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Abstract. Upon prior investigation on statistical convergence of fuzzy sequences, we study the notion
of pointwise af-statistical convergence of fuzzy mappings of order y. Also, we establish the concept of
strongly af-summable sequences of fuzzy mappings and investigate some inclusion relations. Further, we
get an analogue of Korovkin-type approximation theorem for fuzzy positive linear operators with respect
to af-statistical convergence. Lastly, we apply fuzzy Bernstein operator to construct an example in support
of our result.

1. Introduction

The concept of statistical convergence for sequence of real numbers was defined by Fast [8] and Steinhaus
[24] independently in 1951. Statistical convergence has recently became an area of active research. Over
the years, researchers in statistical convergence have devoted their effort to approximation theory, Fourier
analysis, number theory, measure theory, trigonometric series and Banach spaces [4, 15-18]. It is well-
known that every convergent sequence is statistically convergent but converse is not always true. Also,
statistically convergent sequence do not need to be bounded. So, this type convergence is quite effective in
approximation theory. First we recall the following definitions:

Let K be a subset of IN, the set of natural numbers and K,, = {k <n : k € K}. The natural density of K
is defined by 6(K) = lim,, %lKnl provided it exists, where |K;| denotes the cardinality of set K,,. A sequence
x = (xi) is called statistically convergent (st—convergent) to the number ¢, denoted by st —lim x = ¢, for each
€ >0, the set K. = {k € IN : |x; — £| > €} has natural density zero, that is

1
Iim —|{k<n:|x—€ =€} =0.

n—oo 11

The idea of af—statistical convergence was introduced by Aktuglu in [1] as follows:
Let a(n) and B(n) be two sequences of positive number which satisfy the following conditions:

(i) a and p are both non-decreasing,
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(ii) p(n) = a(n),

(iii) B(n) —a(n) — o0 asn —> co.

Here, the set of pairs (a, ) satisfying (i)-(iii) will be denoted by A. For each pair (a,8) € A, 0 <y <1 and
K c N, we define the density 5*P(K, y) in the following way

KnpY
5*F(K,y) = lim

ap _
i B —am . E = lal, D).

A sequence x = (x) is said to be af—statistically convergent of order y to the number ¢, if, for each € > 0,

ke P - >
6a,ﬁ({kepzfﬁi|xk—€|Ze},y)zgim |{ € Py Ix 5|>€}|

Se (B —am) + 1)y 0 O<y<1

and denote st’, — limx = £.

Recently, Karakaya and Karaisa [13] have introduced weighted af—statistical convergence of order y,
and proved Korovkin type approximation theorems through the weighted af—statistical convergence. Very
recently, Kadak [9] have introduced the concept of weighted statistical convergence involving af—statistical
convergence based on (p, g)-integers.

In this study, we introduce the notions of pointwise af-statistical convergence of order y and strongly

pointwise a)‘;i, (F)-summability (p € (0, o)) of fuzzy mappings. Furthermore, we establish some inclusion

relations and some related results using newly proposed methods. Based on af—statistical convergence,
some applications are investigated to obtain fuzzy Korovkin type approximation results.

2. Preliminaries, Background and Notation

In this section, we give some basic notations and fundemental results related to the fuzzy numbers
which will be used in this article.

A fuzzy number is a fuzzy set on the real axis, i.e., a mapping u : R — [0, 1] which satisfies the following
four conditions:

(i) uis normal, i.e., there exists an xy € R such that u(xy) = 1.
(ii) u is fuzzy convex, i.e., u[Ax + (1 — A)y] = min{u(x), u(y)} for all x, y € R and for all A € [0, 1].

(iii) u is upper semi-continuous.

(iv) The set [u]p = {x € R : u(x) > 0} is compact, (Zadeh [26]), where {x € R : u(x) > 0} denotes the closure
of the set {x € R : u(x) > 0} in the usual topology of R.

We denote the set of all fuzzy numbers on R by E! and called it as the space of fuzzy numbers. A-level set [u],
of u € E! is defined by

{teR:u(t)=A} , 0<A<L],
[ulr =
{fteR:u(t)>A} , A=0.

The set [u], is closed, bounded and non-empty interval for each A € [0, 1] which is defined by [u], :=
[u=(A),u"(A)]. R can be embedded in E?, since each r € R can be regarded as a fuzzy number 7 defined by

7@y:{é rXET

, X#ET.
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Theorem 2.1. [25] Let [u]y = [u=(A), u*(A)] for u € E' and for each A € [0, 1]. Then the following statements hold:
(i) The function u™ : [0,1] — R is a bounded and non-decreasing left continuous function on 10, 1].
(i) The function u*[0,1] — R is a bounded and non-increasing left continuous function on 10, 1].
(iit) The functions u~ and u* are right continuous at the point A = 0.
(iv) u= (1) < u*(1).

Conversely, if the pair of functions u~ and u* satisfies the conditions (i)-(iv), then there exists a unique u € E!
such that [u]y := [u™(A), u*(A)] for each A € [0,1]. The fuzzy number u corresponding to the pair of functions u~
and u* is defined by u : R — [0, 1], u(x) := sup{A : u= (1) < x < u*(A)}.

Let u,v,w € E! and @ € R. Then the operations addition, scalar multiplication and product defined on
E' by

udv=w < [w]y=I[ulr+][v])forall Ae]0,1]
o wA)=u"(A)+0v (A) and wH(A) = u"(A) + v (A) forall A €]0,1],
[a ®u]y = alu]y forall A €]0,1],
uv=we [wl) =[uly©v]) forall A €[0,1],

where it is immediate that

w (M) min{u~ (Ao~ (A), u”(A)o*(A), ut (Ao~ (A), ut(A)o* (1)},
wr(A) = max{u" (Ao (A), u” (A)o*(A), u™ (D)o~ (L), ut(A)ot(A)}

for all A € [0,1]. Also, for u,v € E', define u < v & u~(A) < v~ (A) and u*(A) < v*(A) forall A € [0,1].
Now, we can define the metric D on E! by means of the Hausdorff metric d as

D(u,v) := sup d([uly, [0]1) := sup max{ju™(A) — v~ (A)], [u* () = v (D)I}.
A€[0,1] A€[0,1]

It is noticed that (E!, D) is complete metric space (see [22]). Let f,g : [a,b] — E! be fuzzy number valued
functions. Then the distance between f and g is given by

D*(f,g) := sup sup max({|f~(A) — g~ (W)L I (1) = g*(D)I}.

A€[0,1] x€la,b]

3. Fuzzy Summability Results

In this section, we define pointwise af-statistical convergence and strongly pointwise a)gfﬁ (F)-summability
withy order for fuzzy mappings. Also, we examine some inclusion relations and some summbability results
for our new methods.

Definition 3.1. Let (o, ) € Aandy € (0, 1]. A sequence (ux) of fuzzy numbers is said to be pointwise af-statistically
convergent of order y to a fuzzy number € € E, on a set H, and denoted by st;fﬁ (F)-lim uy = u, if for every € > 0,

|tk € Py - D(ui(x), €(x)) > ¢ for all x € H)|

oKD, y) = Jim (B — al) + 17 =0

where Kp = {k : D(ux(x), €(x)) > € for all x € H}. For y =1, we write that u is pointwise af-statistically convergent
to ¢, and denoted by st*F(F)-lim uy = £.




A. Karaisa, U. Kadak / Filomat 31:12 (2017), 3749-3760 3752
That is, for every € > 0, we may write
(ke Py < ) - =) = e
(B(n) — a(n) + 1)

where K = {k : [u;:(A) — (*(A)] > &}. The set of all af-statistically convergent sequences of fuzzy numbers

of order y will be denoted by S;f’ﬁ (F).
In particular, by taking into account Definition 3.1 we give the following special cases:

6i’ﬁ (K5, ) = lim =0, uniformlyin A,

(a) Taking a(n) = 1, p(n) = nand y € (0,1] ie., PZ"B = [1,n]. In this case, pointwise af-statistically
convergence is reduced to ordinary statistical convergence of fuzzy numbers with y order . Similarly
take y = 1, then ap-statistically convergence reduces to the ordinary statistical convergence of fuzzy
numbers given in [20].

(b) Givennon-decreasing sequence (1,) of positive real numbers such thatlim, A, = 00, A1 =1, 4,41 < A,+1.
Then, if we take a(n) = n—A,+1, f(n) = nand y € (0, 1], pointwise af-statistically convergence reduces
to the A-statistical convergence of order y of fuzzy numbers defined by [6]. Analogously, take y =1
this convergence reduces to the A-statistical convergence of fuzzy numbers defined by [23] .

(c) Let 6 = (k;) be a lacunary sequence. If we take a(r) = k,—1 + 1, p(r) = k. and y € (0,1], pointwise
ap-statistically convergence can be expressed by lacunary statistical convergence of order y of fuzzy
numbers. Similarly, choose y = 1, this convergence reduces to the lacunary statistical convergence of
fuzzy numbers defined by [21].

Lemma 3.2. (see [1]) Given two subsets K and M of natural numbers and 0 < y < n < 1. The following statements
hold;

@ 6“F(0,y) = 0and 6*F(N,1) =1,

(b) if Kp is finite, then 6*F(Kp,y) =0,

(¢) if Kp C Mp, then 6*F(Kp,y) < 6*F(Mp,y) where Mp = {m : D(ux(x), {(x)) > € for all x € H},
(d) 5*F(Kp,n) < 6“P(Kp, ).

Lemma 3.3. Suppose that the sequence u = (uy) of fuzzy numbers converges to £ € E' in the ordinary fuzzy sense,
then st} (F)-lim uy = ¢.

Proof. The proof is straightforward, hence is omitted. [

Definition 3.4. Let (o, ) € A and y € (0,1]. Then a sequence u = (ux) of fuzzy numbers is said to be pointwise
ap-statistically Cauchy of order vy, if there exists a natural number N = N(¢g) such that

lim L {

S ke PP D(ue(x), un(x)) 2 & for all x € H}|} = 0 1)

for every € > 0.

Definition 3.5. A sequence u = (uy) of fuzzy numbers is said to be strongly pointwise af-summable of order y if
there is a fuzzy number € such that
1

Jim ) T T Z (D(ug(x), £(x))? = 0 for some € € EY, )
ki

P xeH

where p is positive real number and y € (0, 1]. The number € is unique when it exists. By wzﬁ,(F), we denote the set

of all strongly pointwise af-summable of fuzzy sequences of order y. In this case, we write a);f;(F)— limuy = £.
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Lemma 3.6. Let (a,f) € Aandy € (0,1]. Given two sequences (uy) and (wy) of fuzzy numbers and ug, wy € E'.

@ If st‘;ﬁ (F)-lim,, ux(x) = uo(x) and ¢ € R*, then

st‘;ﬂ (F) = lim cug(x) = cuo(x).

) If stifﬁ (F)-lim uy(x) = uo(x) and stjfﬁ (F)-lim wy(x) = wo(x), then
st;ﬁ (F) = lim(ui(x) + wi(x)) = 1o(x) + wo(x).
Proof. (a) Itis obvious that this case holds for ¢ = 0. Assume that ¢ # 0, then the following inequality holds:

|tk € Py - D(cug(x), cup(x)) > € . |tk € Py - D(ur(x), uo(x)) > & /c)]
(B(n) — an) +1)r - (B(n) — a(n) + 1)

)

We derive by passing to the limit in (3) as # — oo that

|tk € Py - D(cug(x), cup(x)) > ¢

(B(n) — a(n) + 1) — Oforall x € H.

Hence stiﬁ (F) — lim cuy(x) = cup(x).

(b) Let us assume that sif‘;,‘6 (F)-lim ug(x) = ugp(x) and st;'fﬁ (F)-lim wy(x) = wo(x). It is clear here that
D(uy(x) + wi(x), uo(x) + wo(x)) < D(ug(x), uo(x)) + D(w(x), wo(x))-

Therefore, we obtain

|{k € PZ’ﬁ : D(ug(x) + wi(x), ug(x) + wo(x)) > s}|

(B(n) — a(n) + 1)
. |tk € Py - D(ug(x), 1o(x)) = ¢/2}] N |tk € Py - D(wi(x), wo(x)) > &/2)|
B (B(n) — a(n) + 1)7 (B(n) — a(n) + 1)

Similarly, by passing to the limit in (4) as n — oo we get stzﬁ (F) — im(ug(x) + wi(x)) = up(x) + wo(x).
|

Theorem 3.7. Let y, 1 be real numbers such that 0 <y <n <1and 0 < p < co. Then, we have a);’;(l:) c Sf;’ﬁ(F).

Proof. Suppose that u = (1) € a)ffi,(F). For e > 0, we get

Y, D@ Y+ Y D), ()Y

Y D), ()

keP™? xeH kePf xeH kePf xeH
k:D(ug(x),L(x))>€ k:D(ug(x),l(x)) <€
> ) D), ()Y
keP™f xeH

FeD(ur(x),0(x))>€

|{k e P . D(u(x), €(x)) > e}| e 5)

v
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Using (5), we obtain

D), (@Y ke P - DGuy(), £0) = € ,,
Z (B(m) = a(m) + 17~ (B(n) — a(n) + 1)

keP™? xeH
X |{k e P . D(u(x), €(x)) > e}|
B (B(n) = a(n) + 1)1
This implies that u = (ux) € Sf]’ﬁ (F). O

er.

Theorem 3.8. Let (a, B), (Y, &) € A such that p(n) < a(n) and f(n) < En) foralln e N, and0 <y <n <1
(a If

() —a(m) + 1)
hﬂgﬁ((é(n) g+ 1)’7) >0 ©
then SY“(F) € SS*(F),
(b) If
o Em - v 41
P ((ﬁ(n) “a(n) + 1)’7) - ?

then S5 (F) C S (F).
Proof.
(a) Since Y(n) < a(n) and p(n) < &(n) for all n € N, we have
{k e Py D(ue(x), €(x)) 2 €, x € H} o {k € Py : D(uy(x), €(x)) 2 €, x € H}
By our assumption, we get B(n) — a(n) + 1 < &(n) — p(n) + 1 for all n € N. Using this fact, one can see that
e P D), €00 > ]| gty - oy + 1 [k € P < D), ) >
(&(n) —(n) + 1)1 — (&) = () + 1) (a(n) = B(n) + 1)7

for each x € H. Taking the limit of both sides of the aforementioned inequality as n — oo and by (6), we
have Si"*(F) € Sy* (F).

(b) Letu = (uy) € Sg’ﬁ(P) and (7) be satisfied. As (1) < a(n) and (1) < &(n) for all n € IN, we obtain

ke Py DOuet), €0 2 €| i) < k < am) — 1 : D(w(x), €0)) = e

(&(n) —P(n) + 1) N (&(n) —P(n) + 1)
[{an) <k < p(n) : D(ug(x), €(x)) > €} [{B(n) + 1 <k < &E(n) : D(ux(x), €(x)) > e}
(Em) — (m) + D1 ’ (Em) — (m) + D
o) - () £(n) = Bn) ’{k e P . D@uy(x), £(x)) > €, x € H}‘

< + +
(Em) =Y+ 1)1 (&) = P(n) + 1)1 (E(n) = () + 1)1
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(&) — () + 1) = (B(n) — a(n) + 1) . |{k € PyP D(ug(x), €(x)) > €, x € H}|
(&(m) — () + 1) (&(m) —y¢((n) + 1)
p(m+1 |{k € PP . D(ug(x), €(x)) > €, x € H}‘
“\(Bm) —a(m) + 1)1 ) (B(n) —a(n) + 1)

Taking the limit of both sides of above inequality as (1 — o0) and using (6), st‘;ﬁ (F)-lim ug(x) = €(x) on H, we
get stgé(F)-lim ur(x) = €(x) on H. Thatis u = (uy) € S:f’é(F). This step concludes the proof. O

Theorem 3.9. Let (a, B), (i, &) € A such that (n) < a(n) and f(n) < E(n) foralln € N, and 0 <y <n < 1.
@) Let (6) holds, then we have }5(F) C wyh(F).

(b) Let (7) holds and u = (ux) be bounded sequence of fuzzy mappings on H then, we have w;f;(l-") c wﬁ(F).
Proof.

(a) We can prove this part in a similar way used in the proof of Theorem 3.8(a).

(b) Letu = (uy) € a) (F) be bounded sequence of fuzzy mappings on H and (7) holds. Since (u) is bounded
sequence of fuzzy mapplngs on H, then there exists some M > 0 such that D(u(x), {(x)) < M for all k € N
and x € H. For a given € > 0, we obtain

Z D@u(x), ()Y _ Z D), (@)Y D(ui(x), £(x))”
(&(m) = () + 1)1 (&(m) = () + 1) ol (&(m) = () + 1)

kePtV, xeH keP!A\pF

((E(n) P(n)+1) - (B(n) a(n)+1))Mp 2 D(ug(x), €(x))"
(&(n) —P(n) + 1) (&) — () + 1)

_ ED Y D= () —a T 1)y Dl ()
< COETOrS L, ) - 900 + 17
En) = Pin) + 1 D(11y(x), €)Y’
((ﬁ(n) “a) T 17 1)M "t Y G

keP“f xeH

Since u € a);'f% (F), by passing to the limit as 7 — oo in the last inequality and by (7) we get u € w
wh(F) C why(F). O

,”,(F) Hence
Theorem 3.10. Lef (a, B), (Y, &) € A such that P(n) < a(n) and p(n) < E(n) foralln e N, and 0 <y <n<1.

(@) Let (6) holds, if a sequence u = (uy) of fuzzy numbers is strongly pointwise p&-summable to € € E' it is pointwise
ap-statistically convergent of order y to the same limit {.

(b) Let (7) holds and (uy) be a bounded sequence o fuzzy numbers, then if a sequence is pointwise af-statistically
convergent of order y to the fuzzy limit €, then it is strongly pE—summable to the same limit €.

i.e. if (k) € Coo(F) and st (F)-lim u = €, then w}5(F)- lim uy. = £.

Proof. (a) Let the condition (6) holds and a):/;f,(l-") —lim u; = €. Given a sequence (1) of fuzzy numbers and
¢ >0, we have

Y. D), €y = |{ke Py : D), €) = ef

kePﬁ," ’é, xeH
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Therefore, we obtain that

gp

D(u(x), ()Y '{k € Py’ Duy(x), £(x)) 2 e}'
Z Em) —ypm+11 — (&(n) = (n) + 1)1

£
keP;¥, xeH

((ﬁ(n) —a(m + 1)?) |{k e P : Dlne), ) 2 €] |
(&(n) —P(n) + 1)1 (B(n) — a(n) + 1) €

for each x € H. By passing to the limit as n — co in the last inequality and by (6), we obtain
st (F)-limuy = €.

(b) Consider st;‘ﬁ (F) — limuy, = € where (uy) is bounded and (7) holds. Then there exists some M > 0 such
that D(ux(x), €(x)) < M for all k € N and x € H. Since ¢(n) < a(n) and f(n) < &(n) we have

Z D(ui(x), £(x))
(&(n) = Y(n) + 1)1

D(uuy(x), £(x))? 2 D(uty(x), L))’
wepimopns COD =) + 1)1 (£01) = p(m) + 1)1

< ((E(n) —YP(n)+1) - (B(n) — a(n) + 1)”)Mp N Z D(ug(x), £(x))?
(Em) — Y(n) + )" -y (5 n) — P(n) + 1)1

(E(ﬂ) P(n) +1 1) M+ Z D(uk(X) f(X))” N Z D(ux(x), L))

kePi’#’, xeH

(B(n) — an) + 1)1 P T (B —a(m+1)1 = L4 () —a(n) + 1)1
Dl fse D)) <e
g ( Em-pm+1 1)Mp Mken? D, oy 2 e| g a1
(B(n) = an) + 1)1 (B(n) = a(n) + 1)7 (B(n) = a(n) + 1)7
S( Em -y +1 1)Mp . |{k e P2 - D), (@) z €| LSyl
Bn) — a(n) + 1)1 Bmn) —a(n) + 1) B(n) — a(n) +1)r

(023

foralln € N and x € H. Therefore w;, ;(F)- lim uy = £.

4. Some Applications

In this section, we get an analogue of fuzzy Korovkin theorem associating with af—statistical conver-
gence. Also, we apply classical fuzzy Bernstein operator to construct an example in support of our result.
For these type of approaches and related concepts, one may refer to [5, 14, 19]. Before proceeding further,
let us give some basic definitions and notations which will be used in this section.

Let f : [a,b] — E! be fuzzy number valued functions. Then, f is said to be fuzzy continuous at xo in
[a, 0] if and only if whenever x, — xp, then f(x,) = f(xo) as n — oco. Also we say that f is fuzzy continuous
if it is continuous at every point x € [a,b]. The set of all fuzzy-valued continuous functions on the interval
[a,] is denoted by Cg[a, b] [2]. Through the paper we denote [f]x = [}, f{]1and [f(x)]x = [f; (%), f; (¥)] for
all A €[0,1] and Vx € [a,b]

The space C#/[a, D] is only cone not a vector space and let L : C#[a,b] — Cla, b] be operator. Also L is
called fuzzy linear operator if for every v, u € R, f,g € C#[a,b] and x € [a, b],

Lo feuo f;x)=voL(f;x)®uoLg;x)
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holds. Then, L is said to be fuzzy positive linear operator if it is fuzzy linear and L(f;x) < L(g;x) holds
whenever for f,g € Cs[a,b] and x € [a,b], f(x) < g(x). Throughout the paper we use the test functions
filx) =x',i=0,1,2 for x € [a,D].

Theorem A [3] Let (L,),>1 be a of fuzzy positive linear operators from Cg[a,b] into itself. Assume
that there exists a corresponding sequence (L,),>1 of positive linear operators from Clg, b] into itself with
property

(La(f;20%) = La(f55) 8)
forall A € [0,1], Vx € [a,b], n € N and f € C#[a,b]. Assume that

lim |En(ei) —¢l =0, foreachi=0,1,2.

1n—00
Then, for all f € C¢[a, b], we have

lim D" (L,(f), f) = 0.

Similarly one can prove aff fuzzy statistical version of Theorem A. Now, we prove the following stronger
version of Theorem A with the help of fuzzy af-statistical convergence.

Theorem 4.1. Let (T)k=1 be a of fuzzy positive linear operators from Cg[a, b] into itself. Assume that there exists a
corresponding sequence (Ti)x=1 of positive linear operators from Cla, b] into itself with the property (8). Assume that

sty (F) = lim || Ti(e;) — eill = 0, for each i =0,1,2. 9)
Then, for all f € C¢[a,b], we have
st (F) - lim D" (Tx(f), f) = 0.

Proof. Let the conditions (9) hold, A € [0,1], Vx € [4,b], k € N and f € C#[a, b]. By fuzzy continuity of f at
x, it follows that, for given ¢ > 0, there exists 0 such that for all t € [a, b]

Ifi(t) — fi ()| < &, whenever Y|t —x| <. (10)
Since f is fuzzy bounded, we get |f;"(x)| < M}, a <x <b. Hence

Iff) = fix) <2M7, a <x,t<b. (11)
By using (10) and (11), we have

+

+ + ZM/_\ 2
|fj(t)—f;(x)|§£+?(t—x) , Y|t —x] < 6.

This implies that

+

* M
—e— — (=X < i) - i) < e+ (- x)

By using the positivity and linearity of [Ty}, we get

+
T A

2 T + + - ZMK 2
Tieo, )| ~& = —(t = x) ) < Tileo, ) (f(t) — (%)) < Tleo, %) (5 5 (t =) )

where x is fixed and so f;(x) is constant number. Therefore,
T ZM/T - 2 T ot + T
—eTk(eg, x) — ?Tk((t -x)°,x) < T(fi(),x) = fi(x)Ti(eo, x) < eTx(eo, x)

+

+ AT %P0,
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On the other hand

T(fE(E), %) = fE(x) = Te(FE(), %) = FE@TR(L, ) + fE@[Te(1, %) - 11.
Then, we get
= + + = ZMK = 2 + + ™
T, %) = fy (@) < eTiL, ) + —5=Til(t = 2)%, 2) + () + f @[ Ti(1, 2) — 1].

Let us compute second moment

Te((F—%)2,x) = Te(a®—2xt + 12 x)
X2Ti(1, %) — 2xTk(t, x) + Te(£, x)
= [Tk(tz,x) -x*]- 2x[Tk(t, x)—x]+ xz[fk(l,x) -1].

Using above equality, one can see that

+

To(f* + My = o 2 =
T(fy, 00— fid) < e+ ?{[Tk(t ,X) = x| = 2x[Ti(t, x) — x]

+32[Ti(eo, x) — 11} + FE()(T(1,x) = 1)
_ 2ME
= &Tu(1,x) -1+ e+ 5—2{[Tk(t2,X) —x7]
~2x[Ty(t, x) — x] + P[Ti(1, %) = 1]} + fE(x)(Te(1, x) = 1),
Because of ¢ is arbitrary, we obtain

+ +

i . L 2MEI) ~ 4Mic
ITe(fi, )= fi < e+ €+M1+6—2 |Tx(eo, x) — eol + [Ti(e1, x) — e

52
+
= _
+?|Tk(€2,x) — e
amp? AMb
62 7 62

where ¢ = max{|al, |bl}. Then, letting R3(¢) = max (E + M7+ ) and taking supremum over x € [a, b]

in the last inequality, we get

ITfD) = fE 1l < e+ RE(e){ll Teleo, ) = eo Il + | Tier, x) — e || + 1| Telea, %) — ez |l
(12)

Besides, it follows from (8) that
D" (Tx(f), f) Sl{l};l D (Tx(f(t); %), f(x))

sup sup max{ﬁk(f/\_(t)} X) = fy (%)
xela,b] A€[0,1]

sup max {Il T(fy) = fi I I Te(F) = £ 11} (13)

Ae[01]

To(f (1) - F1 ()

7

From (12) and (13), one can see that

D" (Te(f), f) < & + R(e) {Il Teleo, %) = eo Il + | Tees, ) —ex || + I| Tlea, x) = e2 Il
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where R(¢) = sup, max{|R} (¢)|, IR (e)l}. For a given ¢ > 0, choose a number ¢ > 0 such that ¢ < ¢'.
Then, setting

A = [k<n: DTN H2E),

A = {kSn:II Te(eo, %) = eo 12 3/1{(:)}
Ay = {kSn:II Ti(er, ) —e1 |12 3R(e§}
Ay: = {kSn:II Ti(ez, ) — ez |12 3R(§}

Then, A C A U A U As, so we have 6 (A) < 6*F(Ay) + 6*F(Ay) + 6*F(Asz). Thus, by condition (9), we
obtain stffﬁ(F) —lim, D* (Ti(f), f) = 0, whence the result. [
We remark that our Theorem 4.1 is stronger than that of Theorem A. For this purpose, we consider the

following example:
Let the sequence v = (vy) of fuzzy numbers defined by

o = { k 1<k<(Bn)—am)+1)7?, ”

1, otherwise,

where (B(n) — a(n) + 1)7/2 is the first integer in [a(n), B(n)]. Considering the sequence of fuzzy Bernstein
operators

F ™ (k i ki k
Bk(f,x):@(i)x(l—x) @f(;),

i=0

where Vx € [0,1], k € N and f € C#[0, 1]. This is a fuzzy positive linear operator and we write

k
{Bl(}:(f) X)}j = Ek(ff;x) = Z (];)xi(l _ x)k_if/\i (I;C),

i=0
where f* € C[0,1] for all A € [0,1]. Observe easily that (see [3])

k

Bi(eo;¥) =1, Bile;x)=x and Byleyx) =+

Considering the sequence {My) of positive fuzzy linear operators given by
M (fB;) = (1 @2 © B (f(1);). (15)

Using the facts that Mk( fiix) =0+ vk)Ek( fi;x)and st';fﬁ — limy vy = 0, we conclude that

sty (F) — lim|[IMy(L;2) ~ 1]l =0,
st;)fﬁ(F) - liyrln|)l\7[k(t;x)—xH:O,
sty (F) — lim||M(#%2) - 27| = 0.

So, by Theorem 4.1, for all f € C#[0, 1],
st (F) - lim D* (M7 (F), f)=0

However, the fuzzy sequence (vx)k>1 defined (14) is not fuzzy convergent, the sequence {Mk('r( £, ) =1
given by (15) does not satisfy the Theorem 4.1 for all f € C#[0,1].
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Concluding Remarks

In this article, certain results on statistical convergence of fuzzy mappings have been extended to the
ap-statistical convergence of order y. Given results in this article not only generalize the earlier works
done by several authors [7, 10, 11, 13, 21] but also give a new perspective concerning the development of
statistical convergence of fuzzy mappings and Korovkin type approximation theorems for fuzzy positive
linear operators. As a future work we will study the rates of a-statistical fuzzy convergence of the operators
by means of the fuzzy modulus of continuity.
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