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Abstract. In this paper, by making use of a certain family of fractional derivative operators in the complex
domain, we introduce and investigate a new subclass ¥, (k,6,7) of analytic and univalent functions in
the open unit disk U. In particular, for functions in the class #,(k, 6,), we derive sufficient coefficient
inequalities and coefficient estimates, distortion theorems involving the above-mentioned fractional deriva-
tive operators, and the radii of starlikeness and convexity. In addition, some applications of functions in
the class P ,(k, 6, ) are also pointed out.

1. Introduction
Let H be the class of functions which are analytic in the open unit disk
U:={z:zeC and |z|<1}.

Also let H[a, k] denote the subclass of H consisting of analytic functions of the form:

oo
f@)=a+ Z a]-zj = a4+ mz" + ap 2!

4+ ..,
j=k
We denote by A(k) the class of functions f(z) normalized by
f@y=z+ ) a7  (zeU keN:={1,23)), (1)

v=k+1
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which are analytic in the open unit disk U. In particular, we write
Al) = A.

Let S(k) denote the subclass of A(k) consisting of functions which are univalent in U. Then, by definition,
a function f(z) belonging to the univalent function class S(k) is said to be a starlike function of order «
(0 £ a <1)in U if and only if

f@

Furthermore, a function f(z) in the univalent function class S(k) is said to be a convex function of order a
(0 £ a <1)inin U if and only if

Zf”(Z)
f(@)
We denote by S*(k, @) and K'(k, @) the classes of all functions in S(k) which are, respectively, starlike of order

a(0=2a<1)inU and convex of order o (0 £ a < 1)in U.

Let P(k) denote the subclass of S(k) consisting of functions f(z) which are analytic and univalent in U
with negative coefficients, that is, of the form:

%(Zf/(z))m ZeU; 0a<1) @)

‘R(1+ )>0¢ (zeU; 02a<1). 3)

(o]

flz)=z- Z a,z" (zeU; a, 20). 4)

v=k+1

For 0 £ a <1 and k € N, we write
Pk, ) .= S*(k, ) N P(k) and Lk, a) .= Kk, a) N P(k). (5)

Chatterjea [3] studied the classes P*(k, &) and L(k, a), which are, respectively, starlike and convex of order
a in U. Subsequently, Srivastava et al. [12] observed and remarked that some of the results of Chatterjea
[3] would follow immediately by trivially setting

=0 (keN\{1}=1{2,3,4,---})
in the corresponding earlier results of Silverman [11, p. 110, Theorem 2; p. 111, Corollary 2] (see, for details,

[12, p. 117]).

The modified convolution of two analytic functions f(z) and ¢(z) in the class P(k) is defined by (see [10])

o)

f+y() =z~ Z ayAyz" =+ f(2),

v=k+1

where f(z) is given by (4) and (z) is defined as follows:

W(z) =z - Z Mz (A, 20; ke N). (6)
v=k+1

Definition 1. The fractional integral of order ¢ is defined, for a function f(z), by

_ 1 “ .
L) =t f OG-0 dg, )

where 0 £ ¢ < 1, the function f(z) is analytic in a simply-connected region of the complex z-plane C
containing the origin and the multiplicity of (z — {)<"! is removed by requiring log(z — C) to be real when
z—C>0.
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Here, and in what follows, we refer to 7; f(z) as the Srivastava-Owa operator of fractional integral.
Similarly, we have the following definition of the Srivastava-Owa operator of fractional derivative (see also

[7]).

Definition 2. The fractional derivative of order ¢ is defined, for a function f(z), by

D) = FS 5 { f f@E-0 gdc} ®)

where 0 £ ¢ < 1, the function f(z) is analytic in a simply-connected region of the complex z-plane C
Contalmng the origin and the multiplicity of (z — {)™¢ is removed as in Definition 1.

Now, by using Definition 2, the Srivastava-Owa fractional derivative of order n + ¢ can easily be defined
as follows:

DI f(z) := d {D f(2)} 0=¢<1; neNyp:=NU{0}=1{0,1,2,3,---}), )

which readily yields

WhE) = DEfE)  and DR = o L Bf@) O=c<).

Recently, by applying the Srivastava-Owa definition (9), Tremblay [6] introduced and studied an inter-
esting fractional derivative operator T, which was defined in the complex domain and whose properties
in several spaces were discussed systematically (see, for details, [5] and [6]).

Definition 3. For0<7<1,0<u <1 and 0 £ 7-pu <1, the Tremblay operator T of a function f € A
is defined for all z€ U by

_Tw
- I(0)

In the special case when © = u = 1in (10), we have
T fl2) = fG2). (1)

We note also that D] " represents a Srivastava-Owa operator of fractional derivative of order 7 —
(0 £ 7 — u < 1), which is given by Definition 2.

I f(z) 2D () (ze ). (10)

The main purpose of this paper is to present coefficient inequalities and coefficient estimates, distortion
theorems, and the radii of starlikeness and convexity, for functions belonging to the class #; ,(k, 6, ) which
we introduce in Section 2 below. We also consider some other interesting results involving closure and
convolution of functions in the class # ,(k, 6,7).

2. A Set of Main Results

In this section, we define a new analytic class - (k, 6, ) by considering the fractional derivative operator
given by Definition 3 and establish a sufficient condition for a function f(z) € (k) to be in the function class
Prulk,6,7). The following two lemmas will be needed in our investigation.

Lemma 1. Let the function f(z) defined by (4) belong to the class P(k) (k € IN). Then

T Z T ol o,

TR = T+ i@ "

where 0 <t<1, O<pusland OSt—pu<l
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Proof. By using Definition 3 and Definition 2, we find for z € U that

TS = o 2 2T £
11:2‘:; o [z - Vgh avzv]
- T 1w g [ZT - i;l avzm—l]
e [ B e

Z v+l (w) 2
F(v+y)l"(r) Wz

which proves Lemma 1. [J

Lemma 2. Let the function f(z) defined by (4) belong to the class P(k) (k € IN). Then

(o]

- T vI'(v + 7)I( y) v
(zﬁf(z) _p— Z (v+y)r(’c a,z" ! (ze W),

where 0 <t<1, O<pusland OSt—pu<l
Proof. By using Lemma 1 and the definition 9, we have

St ()

T vI'(v + 7)[( [,L) 1
U ZA F(v + I (za) i el

which evidently completes the proof of Lemma 2. [J

By employing Lemma 1 and Lemma 2, we now introduce a new class #. ,(k, 6, ) of analytic functions
in U as follows.

Definition 4. Let 0 <71, O0<p=1l 0=£6<1 and 0=y <1. A function f(z) belonging to the
analytic function class #(k) is said to be in the class P (k, 6, ) if and only if

F(u+DI(7) - - , .
(r(q:+—1)r(y)z [A-0)T f@) +25(T* f@) ]| >y (@eUt-u+y<1), (12)
where T is the fractional derivative operator in the complex domain in Definition 3.

2.1. A Theorem on Coefficient Bounds
Theorem 1. Let the function f(z) be given by (4). Then f(z) belongs to the class P, (k,0,y) if and only if

d+6v-0)Tv+I'(n+1) .
T+ @l(t + 1) asl-y (@200sy<]) (13)

v=k+1
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The result (13) is sharp and the extremal function f(z) is given by by

A=+ D
f@ =2 A se+ 1 2

where (A)x (A € C) denotes the Pochhammer symbol defined by

(ke IN), (14)

_T(A+k) _ *=0

(A = 0

AA+1) (A +k—1) (k € N).

Proof. Supposing first that f(z) € Pru(k, 6,y), we find from Definition 3 in conjunction with with Lemmas
1 and 2 that

g AT+ ) (15)

R1- T+ wI(z +1) v 4

v=k+1
If we choose z to be real and let z — —1, we have

= 1+ -0Tw+)l(u+1
( v )T+ Ol )a zy O0O<7t=£1L,0<pusl,

1= T(v+wI(t+1) V=

v=k+1

which readily yields the inequality (13) of Theorem 1.
Conversely, by assuming that the inequality (13) is true, we let |z| = 1. We then obtain

‘r(y +1)I(7)
I(c + DI ()

B Z d+6v-0)T(v+DI'(u+1) -1

2 A - )TH f(2) + 62 (T f2))] - 1‘

= av
e IF'v+wI(r+1)
< i 1+ 61;— 0) T(;+ "[)1;([,1 +1) oy 27!
LT T i)

which shows that the function f(z) is in the class #,(k, 6, 7).
Finally, it is easily verified that the result is sharp for the function f(z) given by (14). O

Corollary 1. Let the function f(z) given by (4) be in the class P (k,0,)). Then
(1 =)+

< X /A TR
ML= 1+ oK) (T + 1 17)
(k=IN\{1}=1{2,3,4,---};, 0<pu£1,,0<7t=L;0sy<1,026<1).
Corollary 2. The function f(z) € P(k) is in the class P1,1(k, 5, ) if and only if
Z(1+6v—6)11v§1—7/ 0<y<1;0<56<1). (18)

v=k+1

Corollary 2 was given by Altintas et al. [1]. In particular, it was given earlier for k = 1 by Bhoosnurmath
and Swamy [2] for k = 1 and by Silverman [11] fork =6 = 1.
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2.2. Distortion Theorems
Theorem 2. Let the function f(z) belong to the class P (k,0,7). Then

B (1 - (1 =B+ Di(p + D)k
a (1 + 0k) (a + (T + 1)k
< 3 )|

B g e LB+ D+
T (1 +6k) (a0 + Di(T + 1)

(zeU; 0<pu=£1,0<B=1; keNy.

(19)

Proof. By hypothesis, the function f(z) belongs to the class #,(k,6,y). Thus, clearly, we find from the
inequality (13) in Theorem 1 that

(e8]

(1 4+ 6k) (T + 1), i < (1+6v=08)T(v+1)0(u+1)

< a,, 20
ES T e Y ) 20)
which leads us to
(1 =)+
Zk‘ vE (1 + 0k) (T + 1)k (21)
O<p=s10<7t£L;,020<1;,0sy<1 keN).
Next, by the definition (10) and from (21), we have
) 17 p—a _pg—
Ih = aplm® 2871 f(z
f@ = rw> f@
Z I'v+ ﬁ)l"(a +1) .
Te+arg+n ™°
== [z - Z w()a, z"],
a v=k+1
where
_ (ﬁ + 1)1/—1 _
(U(V)—m (V—k+1,k+2,k+3, )
Since the function w(v) can be seen to be non-increasing, we get
(B + D
< = . 22
0<wl) 2wk+1) @) (22)

Thus, from the inequalities (22) and (21), we find that

|

2 - P [IZI lz['w(k + 1) i av)

v=k+1

S Elzl 1—|2f (B+ D (1 — )/)(H+1)k
=4 @+ D1+ 0k (T + 1)

w(k+1) i a,z"

v=k+1

ﬁmf&ﬂngd—

which proves the first part of the inequality (19). In a similar manner, we can prove the second part of the
inequality (19). O
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Theorem 3. Let the function f(z) bein the class P (k,0,y). Then

Z|k+1 (1 B V)(!l + 1)k <

|k+1 (1 B )/)(‘Ll + 1)k
1 +0k)(Tt+1) —

1= A+ 0kt + 1)

If@)] £ |zl + |z (23)

Proof. By using the same method as in Theorem 2, we have

f@ISE+ Y all

v=k+1
<+ Y a
v=k+1
< |Z| + |Z|k+1 (1 - Y)r(k +1+ /’L)F(T + 1)
= (1+0k)T(k+1+7)I'(u+1)
o1 (I -9)(p+ D
(1+6k) (T + 1)

=zl + |z (24)

and

1f(2)] 2 Iz] - |z ay
v=k=1
(I =)+ D

> _ k+1 A A
2 2l =l 1+ 0K (T + 1)

(25)
Consequently, from (24) and (25), we immediately get the inequality (23) of Theorem 3. O

Upon setting 7 = y = 1 in Theorem 3, we obtain the following corollary.

Corollary 3. If f(z) € Po(k,6,y) = P(k,0,7), then

1-y 1-y
_ k+1 _ T I< < k+1 —
|zl — 2| (1 +6k) <|f@| <l + 12 (1 +6k)

(zeU; 02y<1,0£0<1; keN).

Moreover, if T=p =1 and k=1 in Theorem 3, then we have the following known result (see [2]).

Corollary 4. If f(z) € Po(1,0,7) = P(0,), then

2| = Iz (1 ;g) <|f@)| < lel+ 12 (1%) ().

3. Radii of Starlikeness and Convexity

Theorem 4. If the function f(z) € Pru(k,0,y), then f(z) € P7 (k,6,y) inthedisk |z| <r1, where

— inf (1 -a)(1+06v—8)(v+7)['(u+ 1) 1/w=1)
r = { V-—a)1 =)+ wl(r+1) }

vk+1
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Proof. We must show that the condition in (3) holds true. Indeed, since

(o)
z— Y valzl

2@ 4| g v <l-a (zeU) (26)
/@) z— Y aylzl
v=2
and
Y w-aakT<1-a  (zeU), 27)
v=k+1
we find that
(V—O{)|Z|V_1 < (1+6V—6)F(V+T)F(}J+l) ( >k+1)
T-a - (1-)I+wl(+1) Ve g
that is, that

< I-a)1+ov-0I'(+1)(u+1) 1/(v-1)
i { v-a)d = +wl(r+1) } ’

which proves Theorem 4. [J

Corollary 5. If the function f(z) € P1,1(k,6,y), then f(z) is starlike of order « in the disk |z| < r,, where

{(1 —a)(1+6v— 5)}” o-1)
v-a)1-y) '
In its special case when k = 1, Corollary 5 was proven by Altintas et al. [1]. Moreover, Corollary 5 was

given earlier by Bhoosnurmath and Swamy [2] for k = 1 and a = 0, and by Silverman [11] when k = 1 and
o0=y=0.

79 := inf
vk

Theorem 5. If the function f(z) € P u(k,0,)), then f(z) € Kyu(k,0,y) in the disk |z| < r3, where

— inf (1 —a)(1+6v—6)[(v+ 1) (u+1)) """
13 1= Vg:—*—l{ v(v—a)(l- )/)F(V + [Ll)r(’l' +1) }

Proof. For the function f(z) given by (4), we must show that

zf"(2)

f@)

<l-a (z e U).

First of all, we find from (4) that

e8]

- Y vv-1az"!

2@ |
f'@ 1- f va,zV-1
v=k+1
Z V(V - 1)‘1\/|Z|V_1
v=k+1
1- Y vaz]-!
v=k+1
fl-a (ze ),
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if
Y v -DaT S (1-a) (1 -y vav|z|v-1J e, 28)
v=k+1 v=k+1

that is, if
Z V-l <1-a  (zeU). (29)
v=k+1

From the last inequality (29), together with Theorem 1, we thus find that

v(v —a)z]"! < 1+6v-0)T(v+l(u+1)
l-a) = A-PIE+wpwI(t+1)

vzk+1),

that is, that

(A=) +6v =9Iy + Ol + 1)
Hl= { vv—a)1 =)+ wI(t+1) } ’

which evidently proves Theorem 5. [

Corollary 6. If the function f(z) € Po(k,06,y), then f(z) is convex of order a in the disk |z| < r4, where

— inf {(1—a)(1+6v—5)}1/<v—1>

TR -1 -y)

vk+1

For k = 1, Corollary 6 was proved by Altintas ef al. [1]. Further special cases of Corollary 6 were given
earlier by Bhoosnurmath and Swamy [2] when k = 1 and o = 0, and by Silverman [11] for kK = 1 and
o0=y=0.

4. Further Results for the Function Class #,(k, 6, y)

In this section, we prove some results for the closure of functions and the convolution of functions in
the class P, (k, 6,7).

Theorem 6. Let each of the functions fi(z) and fo(z) given by

0o

h@) =z~ Z ay12" (4,02 0; ke N)

v=k+1

and

(o8]

hE) =z- Z 0,2 (1,02 0; keN)
v=k+1

be in the class P, (k,0,7). Then the function ®(z) given by

(e8]
O@) =25 Y (a1 +a,)7"
v=k+1

N~

is also in the class P (k,6,7).
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Proof. By the hypothesis that each of the functions f(z) and f»(z) is in the class - ,(k, 6,), we get

i 1+6v=8)T(v+7)l(u+1)

am é 1 - 30
T T I+ ! v (30)
and
= (1+0v—0)T(w+7)l(u+1)
< —
V-Zm T+ wI(z +1) w2 21-y, G

so that, obviously,

1 v (1+6v—=08)T(v+7)(u+1)
D B2 i ran <17, (32)
v=k+1

v+ wI(r+1)
which proves the assertion that ®(z) € P, ,(k,6,7). O

Theorem 7. Let the functions fi(z) (j=1,---,p) defined by

[

fi(z) =z - Z a,,jz" (a,; 20; k€ N)

v=k+1

be in the class P, (k,6,7). Then the function ©(z) defined by

4
0@) =Y qifid)  (g;20) (33)
j=1

is also in the class P (k,0,y), where

Z%‘ =1 (4;20).
j=1

Proof. By the definition (33) of the function ®(z), we have

Since f(z) € Pruk,6,7) (j=1,---,p), we also have

= (1+ov=—0)T(w+7)l(u+1)
Frv+wl(r+1)

ayjs1-y G=1,---,p).

v=k+1

The remainder of the proof of Theorem 7 (which is based essentially upon Theorem 1) is fairly straightfor-
ward and is, therefore, omitted here. [
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Theorem 8. Let the function f(z) given by (4) and the function fi(z) defined by

hi(z) =z — Z Lz (A 20; ke N)

v=k+1

be in the same class P, (k, 6, 7). Then the function A(z) defined by

Az) = (1 =n)f(2) + ni(z)

is also in the class P u(k, 0,7).
Proof. In view of the hypotheses of Theorem Theorem8, we find by using Theorem 1 that

= (1L+ov=-0)T(w+T(w) = (1+06v=0)T(v+1)(n)

— v—1
L T T L T e ™
= (L+ov=-0)Tv+Dl(w) .
Ay
T V§1 T+ wI() z
sA-mMA-y)+nd-y)
£1-y.

Hence A(z) € Pru(k,6,y). O
Theorem 9. Let the function f(z) given by (4) and the function y(z) defined by (6) be in the class P, (k,0,y). Then
the function ((z) given by the following modified Hadamard product:

(o)

Q) = frp(z) =z — Z ayA, 2"

v=k+1

is in the class P, (k, 6, &), where

(1T—p)* (u+1x

- Aronrrn

Proof. With a view to finding the largest &, by supposing that Q(z) € P ,(k, 6, &), we have

Z (1+6v—-8) T+ (u+ Davm <1, (34)

v=k+1 1=OT(v+wI(r+1)
Since f(z)r l,l)(Z) € P’I,/,l (k, o, )/), we know that

= (1+0v=—0)T(w+7)[(u+1) <1
)3 - T+ mi+1) =

v=k+1

and

= (1+5v—6)1"(v+’()1"(p+1)/\ <1
Z A-rv+wliz+1) =7

v=k+1
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Thus, by using the Cauchy-Schwarz inequality, we obtain

= (1+0v=0)T(w+7)l(u+1)
1= +wl(t+1)

/\vav é 1/

v=k+1

which implies that

(1+ov-O)T(v+ )l (p+1)
(1 - V)F(V + [J)F(T + 1) VAvav
(A +ov=0)I'(v+7)l'(p +1)
S T orerpra+n sl kel

that is, that
VA, £ 1-¢ (v=k+1).
-y

We note also that

(1-pPIv+wl(r+1)
Vb S S 8 T + O + 1)

We now need to show that

A-Mr+wii+1) _1-¢
Q+ov-0)Twv+)l'(u+1) ~ 1—-vy

(35)

or, equivalently, that

(1= T(v+wI(r+1)
A+6v=0)T(v+)(u+1)

Es1-

Upon letting

(1—yP T(v+ wI(r +1)

B (T S s TR X

we can easily see that the function Z(v) is non-decreasing in v. We thus obtain

(1= (u+1)

Aron+D, KN

E2Ek+1)=1-

Finally, the result asserted by Theorem 9 is sharp with the extremal function given by

=P+ oo

T T+ 0k) (T + 1) (ke ), (36)

f@) =9@) =z

which evidently completes the proof of Theorem 9. [
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