theta. We say that a pointwise semi-slant submanifold is proper if d; # 0 and 0 is not
constant. Moreover, if v is an invariant subspace under | of normal bundle T+M, then in case of pointwise
semi-slant submanifold, the normal bundle T+M can be decomposed as:

T*"M=rFD v

Let us denotes the orthogonal projections on D and DY by B and C respectively. then we can write

U =BU+Cl, 3.1)
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where BU € I'(D) and BU € T'(DP). From (2.5) and (3.1), we obtain
JBU € T(D), FBU=0, (3.2)

TBU e T(D?Y), FBU € I(T*M). (3.3)

On a pointwise semi-slant submanifold M of Kaehler manifold M, the following are straightforward
observations
(i) FD =0, (i) TD =D,
(3.4)
(i) HT+M) € DY, (iv) TDY C DP.

For the integrability conditions of distributions involved in the definition pointwise semi-slant submanifold,
we refer to (cf. [29]). Now. we have the following useful result which is important for a Section 4.

Theorem 3.1. Let M be a pointwise semi-slant submanifold M of a Kaehler manifold M. Then the distribution D is
define as totally geodesic foliations if and only if

WX, JY) € I(v),

forany X, Y € T(D).

Proof. LetX,Y € T(D) and Z € I(DY), we have g(VxY, Z) = g(VxY, Z) = g(JVxY, JZ). Using (2.5)(i) and (2.12),
we obtain g(VxY,Z) = g(VxJY,TZ) + g(Vx]Y, FZ) — g((Vx])Y, JZ). From (2.2), (2.3)(i) and the definition of
totally geodesic foliation we get required result. [

4. Warped Product Pointwise Submanifolds

Bishop and O’Neill defined in [6] the notion of warped product manifolds. They defined these manifolds
as: Let (M1, g1) and (M,, g2) be two Riemannian manifolds and f : M; — (0, 00) and 711 : My XMy — My, 75 ¢
M; x My — M, the projection maps given by m1(p,q) = p and mz(p, q) = g for any (p, ) € My X My. Then the
warped product M = M; Xy M is the product manifold M; X M, equipped with the Riemannian structure
such that

9(X,Y) = gr(mxX, T*Y) + (f 0 711)2ga (122X, T1p*Y) (4.1)

forany X, Y € TM, where * is the symbol for the tangent maps. The function f is called the warping function
of M. In particular, a warped product manifold is said to be trivial if its warping function is constant. In
such a case, we call the warped product manifold a Riemannian product manifold.

It was proved in [6] that for any X € I'(TM;) and Z € I'(TM,), the following holds

VxZ = VX = (XIn f)Z 4.2)

where V denotes the Levi-Civita connection on M. If M = M; X M, is a warped product manifold, then M;
is a totally geodesic submanifold and Mj is a totally umbilical submanifolds of M.
Recall that B. Sahin proved in [29] that there do not exist warped product pointwise semi-slant of

the form M = My Xy Mt of a Kaehler manifold M. Then he considered the warped products of the form
M = Mr Xy Mp. In the following we have the following results for both types of warped products.

Theorem 4.1. [29] There do not exist proper warped product pointwise semi-slant submanifold M = Mg Xy Mr in

a Kaehler manifold M such that Mg is a proper pointwise slant submanifold and Mr is a holomorphic submanifold of
M.
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Lemma 4.1. [29] Let M = Mt X¢ Mg be a warped product pointwise semi-slant submanifold of a Kaehler manifold
M, where Mt and Mg are holomorphic and pointwise slant submanifolds of M respectively. Then

g(h(X, Z), FTW) = —=(JX In f)g(Z, TW) — (X In f)cos*0g(Z, W),
g(h(Z,]X),FW) = (XIn f)g(Z, W) + (JX In f)(Z, TW),
forany X € T(TMr) and Z, W € T(TMp)

Lemma 4.2. On a non-trivial warped product pointwise semi-slant submanifold M = Mr X¢ Mg of a Kaehler
manifold M, we have
(@) (VxT)Z =0, (i) (V)X =(XInf)Z - (XInf)TZ,

(iii) (VrzT)X = (JXIn f)TZ + cos*6(XIn f)Z,
forany X € T(TMr) and Z € I'(TMy)

Proof. From (2.13) and (4.2), we derive

(§XT)Z =VxTZ-TVxZ = (XIn /)TZ - (XIn f)TZ =0,
for X € I'(TMr) and Z € I'(TMp). Again from (2.13) and (4.2), we obtain

(V2T)X = V;TX - TVzX = (JXIn f)Z — (XIn /)TZ,

which is the second result of lemma. If we replace Z by TZ in(ii) and using Theorem 2.1, we get the last
result of lemma, which proves the lemma. [

Lemma 4.3. Let M = Mt Xy Mg be a warped product pointwise semi-slant submanifold of a Kaehler manifold M.
Then

(VuT)X = (JXIn f)CU — (X In f)TCU, (4.3)
(VuT)Z = g(CU,Z)]V1In f — g(CU, TZ)V1n f, (4.4)
(VuT)TZ = g(CU, TZ)JV In f + cos® 6g(CU, Z)V1In f, (4.5)

forany U e I'(TM), X e I'(TMr) and Z, W € I'(TMp).
Proof. Thus from using (2.15)(a), it follows that
(VxT)Y = th(X,Y),

for X,Y € I'(TMr). Since for warped product submanifold, Mr is totally geodesic in M, then using these
fact we get th(X, Y) = 0, which implies that h(X, Y) € I'(v). Thus the above relation becomes

(VxT)Y = 0. (4.6)
Now we applying (3.1) into (VuT)X to derive another relation
(VuT)X = (VsuDX + (VeuDX,

for U € I'(TM). The first part of right hand side in the above equation should be zero by virtue (4.6). Thus
the second part of the above equation follows from Lemma 4.2(ii). Again from (3.1), we have

(VuT)Z = (VeuDZ + (VeuT)Z,
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for Z e I'(TMp) and U € I'(TM). Taking the inner product with X € I'(TMr) and using (2.13), we obtain
9(VuDZ,X) = g(VeuTZ, X) - g(TVeuZ, X)
=9(VeuZ, JX) - 9(VeuX, TZ)
=—9(VeuJX, Z) - g(VcuX, TZ).

From (4.2), we get N
g(VuT)Z,X) = -(JX1In f)g(CU, Z) — (XIn f)g(CU, TZ)

=g(CU,Z)g(JVIn f,X) — g(CU, TZ)g(V In £, X),

which implies that N
(VuT)Z = g(CU, Z)JVIn f — g(CU, TZ)VIn f,

which is (4.4). Replacing Z by TZ in (4.3) and using Theorem 2.1 for pointwise slant submanifold Mg. Then
the above equation takes the form

(VuT)TZ = g(CU, TZ)JV In f + cos® Og(CU, Z)VIn f,
which is (4.5). Hence, the lemma is proved completely. [

In a sequel, now we prove characterization results in terms of the tensor fields.

Theorem 4.2. Let M be a pointwise semi-slant submanifold of a Kaehler manifold Muwith pointwise slant distribution
DY is integrable. Then M is locally a warped product submanifold if and only if

(VuT)V = (JBVA)CU — (BVA)TCU + g(CU,CV)JVA — g(CU, TCV)VA, 4.7)
for each U,V € T(TM) and a C*-function u on M with ZA = 0 for each Z € T(DP).

Proof. Suppose that M be a warped product pointwise semi-slant submanifold of a Kaehler manifold M.
Then using (3.1), we obtain

(VuT)V = (VuT)BV + (VyT)CV,

for U, V € I'(TM). Thus the first part directly follows by Lemma 4.3 (4.3)-(4.4) in the above equation. Let us

prove the converse part that M be a pointwise semi-slant submanifold of a Kaehler manifold M such that
the given condition (4.7) holds. It is easy to obtain the following condition

(VxT)Y = 0.

by consider U = X and V = Yin (4.7), for X, Y € [(D). Taking the inner product with TZ € I'(D?) and using
(2.13), we derive

g(VxJY, TZ) = g(TVxY, TZ).

Since TZ and Y are orthogonal then from property of Riemannian connection and from (2.6), we derive
9(VxTZ,]Y) = —g(VxY, T?Z).
From the covariant derivative of an almost complex structure | and Theorem 2.1, it is easily seen that
J(VxDTZ,Y) - g(VxJTZ,Y) = cos? 89(VxY, Z).
Thus using the structure equation of Kaehler manifold and (2.5)(i), we arrive at

g(VxT2Z,Y) + g(VxFTZ,Y) = cos? 6g(Vx Y, Z).
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Then using Theorem 2.1, in the first part of the above equation for pointwise slant function 6 and also from
(2.3)(ii), we obtain

sin20X(0)g(Z,Y) — cos* 09(VxZ,Y) = g(h(X,Y), FTZ) + cos* 0g9(VxY, Z),

which implies that
g(h(X,Y),FTZ) = 0.

Itisindicates that i(X,Y) € T'(v) forall X, Y € T'(D). Then from Theorem 3.1, i.e., the distribution D is defines
a totally geodesic foliations and its leaves are totally geodesic in M. Furthermore, weset U = Zand V = W
in (4.7), we derive

(VZzD)W = g(Z, W)JVA + g(TZ, W)V A

for Z, W € T(D9). Taking the inner product with X € I'(D) and using (2.5)(i), we obtain
g(VzTW, X) = g(TVW, X) = =(XA)g9(Z, TW) — (JXA)g(Z, W).

By hypothesis of the theorem, as we have considered that the pointwise slant distribution is integrable. It
is obvious that, let My be a leaf of D? in M and h? be the second fundamental form of My in M. Then

g(h°*(Z, TW), X) + g(h°(Z, W), ]X) = =(XA)g(Z, TW) = (JXA)g(Z, W). (4.8)
Replacing W by TW and X by /X in (4.7) and from the Theorem 2.1, we derive
—cos® 0g(h°(Z, W), JX) — g(h°(Z, TW), X) = cos* O(JXA)g(Z, W) + (XA)g(Z, TW). (4.9)
Thus from (4.8) and (4.9), it follows that
sin? 0g(h°(Z, W), JX) = —sin*0(JXA)g(Z, W).

which implies that
g(h*(Z, W), ]X) = =(JXA)g(Z, W).

From the gradient definition. Finally, we get
Wo(Z, W) = —g(Z, W)V A,

From the above relation, we conclude that Mj is totally umbilical in M such that H ® = _VA is the mean cur-
vature vector of My. Now, we can easily show that the mean curvature vector HY is parallel corresponding
to the normal connection V’ of My in M. This means that My is an extrinsic spheres in M. Hence from result
of Hiepko (cf. [16]), M is called a warped product submanifold of integral manifolds Mr and Mg of D and
DY, respectively. Its complete proof of the theorem. [

Theorem 4.3. Let M be a pointwise semi-slant submanifold of a Kaehler manifold M such that the pointwise slant
distribution DO is integrable. Then M is locally a warped product submanifold if and only if

(VuF)V = fi(U, BV) - (U, TCV) — (BVA)FCU (4.10)
for each U, V € T(TM) and a C®-function u on M with ZA = 0, for each Z € T(D?).

Proof. From the first case, suppose that M be a warped product pointwise semi-slant submanifold in a
Kaehler manifold M. Then using (3.1) in (VyF)X, we derive

(VuF)X = (VauF)X + (VeuF)X,
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for U € I'(TM) and X € I'(TMr). The first term of the above equation identically zero by using the fact that
M is totally geodesic on M. Last term follows from (2.14) and (4.2), we obtain

(Vub)X = —=FVeuX

= —(XIn f)FCLUL (4.11)

From (2.15)(b), we derive _
(VuF)Z = fi(U,Z) - (U, TZ), (4.12)

for Z € I'(TMp). Furthermore, again from (3.1), we obtain
(VuE)V = (VyE)BV + (VyF)CV. (4.13)

Hence, from (4.11), (4.12) in (4.13), we get desired result (4.10).

Conwversely, suppose that M be a pointwise semi-slant submanifold of a Kaehler manifold M with
integrable distribution DY and (4.10) holds. Then for X, Y € I'(D), it follows from (4.10), we get —FVxY =0,
which implies that VxY € I'(D), thus the leaves of D are totally geodesic in M. On the other hand, the
pointwise slant distribution D? is assumed to be integrable. Then we can consider My to be a leaf of DY
and h? be the second fundamental form of immersion into M. Thus replacing U = Z and V = X, in (4.10)
for Z € T(DY) and X € I'(D) and using the fact that CX = 0, we derive

(VzE)X = —(XA)FZ. (4.14)

Taking inner product in (4.14) with FW for W € I'(D?) and using relation (2.18), then equation (4.14) can be
modified as: _
g((VZF)X, FW) = —sin? O(XA)g(Z, W).

Apply (2.14) in left hand side in the above equation, we obtain
g(=FVzX,FW) = —sin? O(XA)g(Z, W).
Thus by virtue (2.18) and definition of gradient of In f, we arrive at
—sin? 0g(VzX, W) = —sin? 0g(VA, X)9(Z, W),

which implies that
g(h°(Z, W), X) = —g(X, VA)g(Z, W).

Finally, we obtain
ho(Z, W) = —g(Z, W)VA.

The above relation shows that the leaf My ( of DY) is totally umbilical in M such that H? = -V, is the mean
curvature vector of My. Moreover, the condition ZA = 0, for any Z € (D% implies that the leaves of Do
are extrinsic spheres in M, i.e., the integral manifold My of D? is totally umbilical and its mean curvature
vector is non zero and parallel along Mp. Thus from result of Hiepko (cf. [16]), i.e., M = Mt X M is locally
a warped product submanifold, where My is an integral manifold of D and f is a warping function. It
completes proof of the theorem. [

5. Inequalities for Warped Product Pointwise Semi-slant Submanifolds

In this section, we construct some geometric properties of the mean curvature for warped product semi-
slant submanifolds and using these result to derive a general inequality for the second fundamental form in
terms of Chen’s invariants. Similar inequality has been obtained in [22] for the squared norm of the second
fundamental form for warped product submanifolds such that the base manifold is invariant (holomorphic)
submanifold of a Kenmotsu manifold.
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Let¢p: M = M; X £ M, — M be isometric immersion of a warped product M; X f M, into a Riemannian
manifold of M of constant section curvature c. Let n1, n, and n be the dimension of My, M, and M; Xf M»
respectively. Then for unit vector X, Z tangent to M;, M, respectively, we have
1
f

If we consider the local orthonormal frame {ey, e;....... ey) such that ey, e;.....e,, tangent to My and e, 41....... en
are tangent to M. Then in view of Guass equation (2.7), we derive

K(X A Z) = g(VzVxX = VxVzX, Z) = Z{(VxX)f - Xf}. (5.1)

2m
p(TM) = p(TM) + Y Y (i = ()P, (52)
r=1 1<i#j<n

for each j = n; + 1....n. Now we are ready to prove the general inequality. For this we need to define a
frame and obtain some preparatory lemmas. To prove the general inequality, we need the following frame
fields and some preparatory results.

Let M = Mt X¢ Mg be an n = n; + npy-dimensional warped product pointwise semi-slant submanifold

of a 2m-dimensional Kaehler manifold M such that dim Mt = ny = 2dy and dimg Mg = np, = 2d,. Let us
consider the tangent spaces of My and My by D and DY respectively. Assume that {e1, ez, , €4, €441 =
Jei, -+ ,e2s, = Jeq,} is a local orthonormal frame of D and {exs,+1 = €], , €244, = e;z,ezd1+d2+1 = e;z =
secO0Tey, -+, en4n, = €, = S€C GTe;‘iz} is a local orthonormal frame of D?. Thus the orthonormal frames of
ihe normal sub bundles, FDY and VI respectively are,{e,1 = €1 = csc OFe}, -+ en+a, = e4, = CSC OFe], entiy+1 =
eq,+1 = cscOsec OFTe), - -+, ey124, = €24, = csC O s€C QFTe;lZ} and {e;2d,41,°** , €2m)-

Lemma 5.1. Let M be a non-trivial warped product pointwise semi-slant submanifold of a Kaehler manifold M. Then

g(h(X, X),FZ) = g(h(X, X),FTZ) = 0, (5.3)
g(h(JX, ]X),FZ) = g(h(JX, ] X), FTZ) = 0, (54)

forany X e I(TMr), Z € I'(TMpg) and & € T(v).
Proof. From relation (2.3), we have
g(h(X, X),FTZ) = g(VxX,FTZ) = —g(VxFTZ, X).
Thus from relation (2.5) and the covariant derivative of almost complex structure J, we obtain
9(h(X, X),FTZ) = g(VxTZ,JX) + g(Vx])TZ,X) + g(VxT*Z, X),

Using the structure equation of Kaehler manifolds and Theorem 2.1 for pointwise semi-slant submanifold,
we get
gh(X, X),FTZ) = —g(Vx]X, TZ) + sin20X(0)g9(Z, X) — cos? 09(VxX, Z)

Since, Mr is totally geodesic in M, with this fact we get result (5.3). On other part, interchanging Z by TZ
and X by [X in the above equation we get the required result (5.4). Now for (5.5), from Kaehler manifold,

we have VxJX = [VxX, this relation reduced to
VxJX +h(JX, X) = [VxX + Jh(X, X).
Taking the inner product with J& in the above equation for any & € I'(v), we obtain

g(h(JX, X), J&) = g(h(X, X), &). (5.6)
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Interchanging X by /X in (5.6) and making use of (2.1)(i). Furthermore, the fact v is an invariant normal
bundle of T*M under an almost complex structure J, we get

—9(h(X,]X), J&) = g(h( X, ]X), ). (5.7)
From (5.6) and (5.7), we get (5.5). Its complete proof of lemma. [

Lemma 5.2. Let gb be an isometrically pointwise immersion ({) M = Mt Xy Mg — M such that M is invariant
submanifold of M and My is pointwise slant submanifold of M. Then the squared norm of mean curvature of M is

given by
1 2m 9
IHIP = — ) AT —— A

r=n+1
where H is the mean curvature vector. Moreover, and ny, ny, n and 2m are dimensions of M, Mg, Mr Xy Mg and
M respectively.

Proof. From the definition of the mean curvature vector, we have

2m

1 r r
IHIP = — Y Uy + o+ )2,

r=n+1

Thus from consideration of dimension n = 1y + 1y of Mt Xy Mg such that n; and 1, are dimensions of Mr
and Mp respectively, we arrive at

2 r r r\2
|[H||* = Z (h . nlnl + hn1+1n1+1 +-+ hnn) .

r=n+1

Using the frame of O and coefficient of 71; in right hand side of the above equation, we get

2
r — r . r r . s s
Tt hnn) = (hll ey Ay gt Mag0a F g e

(g 4+ I+

nim np+1n+1

From the relation hlfj = g(h(ei ej),e;) , for1 <i,j<nandn+1 <r < 2m and frame for D, the above equation

take the form

2
r r r
(h11 +echy g, R T h,m)

nym

= {g(h(el/ el)r e}’)+ ""+g(h(ed1/ed1)r e?)+g(h(]el/]el)r e?’)+ e +g(h(]ed1r]ed1 )/ eV) + ""+h;1+1n1+1 R +h}r’m}2' (58)

It well known that e, belong to normal bundle T-M for ever r € {n + 1---2m}, it mean that there two cases
such that e, belong to F(TMg) or v.

Case 1: If ¢, € T(FDY), then from using frame in (5.6) of normal components for pointwise slant distribution
DY which is defined in frame. Then equation (5.8) can be written as

Ho+-h L, +h ~+h;n2
(i )

nim ni+1n+1 +-

= { csc Og(h(er, er), Fey) + .. + csc Og(h(es,, edl,Pegz) + csc Osec Og(h(er, e1), FTe])
+---+cscOsecOg(hes, eq), FTeZZ) + csc Og(h(Jey, Jer), Fep) +
-+ csc Og(h(Jeq,, Jea,), Fez,z) + csc O sec Og(h(Jey, Jer), FTey) +

-+ csc O sec Og(h(Jeq,, Jea,), FTey)) + n

ny+1np+1 +-

-+ h;n}z.
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Now from virtue (5.1) and (5.2) of Lemma 5.1, finally we get

By 4 My + 1y + o ) = () + o+ )% (5.9)

ning n

Case 2: If ¢, € I'(v), then from relation (5.4) of Lemma 5.1, the equation (5.8) simplifies as

2
r r r s
(h11 + oo h + hn1+1;11+1 +-o+ h,m)

niny

2
= {g(h(el,el), er) + -+ ghlea,), eq,) e) — glhler, e1), ) -+ — glh(ea,, ea,), ) + -+, g+ + h;n} ,
which implies that

(Mg M 4T g+ ) = (s + -+ ) - (5.10)

nin n n

From (5.7) and (5.9) for every normal vector e, belong to the normal bundle T*M and taking the summing,
we can deduce that

2m 2m

2 2
T T r r —_ r . r
z . (hll +- 'hmnl + hn1+1n1+1 Tt hnn) = 2 (hn1+1n1+1 + + hnn) .

r=n+1 r=n+1
Hence, the above relation proves our assertion. It completes proof of the lemma. [
Theorem 5.1. Let ¢ : M = My Xy Mg —> M be an isometrically immersion of an n-dimensional non-trivial warped

product pointwise semi-slant submanifold M into 2m-dimensional Kaehler manifold M such that Mg is pointwise
slant submanifold and Mr is invariant submanifold of M. Then

(i) The squared norm of the second fundamental form of M is given by

ﬂsz
f i

i1 > 2| p(TM) — p(TMr) — p(TMe) ~ (5.11)

where ny is the dimension of pointwise slant subamnifold M.
(ii) The equality holds in the above inequality, if and only if Mr is totally geodesic and My is totally umbilical
submanifolds of M.

Proof. Putting X = W =¢;, and Y = Z = ¢; in Gauss equation (2.7), we obtain
R(e;, ej,ej,e) = R(e;, ej,ej,e;) + g(h(ei, e;), h(ej, er) — g(hie;, e.), hiej, e))).
Over 1 <i,j < n(i # j), taking summation in above equation, we obtain
2p(TM) = 2p(TM) — n?||HIP* + ||AIP*.
Then from (2.11), we derive
nm n
P = n?IHI? +25(TM) =2 )" )" K(e: Ae) = 2p(TMz) = 20(TMo).
i=1 j:n1+1
The fourth and fifth terms of the above equation can be obtained by using (5.2), then we get

n n
12 = n?|[HI? + 2p(TM) — 22 Z K(e: Aej)

i=1 j=nm;+1
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2m 2m
—2p(TMr) -2 (i, — (W) — 2p(TMp) — 2 (W hy, — )2). (5.12)
ol P
r=n+1 1<i#t<m r=n+1ni+1<j#l<n

Now we using the following formula obtained by Chen (cf. [10]) for general warped product submanifold,

ie.,
Zl“ Z K(e,/\ej):g.

i=1 j=l’l1 +1

Then equation (5.12) implies that

— A —
IR = n?IHIP + 2p(TM) — 2n2f Lo 2p(TMo)

2m
~2p(TMy) -2 Z Y -y -2 )Y - ()P,
r=n+1 1<i#t<m r=n+1n;+1<j#l<n

We adding and subtracting the same terms in the above equation, we find that

2Af

n —
(1l = n?|[HI 7 2p(TMr)
2m
-2 Z DG S o I (AR ()
r=n+11<i#t<m r=n+1
2m 2m
Y P )Y =2 Y Y = ().
r=n+1 r=n+1n1+1<j#l<n
The above equation is equivalent to the new form
— A ~
IIBIl* = n?|IH|I* + 2p(TM) — 2 2f ! = 2p(TMr)
2m  m 2m
w2 ) Y - Z(h e =2 )Y (- ),
r=n+11it=1 r=n+1 r=n+1m+1<j#l<n

Again we adding and subtracting the same terms for last term in the above equation. Then we modified as

Af 2m  m
f

111> = n?|IHIP + 2p(TM) ~

r=n+1it=1
2m 2m
= N gy P = Y (O P ()P)
r=n+1 r=n+1
2m
YT A Y P O
r=n+1n1+1<j#l<n r=n+1

After using the Lemma 5.2. The above equation turn into the new form, i.e.,

f 2m  m 2m

2 = 2p(TM) — an — 2p(TMyg) = 2p(TM7) +2 Y Y ()2 +2 ) Z ()2, (5.13)

r=n+11it=1 r=n+1 jl=n;+1
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Thus the equation (5.13) implies the inequality (5.11). If equality sign in (5.11) holds if and only if we have

2m  m

M) Y Y (e e, e))? =0,

r=n+11it=1

2m

@) Y. ). (glhtej,er),en)) =0. (5.14)

r=n+1 jl=n;+1

As the fact that My is totally geodesic in M, from (5.3) and (5.4), it implies that My is totally geodesic in M.
On the other hand, (5.14) implies that i vanishes on D?. Moreover, D is a spherical distribution in M, then

it follows that My is totally umbilical in M. Its complete proof of the theorem. O

Now, we are able to prove the following theorem by using the above result for a complex space form as
follows:

Theorem 5.2. Assume that ¢ : M = Mt Xy Mg — M be an isometrically immersion of an n-dimensional non-

trivial warped product pointwise semi-slant submanifold M into a 2m-dimensional complex space form M(c) with
constant holomorphic sectional curvature ¢ such that Mg is a proper pointwise slant submanifold and Mr is an

invariant submanifold of M. Then

(i) The squared norm of the second fundamental form of M is given by
nic
1P > 2no{ IV (in PP + == = Aln f)) (5.15)

where 1, is the dimension of pointwise slant subamnifold M.
(ii) The equality holds in the above inequality if and only if Mr is totally geodesic and My is totally umbilical
submanifolds of M. Moreover, M is minimal submanifold in M.

Proof. The Remannian curvature of complex space form with constant holomorphic sectional curvature ¢
is given by

forany X,Y,Z, W € F(TM). Now substituting X = W =¢; and Y = Z = ¢; in the above equation, we get

Reexej g en) = ${a(eedgles e)) = glei,e)gleire)) + gles, Jeaies,e) - glei Jedate, Jep) + 29 (Jej ).

Taking summation over basis vector of TM such that 1 <i # j <, it is easy to obtain that

25(TM) = i(n(n ~1)+3 Y F(Te, e]-)). (5.16)

1<i#j<n

Let M be a proper pointwise semi-slant submanifold of complex space form M(c). Thus we set the following
frame, i.e.,

e1,ex = Jey, - - ex-1, €, = Je2d,-1,
€2d;+1,€2d,+2 = S€C OTerq, 11, - - - €24, 24,1824, 124, = S€C OTey, 1.

Obviously, we derive
gz(]ei,ei+1) =1, foriefl,...2dy -1}
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=cos*0 for i€ {2d; +1,...2d; +2dp — 1}.

Thus it is easily seen that

n
Z P (Tei ej) = 2(dy + dy. cos 6). (5.17)
i,j=1
From (5.16) and (5.17), it follows that

2p(TM) = zn(n 1)+ %(d1 + dy cos 6). (5.18)
Similarly, for TMr, we derive
2p(TMr) = £ (1 = 1) +3m] = 2 [ms(m +2)]. (5.19)
Now using fact that IITII? = ny.cos%6, for pointwise slant submanifold TMg, we derive
25(TMp) = 2 [112(12 ~ 1) + 312 co5” 6] = i |13+ ny(3cos? 6 - 1)]. (5.20)

Therefore using (5.18), (5.19) and (5.20) in (5.11), we get the required result and the equality case directely
comes from Theorem 5.1(ii). It completes proof of the theorem. [

Corollary 5.1. Assume that ¢ : M = Mr Xy M, — M be an isometrically immersion of an n-dimensional non-
trivial CR-warped product submanifold M into a 2m-dimensional complex space form M(c) with constant holomorphic
sectional curvature ¢ such that M, is totally real submanifold and My is invariant submanifold of M. Then

(i) The squared norm of the second fundamental form of M is given by

ninpc 2mAf
2 f 7
where ny is the dimension of totally real submanifold subamnifold M, .

(ii) The equality holds in the above inequality if and only if Mt and M, are totally umbilical and totally geodesic
submanifolds of M, respectively. Moreover, M is minimal submanifold M.

Ik > (5.21)

Proof. The proof follows from the Theorem 5.2, if the slant function 6 becomes globally constant and using
0 = 7, for totally real submanifolds, we get required result. [J

6. Applications to Compact Warped Product Submanifolds in Complex Space Forms

Theorem 6.1. Let M = Mt Xy Mg be a compact warped product pointwise semi-slant submanifold of complex space

form M(c). Then M is a Riemannian product if

ni.np.c
2 4

where ny and ny are dimensions of Mr is invariant and Mg is proper pointwise slant submanifolds, respectively.

17 = (6.1)

Proof. Let us consider that, the inequality holds in Theorem 5.2, we get

ninac
2

From the integration theory on manifolds, i.e., compact orient-able Riemannian manifold without boundary
on M, we obtain

+m|IVIn fI? = ||h]* < noA(In f). (6.2)

f (1’[17’12(3 " n2||V1nf||2 _ ||h||2)dV < nzf A(lnf)dV =0.
M 2 M
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If the following inequality holds

2 ninscC
A" > ——.

Then
f(llVlnfllz)dV <0.
M

Since integration always be positive for positive functions. Hence, we derive ||V In f||> < 0, but[[VIn f|* > 0,
which implies that VIn f = 0, i.e., f is a constant function on M. Thus M becomes simply Riemannian
product manifold. [J

Theorem 6.2. Let M = MrX Mg bea compact warped product proper pointwise semi-slant submanifold in a complex
space form M(c) such that Mr is invariant submanifold of dimension ny and My is pointwise slant submanifold of
dimension ny in M(c). Then M is simply a Riemannian product if and only if

ni 15)

Y Y e el = =, (63)

i=1 j=1
where O is a real value function define on T*M is called a slant function and h,, is a components of h in T (v).

Proof. Suppose that the equality sign holds in (5.15), then we have

ny.mnp.C
(D, D)IP + 11D, D) + 21D, D)I? = % +2mo{[IVIn f]? = A(In f)}.

Following the equality case of the inequality in (5.15) implies from Theorem 5.2 (ii) that Mr is totally
geodesic in M and this means that h(e;, e;) = 0, for any 1 < i,j < 2d;. Also and Mp is totally umbilical

submanifolds into M and it can be written as h(e;, e;) = gle;, e;)H, for any 1 < t,s < 2d,. Since M is minimal

submanifold in M by hypothesis, then its mean curvature vector H identically zero, i.e., H = 0. Hence
h(e;, e;) =0, forevery 1<t,s < 2d, by minimality of Mr.Thus above equation takes the new form

ni.ns.c
D728 _ o Adn f) + (D, DOYP = na|V In £,

Suppose that M is compact submanifold, then M is closed and bounded. Hence taking integration over the
volume element dV of M and from (2.21), we derive

ni.nmyp.c

—==)dV = | D, DO)I? + na|VIn f|* |4V (6.4)
M 4 M

Let us assume that X = ¢;and Z = ¢j for 1 <i <nj and 1 < j < ny, respectively, then we have

n+np 2m

h(ei,e) = Z g(h(ei ej), er)er + Z g(h(ei, ej), er)er.

r=n+1 r=n+ny+1

The first term in the right hand side of the above equation is FD%-component and the second term is
v-component. Taking summation over the vector fields on M7 and Mg and using adapted frame fields, we
get

n - Ny

Z Z g(h(ei,ej), hei e)) =

i=1 j=1
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d1 dz dl dZ
= s 6 Z Z g(h(e;, €), Fep)? + csc? Osec? 0 Z Z g(h(e;, Te}), Fe,)
i=1 jk=1 i=1 jk=1
d1 dz dl dZ
+ csc? Osec? 6 Z Z g(h(pe;, e;),FTeZ)Z + csc? Osec’ 6 Z Z g(h(Je;, e;), FTe,*f
i=1 jk=1 i=1 jk=1
dl dz dl dZ
+esc?Osect 0) " g(h(Jei, Te), FTe,? + esc® 0sec? 0 ) . Y g(h(Jei, Te)), Fep)*
i=1 jk=1 i=1 jk=1
di  dy d dy n My 2m
+cs20 Z Z g(h(Jei,€), Fe)? + csc? Osec* 0 Z Z g(h(e;, Te:), FTe))* + Z Z Z g(hle ), e).
i=1 jk=1 i=1 jk=1 i=1 j=1 r=n+ny+1

Then using Lemma 4.1, we derive

(D, DO = na(esc? 0 + cot? O)IVIn fIF + Y Y lules eI (6.5)
i=1 j=1
Then from (6.4) and (6.5), it follow that
Shv n1.15¢
f Z Z Il (ei, e;)I2 + 212 cof? OV In fIP*|dV = f (5 )av, (6.6)
M %=1 j=1 M 4

If (6.3) is satisfied, then (6.6) implies that f is constant function on proper pointwise semi-slant submanifold
M. Thus M is a Riemannian product of invariant and pointwise slant submanifolds Mt and My respectively.
Conversely, suppose that M is simply a Riemannian product then warping function f must be constant, i.e.,
VIn f = 0. Thus from (6.6) implies the equality (6.3). Its complete proof of the theorem. [J

We immediately obtain the following corollaries by using 6 = 7, for totally real submanifold as:

Corollary 6.1. Let M = Mt Xy M, be a compact CR-warped product submanifold of complex space form M(c). Then
M is a Riemannian product if
ni.Mmp.Cc

2>
1721 =2 >

where ny and ny are dimensions of Mt and M, respectively.

Corollary 6.2. Let M = Mr Xy M, be a compact CR-warped product submanifold in a complex space form M(c)

such that Mr is invariant submanifold of dimension ny and M, is totally real submanifold of dimension n, into M(c).
Then M is simply a Riemannian product if and only if

n N2

Y. Y el =
i=1 j=1

where h, is a components of h in T'(v).
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