Filomat 31:7 (2017), 1959-1966

Published by Faculty of Sciences and Mathematics,
DOI 10.2298/FIL1707959M

University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

% ) &

% &

U g
iy s’

%

T1pupor®

Analytic Representations of Sequences in LV Spaces, 1 <p < o0
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Abstract. In this paper we consider a sequence of functions in L*(R), 1 < p < o0 and, in the second part, we
include a sequence of real analytic functions without real roots. We obtain several results regarding their
convergence or the convergence of the sequence of their analytic representations. We, also, give results
about the analytic representation of the product of the boundary functions and other additional results.

1. Introduction

The boundary values representation has been studied for a long time and from different points of view.
One of the first results is that if f € L!(R), then the function

= 1 1 )
f@@) = ﬁ<f(t)’:>’ z=x+iy, x¢suppf CR,y€R

is the Cauchy representation of f i.e.

lim [ [+ i) = Fov = il = [ fwpeods 1)

for every ¢ € D = D(R), the Schwartz space of test functions.
The results are formulated in four theorems.

In Theorem 2.1, it is proved that the convergence of a sequence of functions in L*(IR) implies the uniform
convergence of the sequence of their analytic representations on compact subsets of the complex plane.
The proof of the first part of Theorem 2.1 uses a well known Lemma, given in [2].

Lemma 1.1. Let f be a function of the class C™, such that it is bounded on R. Then

+0o
ey [ |
f(x+1y)—nf(t_x)2+y2dt,x+zyeC,y¢O,
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converges uniformly to f(x) on each compact subset of R as y — 0*.

In Theorem 2.2, it is proved that the uniform convergence of a sequence of analytic representations, {f,(z)}
over the sets of the form [a, b] X [0, T] and [a, b] X [T, —06],0 < 6 < T, a < b of functions, f, in LP(R), 1 <p < o0
that form bounded sequence in L[/(IR) implies the weak convergence of the sequence {f,} in L’(R) with
analytic representation of the boundary value of {f,} being the boundary value of {f,(z)}.

Theorem 2.3 deals with a convergent sequence of functions in L (IR) and a uniformly convergent sequence
of real analytic functions on compact subsets of R and gives results about the analytic representation of the
product of their boundary functions.

Theorem 2.4 considers a sequence of functions {f,} in L*(R) and a uniformly convergent sequence of
polynomials {P,} on compact subsets of R, bounded by some polynomial Py. In the theorem, it is proved

fu - P [P
converges weakly to { =—— ¢, asn — oo.
Po PO

the existence of a function f € L’(IR) such that {

2. Main Results

Theorem 2.1. Let {f,} be a sequence of functions in LP(R), 1 < p < oo that converges to f in LP(R) and let
Ful@) = = (ful), ), 2 € C\ R for n € N. Then:

i) For everyn € IN, fn(z z € C\'R, is an analytic representation of f,.

if) The sequernce f,, (2)} uniformly converges on compact subsets of C \ R to the function f(z) where f(z) =
s=(f(t), ), Imz # 0.
iii) The function f z), z € C\ R, is an analytic representation of the function f.

Proof. We only give the proof of i) and ii).
i) Let z = x + iy € C be such that Imz # 0. For arbitrary chosen ¢ € D, n € IN,

I, =f[ﬁ(x+zy fn(x iy)]p(x)dx
R

_ 1 21y
R R

Applying Fubini’s theorem, we get that

=f jﬂ e 0L

Using Lemma 1 and the Lebesgue dominated convergence theorem, we obtain that lirgl I, = f fa(Bp(t)dt.
y—0* R

So, we proved that ﬁ(z) is analytic representation of f, for every n € IN.
ii) Let z = x + iy € C be such that Imz # 0. Then

o) - o) = = fm)ﬂ%ecm

27

1
q

We apply the Holder’s inequality and obtain the assertion since [ = zlq dt] is bounded. [
R
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Theorem 2.2. Let {f,} be a bounded sequence of functions in LP(R), 1 < p < oo, and for every n € IN, let f,(z),
z € C\ R be the analytic representation of f,. If the sequence {f,(z)} uniformly converges on sets of the form
[a,b] x [0, T] and [a,b] X [-T, =01, 0 < 6 < T,a < b in the upper and lower half plane, respectively, to the function
f(2), then there exists a function f € LP(R) such that the sequence {f,} converges weakly to f in LP(R) and f(z),
z € C\ R is the analytic representation of f.

Proof. We will show that there exists a function f € L7(R), such that, for every ¢ € D, lim(f,, ¢) = (f, ).
Let ¢ € D and suppg = [-4,a], a > 0. Then, for n,m € N, we have

Fur @) = fns @) =, @) = {fa(2) = @), @)} + {{fu(@) = fs@), @) = (fu@) = fu(@), )}
+H{(fn@) = @, 9) = Ff o) =L + L + 5.

Let € > 0. By the boundedness of f,, we get that there exists v, such that

IL| <§ and || < % for 0<y <yoneN. )

The integral I, can be written in the form

L = {fs(2) = fu(2), ) = (/@) = fu @), p)-

By the uniform convergence of { f;(z)} on [a,b] X [6, T] and { f;(Z)} on [a,b] X [-T, -0], we have that { f;(z)}
and {f,(2)} are Cauchy sequences. This means that there exists 19 € IN, such that

|| < %, for n,m > ny. 3)

(2) and (3) imply that {f,} is a Cauchy sequence in D', so there exists A € D’, such that
Lim(fu, @) = (A, @), @ €D. (4)

We will prove that A € L?. Clearly A is linear on D. For ¢ € D c L(R), applying the Holder’s inequality,
we get

f £ e < 1fll - Il )

The definition (4) of A, the estimates (5) and the assumption of the theorem that {f,} is bounded sequence
in LP(R), imply that A is bounded on D. By the Hahn-Banach theorem, A can be extended to a linear and
continuous functional f on L7, g = p%l. Thus, A = f € L7 and {f,,} converges weakly to f in L/(R).

Last, we will prove that f(z), z € C \ R, is the analytic representation of this function f.
For arbitrary ¢ € D, we have

0= (f@ = f@, @) =(f, @) = {fu, )} + {fu, @) = {fu@) = fu @), @)}
H{fa(@) = 1@, ) = (@) = f@, o) =1 + ] + 5.

Let ¢ > 0 be arbitrary chosen.
Because {f,} converges weakly to f, we get that there exist 19 € N, such that |J1| < § for n > n.

Since f,(z) is the analytic representation of f;, for n € IN, we get that there exists yo such that [J5] <
£, for y <yo.

Finally, the assumption for the uniform convergence of the sequence {f;(z)} to the function f(z), and the
fact that J3 = (f,(2) - f(2), @) x f22) - f(@), @), imply that ]3] < £, for n > ny.

All together implies that f,(z), z € C \ R, is the analytic representation of f. [
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Theorem 2.3. Let {f,(t)} be a sequence of functions in LP(IR), 1 < p < oo that converges to f(t) in LP(R). Let {P,(t)}
be a sequence of real analytic functions without real roots, and such that it converges to P(t) uniformly on compact
subsets of R. Suppose that Py(t) is real analytic function without real roots such that |P,(t)| < Po(t), t € R, for every
n € IN.

Then, for every n € N,

Po@@) [ fOPa(t) 1\ Po@ [fa®)Pu(t) 1
2mi Po(t) "t-z 2mi

= | R
Potl) ’t—Z>'z x+iye C\R,

converges to f,(t)P,(t) in D" as y tends to 0*.

Moreover,
Poz) [fu®Pu(®) 1 \  Po@) [fu(®HPu(t) 1
2mi Po(t) "t-z 27 Po(t) "t-z

converges uniformly on [a,b] X [5,T], a < b, 0 < 6 < T to the function

Po(z) [P 1\ Po@) [fBPH) 1
2rii \ Po(t) "t - 2rti \ Po(t) "t-z

as n tends to oo.
By (#) is given the analytic representation of fP i.e.

Po@) [fOP®) 1\ P [fBOPB) 1
2rii \ Po(t) " t-— 2rti \ Po(t) "t-z

converges to f(t)P(t) in D’ as y tends to 0*.

()

Proof. Since P,(t) — P(t) as n — oo uniformly on compact sets, it follows that for n > ny, all are of the same
degree as P. So, we assume that it holds for every n € IN.
Let n € IN be fixed. We will prove that, for ¢ € D

lim —— [Po(z)<f - P I()t)(t $> - Po(2)<f’ 1(1?1;)(”, = . >] Px)dx
R

:<fnpnr (P>

The integral on the left hand side equals

w(E)Py (P,
5 [t - ) (x)dx+—f[Po<z> Pl (2 Lot =1+
R

Po(t) 't Po(t)
The use of Fubini’s theorem gives
f fu(B)Py(t) f Po(z)p(x) i
Po(t) |[m |t —z[2

Since @ € D, there exists a > 0, such that suppp C [-a,4a]. So, we have

Po(z)p(x) 7 Po(z)p(x) ( Po(x + iy) — Py(x) a Po(x)
f (|)t - Z|2 ax = f Tt - Z|2 dx = f : |t _ Z|2 s <P(x)dx + f |t i Z|2 go(x)dx = ]l + ]2~
R -a

—a —a

dt.
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Thus,
fu(OPu(t) y
f Pot) ;(] + Jo)dt. (6)
[ Po(x +iy) — P P P
|h|=f 0(9“|rtlg)z|2 O(x)(p(x)dx Sfl o(lertlg)ZI o(x)l| (o)l

Let6>0 be such that |y| < 6. Then, for every ¢ > 0, we have that |Py(x + iy) — Po(x)| < &, which implies that

lim J; =
y—0+
Now,
Ja(®)Pu(t) y
yamf Po(t) i =0 ?)
fa(OP(t) y F®P®) |y [ Potx)
j‘Pu 2= j‘Pw = P¢mﬂkt
converges to ffn(t)P (t) Po(t)pt)dt = ffn(t Pu(H)p(t)dt as y — 0 since <fn(%l():)(o,$> is analytic
Fn(OPy(t)
representation for ——— Pot)
So,
Ja®Pu(t) y
y_)0+ f Both) g] Hdt = f fa(P,(B)p(t)dt. (8)

By Fubini’s theorem, we get

~ B fa®Pa(t) (t fu(O)Pu(t) | [ Po(z) = Po(2)
L= Rf [Po(z) — Po(2)] ) P =3) ‘ f 0 f — (p(x)dx}dt.
Consider
[P = [ 2O - g+ [ PO Dpiax =k + ke
R R R
So,
ffng)i)(t) o )

P(x) — ¢(t)

For ¢ > 0 there exists 6 > 0 such that |Py(z) — Po(z)| < ¢, for |[y| < 6. Then t —

P — B _ |p) —e)] _ oK) —
t—-z | |t-x+iy || t-x
dominated convergence theorem, give that

tim [ 2= 20 - g1 =0,

y—0* t
R

is integrable, and

, forally € R. These arguments and the use of the Lebesque
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ie.

lim K; = 0. (10)
y—0*

For K,, we have that

lim K, = 0. (11)
y—0*

Now by (6), (7), (8), (9),(10) and (11) we have

, Po(2) [fu(OPa() 1 \  Po@) [ fuDPu(t) 1 _
yhié‘ﬂ 2mi < Po(h) ’t—z>_ 2mi < Po(h) ’t—z>](‘)(x)dx_<f"P”’(P>’ v eb-

Now we fix the set [a, b] X [, T]. For z € [a, b] X [0, T] we have
Py(2) < fu®OPu(t) 1 > _ Py@ < fa(®Pa(t) 1 >

2mi Pot) "t-z 27t Po() "t-z
[Po(z) [fBOPE) 1\ Po@) [f(OPE) 1

| 2mi |\ Po(t) "t-z 2rti \ Po(t) "t-z
_[Po@) [fs®Pu(t) 1\ Po(z) [ f(HP(E) 1
| 2mi Po(t) "t—z 2mi \ Po(t) " t-—
[Po@ [fuOPa(®) 1\ Po(2) f(t)P(t) 1

| 2mi Po(t) "t-z 2mi \ Po(t) " t-—
=A+B.

_Poz) [ fa(OPu(t) g Po(2) F(HP(t) = Po(z) [ fulH)Pult) = f(t)P(t)dt
~2mi ) Py(b(t-z) 2mi Po(t)(t -z) 2mi Po(t)(t — z)
R R

_ Po@) [ fult) - f(B) Po(Z) Pu(t) — P(f)
=9 | Doz Pt + f P =z (Dt = Ar + Ao
R

4 b

0
we get that lim A; = 0. Similarly, lim A, =01ie. lim A =0.

n—oo n—oo n—o00

Analogously,

Since {f,;} converges to f in LP(IR), =5 € L7a is bounded function, applying Holder’s inequality,

_Py@) [ fuOPu(t) 1 _Po@ (fOPGH) 1
- 2mi Po(t) (t-2) 2mi Po(t) (t-2)
R R

D@ [ il - £ RO [ 0- 1)
"2 ) Pi-n) ()t + f Po(E)(E f (Bt

and lim B =0.

n—oo

The proof of the last part of the theorem is similar to the proof of the first part and we omitit. O
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Theorem 2.4. Let {f,} be a sequence of functions LP(IR), 1 < p < co. Let {P,} be a sequence of polynomials (of the
same degree) that converges to P uniformly on compact subsets of R as n — oo. Let Py be a polynomial without real

roots on R such that |P,| < Py, for every n € N i.e. {%} is bounded sequence in L*(IR).
_ Po(z) [ fn(®)Put) 1
For H,(z) = i < Poh) -z and
Z) [ fu(E)Pu(t _ )
H,(z) = 132()7(121') <f (P)(t)( ), ; ! E>' assume that {H,(z) — H,(z)} converges uniformly on sets of the form [a, b] X
0 _

[6, Tland[a, b]x[-T,-06],a < b, 0 < 0 < T, to H(z)—H(z)asn — oo. Then there exists a function f €LP(IR) such that
Po(z) [fOP() 1 \ Po(z) [f(OPE) 1
Po(t) "t—z| 2mi \ Po(t) "t-Z/°

Ju P converges weakly to f—P asn — ocoand H(z)—H(z) =
Py Py 2mi

Proof. Let H;,(z) = Hy(z) — Hy(z), n € N, z = x + iy, and H*(z) = H(z) — H(z). Lete > 0 be arbitrary chosen.
The uniform convergence of {H},(z)} on sets of the form [a,b] X [6,T] and [a,b] X [-T,-0],a <b,0 <6 < T
implies that there exists 11y € IN, such that |[H;,(z) — H*(z)| < ¢, for all n > ng, and that, for y # 0, the boundary
function H*(z) is continuous. So, for y # 0, H*(z) = H*(x + iy) is continuous on x and bounded on closed
intervals.

Let @ € D be arbitrary chosen and let suppg C [-a, a], a > 0. The integral

a

fH,’;(x + iy)p(x)dx = f[Hn(x +iy) — Hu(x — iy)]p(x)dx

—a
converges uniformly to the integral

a

fH*(x + iy)p(x)dx = f[H(x +1y) — H(x — iy)]p(x)dx

—a

as n — o0, so, there exists n; € IN, such that

<e,

fH;(x + iy)p(x)dx — fH*(x + 1y)p(x)dx

for all n > ny. Let us now fix n € N, and let y — 0*. The uniform convergence of {H;(z)} implies that

ylggl+ [Hu(x + iy) — Huy(x — iy)]p(x)dx = (A, @).
R

We will prove that A is continuous linear functional. Since D C L1 is dense and D is of second category,
1 1
the Banach-Steinhaus theorem implies that li%l f H;(x + iy)g(x)dx, for g € L, ; + p = 1, exists. One
y=0" R

more application of the same theorem gives that A is continuous linear functional on L7. So, there exists
f e (L7) = L7 such that (A, @) = ff(x)(p(x)dx, forpoe D C L.
R

. . .7 1 1 1 . Po(z) [f(1)-P(H) 1
P = -
Since, f € L?,ithasaCauchy representation f(z) i < f@), = z>' whichimplies that i < Pod) -z

is analytic representation for f - P. In the same way, by the assumption, for n € N, f, € L7, so

Po(Z) <fn(t) : Pn(t) 1

i P E- z> is analytic representation for f,, - P,,.
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fu-P
Py

n -P
Now, we will prove that { } converges weakly to fP_ For ¢ € D, we have
0

(-8B )20 )
{[I;Oii)<fnp n’t}z>_on7(j')<j n’t1‘>]
Py 1\ P 1
) )
1

(222 )

27ti P 0 "t—z
=l + 1 +I;.
The first integral I; converges to 0 because 1’207(Tzz) <f T tlz> is analytic representation for f, - P,. In the same
way, the third integral I3 converges to 0 because onffl) <{,P, tlz> is analytic representation for f - P. As for the

second integral I, it converges to 0 because of the assumption of the theorem for the uniform convergence
of the sequence {H,(z) — H,(z)}. O
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