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Abstract. This study is an attempt to prove the following main results.

Let A be a Banach algebra and % = A P C be its unitization. By [].(A), we denote the set of all primitive
ideals ¥ of A such that the quotient algebra % is commutative. We prove that if A is semi-prime and
dim(Nper, @y P) < 1, then A is commutative. Moreover, we prove the following:

Let A be a semi-simple Banach algebra. Then, A is commutative if and only if S(a) = {p(a) | ¢ € Dz} {0}
or S(a) = {p(a) | ¢ € D4} for every a € A, where S(a) and @4 denote the spectrum of an element a € A, and
the set of all non-zero multiplicative linear functionals on A, respectively.

1. Introduction and Preliminaries

Throughout this paper, A denotes a Banach algebra over the complex field C. If A is unital, then 1
stands for its unit element. We denote the center of A by Z(A), i.e. Z(A) = {x € A|ax = xa forall a € A}.
Moreover, A is called semi-prime if aAa = {0} implies that 2 = 0. Recall that a linear mapping d : A — A
is called a derivation if it satisfies the Leibnitz rule d(ab) = d(a)b + ad(b) for all a,b € A. We call d an inner
derivation if there exists an element x € A such that d(a) = [x,a] = xa —ax for alla € A.

A non-zero linear functional ¢ on A is called a character if p(ab) = @(a)p(b) holds for every a,b € A. By
® 4 we denote the set of all characters on A. It is well known that, ker ¢ the kernel of ¢ is a maximal ideal of
A, where ¢ is an arbitrary element of ® 4. If A is a Banach *-algebra, then we denote the set of all projections
in Aby Pa (ie Pa=1{peAlp*>=p, p* =p}), and by Sz we denote the set of all self-adjoint elements of
A (ie. Sq =1{a e A|a =a}). The set of those elements in A which can be represented as finite real-linear
combinations of mutually orthogonal projections, is denoted by O#. Hence, we have P C Oz € S#. Note
that if A is a von Neumann algebra, then O is norm dense in S#. More generally, the same is true for
AWr=-algebras. Recall that a W*-algebra is a weakly closed self-adjoint algebra of operators on a Hilbert
space, and an AW*-algebra is a C*-algebra satisfying:

(i) In the partially ordered set of projections, any set of orthogonal projections has a least upper bound
(LUB),
(ii) Any maximal commutative self-adjoint subalgebra is generated by its projections. That is, it is equal to
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the smallest closed subalgebra containing its projections.
The above-mentioned definitions and results can be found in [6, 10, 17]. This paper, has been motivated by
[7, 8, 15]. An algebra A can always be embedded into an algebra with identity as follows. Let 2 denote
the set of all pairs (x,A), x € A, A € C, thatis, A = A EB C. Then A becomes an algebra if the linear
space operations and multiplication are defined by (x,A) + (y, 1) = (x + y, A + p), p(x, A) = (ux, yA) and
(x, My, w) = (xy + Ay + ux, Au) for x,y € A and A, u € C. A simple calculation shows that the element
e = (0,1) € Ais an identity for A. Moreover, the mapping x — (x,0) is an algebra isomorphism of A onto
an ideal of codimension one in A. Obviously, A is commutative if and only if A is commutative.

Now suppose that A is a normed algebra. We introduce a norm on U by ||(x, A)l| = [|x|| + |A], for x € A,
A € C. ltis straightforward that this turns % into a normed algebra. Clearly, if A is a Banach algebra, then
A is a Banach algebra, too. Some authors call U the unitization of A.

Let Bbe a subset of A, the commutant of Bis denoted by B’ and defined by B” = {a € A|ab = ba foreveryb €
B}. The double commutant of B is denoted by B”, and we have B” = {a € A | ax = xa for every x € B’}. A
straightforward verification shows that B’ is a closed subalgebra of A, B € B”, and if B is a commutative
set, then so is B”. Indeed, if B is commutative, then B” is a commutative Banach algebra (see p. 293 of [16]).

The spectrum of an element a is the set S(a) = {A € C| A1 —a is not invertible}. The spectral radius of 4 is
r(a) = sup{|A| : A € S(a)}. The element a is said to be quasi-nilpotent if r(a) = 0. We shall henceforth find it
convenient to write A1 simply as A.

Let A be a commutative Banach algebra. It follows from Theorem 1.3.4 of [14] that
(1) if A is unital, then S(a) = {p(a) | p € D4},
(2) if A is non-unital, then S(a) = {p(a) | p € D4} U{0}.
In this article, we are going to study the converse of this result. Indeed, we will show that if A is a semi-
simple Banach algebra, then A is commutative if and only if S(a) = {p(a) | ¢ € Pa} or S(a) = {p@) | ¢ €
D4} {0} for every a € A. Moreover, we prove that if 6 : A — A is a bounded derivation such that
S(6(a)) = {p(8@a) | ¢ € Da} or S(6(a)) = {p(6)) | ¢ € DPx} U0} for every a € A, then 6(A) C rad(A),
where rad(A) denotes the Jacobson radical of A. By [[.(U), we denote the set of all primitive ideals # of
A such that the quotient algebra % is commutative. Moreover, the set of all maximal ideals M of A such
that the quotient algebra 1 is commutative, is denoted by M.(A). We prove that if A is semi-prime and
dim(Nper, @y P) < 1, then A is commutative.

2. Results and Proofs
We begin with the following theorems which will be used to prove our main results.

Theorem 2.1. [[19], Theorem 4.4] Let A be a commutative Banach algebra and 6 : A — A be a derivation. Then,
O(A) C rad(A).

Theorem 2.2. [[11], page 246] Let d be a derivation on a Banach algebra A. Then, the following three conditions
are equivalent:

(i) [a,d(a)] € rad(A) for all a € A;

(ii) d is spectrally bounded;

(i) d(A) C rad(A);

Note that each member of ® 4 is continuous (see Proposition 5.1.1 of [5]). In this study, we assume that ® 4
is a non-empty set. The following theorem is motivated by [7, 8, 15].

Theorem 2.3. Let 6 : A — A be a bounded derivation. Then, 5(A) S Nperr @y P S Nmem.a M S Neea,, kere.
In particular, if A is semi-prime and dim((\pery, @y P) < 1, then 6 = 0.

Proof. First, we define A : A — A by A(a, a) = (0(a),0) = 0(a). Clearly, A is a bounded derivation. Hence,
if £ is an arbitrary primitive ideal of %, then A(P) C # (see Theorem 6.2.3 of [5]). Assume that £ is an
arbitrary element of J] (). It means that ;2% is commutative. Furthermore, according to Proposition 1.4.44
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(i) of [6], is a primitive algebra, and so 7—, is semi-simple. Now, we define the linear map D : ;% - % by

D((a, a)+7)) Aa,a)+P. If(a,0)+P = (b,p)+P, then (a—b,a—p) € P. Since A(P) P, Ala—b,a—B) € P.
Hence, A(a, ) + P = A(b, B) + P and it means that D is well-defined. For convenience, (4, A) is denoted by a,
foralla € A, A € C. A straightforward verification shows that D is a derivation. It follows from Theorem
2.1 that D(Q[) C md(’n) = {0}, and it implies that A(N) C (Npery @) P Since A is unital, every (maximal)
ideal of A is a (max1mal) modular ideal (see the last paragraph of page 4 of [14]). Moreover, it follows
from Proposition 1.4.34 (iv) of [6] that each maximal modular ideal in U is a primitive ideal. Therefore,
M (A) C I(N) and it implies that Npery, oy P S M pmem @ M, where T1(U) and M. (A) were introduced in
the introduction. According to Proposition 3.1.2 of [5], kerg is a maximal ideal of U for every ¢ € Py.
Note that ¢(a.bg) = @(a.)p(bg) = @bp)p(as) = @(bgay) for all a,, by E A. Hence, a,by — bga, € kerg. Thus,
(aq + ker@)(bg + kerp) = (bg + ker@)(an + ker¢p), and it means that - @ is a commutative algebra. Hence,

{kerg | ¢ € Dy} C M(A) and it is concluded that Npery @y P S Nptem. @y M S Naew, kerg. Therefore, we
have A(N) S Nperr,a P S Nmem, M S Nzeo, kerg. Based on the offered discussion in the first paragraph
of page 15 of [14], we obtain that (\eq, kerg = (peq, kerp. Hence, 5(A) S Nperrey P S Natem @y M S
(Npea, kerg, and it completes the first part of our proof.

Suppose that A is semi-prime and dim((per, @) P) < 1. It is obvious that if dim((Mpery, @) ) = 0, then
O(A) = {0}. Now, assume that dim((pery, oy P) = 1. Since dim((per, @y P) = 1, there exists a non-zero
element x, of A such that MNpery oy P = {axa | a € C}. Since 6(A) € Nperr.a P, we can consider the function
P : A — C such that 6(a) = (6(a),0) = Y(a)xy = P@a)(x,A) = WYa)x, P@)A) for alla € A. So, P@@)A = 0,
and it implies that either {(@) = 0 or A = 0. If A # 0, then y(a) = O for every a € A, and consequently, 6
is zero. In this case, our goal is achieved. Now, we suppose A = 0. We want to show that 0 is identically
zero. To obtain a contradiction, assume 6 is a non-zero derivation. Therefore, there is an element ag of A
such that 6(ap) # 0. Clearly, ¥(ap) # 0, too. Thus, we have 6(ap) = P (ap)x. Putting b = W Tany f0, We obtain

o(b) = 5(@“0) = mlp(ao)x = x and it implies that ¢/(b) = 1. We will show that ax + xa is a scalar multiple
of x for any a in A. Let a be an arbitrary element of A. Then, 6@?) = Y(@*)x (*). On the other hand,
we have 6(a%) = 6(a)a + ad(a) = Y(a)xa + ap(a)x = P(a)(xa + ax) (**). Comparing (*) and (**) , we find that

Y(a®)x = P(a)(ax + xa). If P(a) # 0, then ax + xa = l’:((f))x. If (a) = 0, then

Y(ab + ba)x = 6(ab + ba)
= 0(a)b + ad(b) + 6(b)a + bd(a)
= Y (a)xb + ayp(b)x + P(b)xa + by(a)x

=ax+ xa

and this proves that ax + xa is a scalar multiple of x for any 4 in A. Next, it will be shown that x> = 0.
Suppose that ¢(x) = 0. We have Y (b*)x = 5(b?) = 5(b)b + bd(b) = Y(b)xb + bip(b)x = xb + bx. Applying 6 on
this equality and then using the fact that 6(x) = ¢(x)x = 0, we obtain that x> = 0. Now, suppose y(x) # 0.
Therefore, we have

P)x = 8(x%) = (x)x + x5(x) = PY(x)x* + P(x)x* = 2¢h(x)x>. (1)
If Y(x?) = 0, then it follows from previous equality that x> = 0. Assume that ¢(x?) # 0; so x* = fﬁ(;

Simplifying the notation, we put y = 3 LP(X) Replacing x? by yx in 2¢(x)x? = §(x?), we have 2y (x)yx = yd(x) =

Y (x)x. Since YP(x) # 0, yx = 0 and it implies that either y = 0 or x = 0, which is a contradiction. This
contradiction shows that ¢(x?) = 0 and by using (1) it is obtained that x> = 0. We know that xa + ax = ux,
where u € C. Multiplying the previous equality by x and using the fact that x> = 0, we see that xax = 0 for
any a in A. Since A is semi-prime, x = 0. This contradiction shows that 6 must be zero. O

We are now ready for the following conclusions.
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Corollary 2.4. Let A be a Banach algebra and 6 : A — A be a bounded derivation. If S(6(a)) = {p(6(a)) | ¢ € DA}
or S(6(a)) = {p(6(a)) | ¢ € g} L0} for every a € A, then 6(A) C rad(A). In particular, if A is semi-simple, then
0 is zero.

Proof. It follows from Theorem 2.3 that 6(A) C (e, ker. This fact and our assumption concerning S(6(a))
imply that S(6(a)) = {0} for every a € A. It means that 6 is spectrally bounded. At this moment, Theorem
2.2 completes the proof. [

Remark 2.5. Let {d,} be a higher derivation on an algebra A with dy = I, where I is the identity mapping on A.
Based on Proposition 2.1 of [12] there is a sequence {0} of derivations on A such that

(1 + Deduer = ) Skrad
k=0

for each non-negative integer n. Therefore, we have

do=1,

diy =01,

Zdz = 61d1 + (Szdo =0101 + 02,
1 1

dz = E(S% + 5(32,

1 1
3d3 = (Sldz + 52d1 + 63d0 = 61(55% + 562) + 0701 + 63,

d3 = %5? + %6162 + %6261 + %53
Now, assume that {d,,} is a bounded higher derivation (,i.e. d, is a bounded linear map for every non-negative integer
n). Obuviously, 61 = di is bounded. Hence, 6, = 2d; — (5% is also bounded. Based on the ds formula, we have
b3 = 3d3 — 367 — 30102 — 201 Using the boundedness of ds, 61 and 6,, we obtain that 53 is a bounded derivation. In
the next step, we will show that every b, is a bounded derivation for every n € IN. To reach this aim, we use induction
on n. According to the above-mentioned discussion, 01, 0, and 63 are bounded derivations. Now, suppose that Oy is a
bounded derivation for k < n. We will show that 6,1 is also a bounded derivation. Based on the proof of Theorem 2.3
in [12], we have

n+1

Suet =+ Didwr = Y (), (0 D)ar,_dy,-0) 2)

where the inner summation is taken over all positive integers rj with Z}:l ri=n+1. From Z;:l ri=r1+rata =
n + 1 along with the condition that r; is a positive integer for every 1 < j < i, we find that 1 < r; < n for every
1 < j <i. Since we are assuming d, and Oy are bounded linear mappings for all non-negative integer n and k < n, it
follows from (2) that 6,1 is a bounded derivation.

Corollary 2.6. Let A be a Banach algebra such that S(a) = {p(a) | ¢ € Pa} U0} or S(a) = {p@) | ¢ € DA}
for every a € A. If {d,} is a bounded higher derivation ( that means d, is a bounded linear map for every n), then
dy(A) C rad(A) for every n > 1.

Proof. This is an immediate conclusion from Corollary 2.4, Remark 2.5, and Theorem 2.3 of [12]. O
In the next corollary, we offer a spectrum criterion for the commutativity of Banach algebras.

Corollary 2.7. Let A be a semi-simple Banach algebra. Then, A is commutative if and only if S(a) = {p(a) | ¢ €
D4} {0} or S(a) = {p(a) | p € D} for every a € A.
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Proof. Suppose that A is a commutative Banach algebra. It follows from Theorem 1.3.4 of [14] that S(a) =
{p@a) | ¢ € Py} U0} or S(a) = {p(a) | ¢ € D} for every a € A. To prove the converse statement we assume
that S(a) = {p(@) | ¢ € Da} U0} or S(a) = {p(a) | ¢ € D) for every a € A. Evidently, o,,(a) = [a,a0] is a
bounded derivation on A, where gy is an arbitrary fixed element of A. Corollary 2.4 then yields that 6 is
zero, and since 4y is arbitrary, A is commutative. [

Corollary 2.8. Let 6 : A — A be a derivation and P be a primitive ideal of A such that 6(P) C P. If S(a + P) =
lp@a+P) g€ qh%} UlOtor S(a+P) ={pa+P) |l p € Q)%}for every a € A, then 6(A) C P.

Proof. According to Proposition 1.4.44 (ii) of [6], 3 is a primitive algebra, and so Z is semi-simple. Let us
define A : % - % by A(a+%) = 6(a)+P. One can easily show that A is a derivation. It follows from Theorem
2.3.2 of [18] that A is a bounded derivation, and so, Corollary 2.4 implies that A is zero. Consequently,
oA cP. O

In the following two corollaries, we extend Corollary 2.5 and Corollary 2.6 in [8] to any semi-prime
Banach algebra.

Corollary 2.9. Let A be a semi-prime Banach algebra such that diim((\pery,an P) < 1. Then A is commutative.

Proof. Let xg be anon-zero arbitrary fixed element of A. Define d,, : A — Aby dy,(a) = axo—xoa. Obviously,
dy, is a bounded derivation. It follows from Theorem 2.3 that dy,(a) = 0, i.e. axy = xoa for all a € A. Since x
is arbitrary, A is commutative. This is exactly what we had to prove. [

Corollary 2.10. Let A be a semi-prime Banach algebra, and {d,,} be a bounded higher derivation from A into A. If
dim(Nperr, oy P) < 1, then d,, = 0 for all n € IN.

Proof. Let {d,} be the above-mentioned higher derivation. According to Theorem 2.3 of [12] there exists a
sequence {0,} of derivations on A such that

4=} (Y (Hﬁ)élé)

i=1 Z;I':l’j:” j=1

, where the inner summation is taken over all positive integers r; with Z;'»:l r; = n. It follows from Remark
2.5 that 6, is a bounded derivation for every positive integer n. At this moment, Theorem 2.3 completes the
proof. O

The question under which conditions all derivations are zero on a given Banach algebra have attracted
much attention of authors (for instance, see [7, 8, 11, 15, 20]). In the following propositions, we also
concentrate on this topic.

Proposition 2.11. Let A be a Banach *-algebra such that Oa = Saand 6 : A — A be a bounded derivation.
Suppose that B = {0(p) | p € Pa} is a commutative set, and furthermore, if ¢ € @g~, then @(p) exists for every
p € Pa. Then, 6(A) C rad(A). In particular, if A is semi-simple, then § is zero.

Proof. Since B is commutative, we have 6(p)o(q) = 6(9)0(p) for all p,q € Pa. Let a; and by be two arbitrary

elements of S# = @. Hence, there are two sequences {x,} and {ys} in O# such that lim, . x, = a1 and
lim;_,e Ys = b1. From this and using the fact that B is a commutative set, we deduce that

(3(511)6(b1) = 6(b1)6(611) fOT all a, b1 € Sy[. (3)
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It is well-known that if a is an arbitrary element of A, then there exist two self-adjoint elements a1, a, such
thata = a1 + ia,. This fact with (3) imply that 6(a)06(b) = 6(b)6(a) for all a,b € A. Assume thata; € Sz = O4.
Then, there is a sequence {x,} € O such that lim,_,« x, = a;. We have

o(a1) = 6(lim x,) = lim 6(x,)

ny

= lim o( ), aup

k=1
1y
=1im )" 6(pr,)
r—oo ey

It is evident that, }./"_ ) 6(px,) is a sequence in B” and since B” is a commutative Banach algebra,
lim, e X7 o, 6(pr,) = 6(a1) € B”. Hence, §"(a) € B” for every natural number # and each a € A. Since B”

5"

is a commutative Banach algebra, @5~ is a non-empty set (see Theorem 2.3.25 of [6]). If we define d, = <;

with dg = I, the identity mapping on A, then we have

n

d,(ab) = %5"(@) - %kz_;‘ (:)6"-k(a)5k(b)

=Y L ket

k=0 n!" (n — k!

=Y du(@)di(D).
k=0

Define F(t) = Y=o dn(p)t", where || < 1 and p is an arbitrary, non-trivial fixed element of P # (see [13]).
Note that

o _ 1 = [l6]]"
el = 1=l < —llol" < Z == Gl
n=0

It means that {d,} is a uniformly bounded sequence of linear mappings. Hence, we have

1Y du@l < ) lidu(p)e"
n=0 n=0
= Y lidu(p)llE"
n=0
< Y ldalliplie
n=0
1

< ) Pliplle’] = eMpll— < o0
n=0

This fact ensures that F is well-defined. Hence, the m-th derivative of F exists and is given by the formula
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Fmy =y = m),d (p)t"™. Furthermore, we have

F(F(H) = idn ®") Zd )

n=

= i zdn p)di(p))"

=
o

Mz

du(p)t"

I
(=)

n

).

~

Let ¢ be an arbitrary fixed element of ®p-. It is clear that the function G = @F : (-1,1) — C defined
by G(t) = @F(t) = (1) = (Lo dn(P)t?) = Yooro @(da(p))t" is continuous on |t| < 1. Hence, G(t)* =
(p(F(1))* = p(E(t)) = G(t) implies that G(t) = 0 or G(t) = 1. Itis observed that G(t) is a power series in C.
Thus, the m-th derivative of G exists and is given by G"(t) = Y, o=l m), @(d,(p)t"™". We continue the proof

by using the presented argument in Theorem 2.2 of [8]. Since the function G is constant, we have G™(t) =
for every m € IN\{0} and every |t| < 1. So, p(d1(p)) + 2¢(d2(p))t + 3p(d3(p)£* + 4p(da(p))® + ... = GV (t) = 0.
Putting t = 0 in the former equation, it is obtained that ¢(d;(p)) = 0. Using an argument similar to what was
described concerning ¢(d;(p)), we conclude that ¢(d>(p)) = 0. By continuing this procedure, it is proved
that @(d,(p)) = 0 for all n > 1. Our next task is to show that ¢(d,(a)) = 0 for every a € A. Let x be an
arbitrary element of O#. Hence, x = Y./, rjp;, where p1,p2, ..., pm are mutually orthogonal projections and
71,72, ..., 'm are real numbers. We have ¢(d,(x)) = @(d, (L2 ripi)) = Yieq ti(dn(pi)) = 0. Since O = Sa,
@(d,(a)) = 0 for every a € Sg. Itis well-known that each 4 in A can be represented as a = a1 +iay, a1,a, € Sa;
therefore, p(d,(a)) = p(d,(a1 + ia2)) = @(d,(a1)) + ip(d,(a2)) = O0foralln > 1,a € Aand ¢ € Oyr. It means
that d,(A) € N e ker ¢. According to Theorem 11.22 of [16] and Theorem 1.3.4 of [14], it is achieved that
Sa(d(@)) = Sy (0,(0)) = 9(d(@) | 9 € Dy} IO} (07 = (p(du(@) | @ € D)) = {0). Hence, r(d(a)) = 0 for all
n>1anda € A. It means that d, is spectrally bounded for every n > 1. Since d; = 6 is spectrally bounded,
Theorem 2.2 shows that 6(A) C rad(A). Evidently, if A is semi-simple, i.e. rad(A) = {0}, then 6 is zero. [

Before proving Proposition 2.13, we define the socle of A. Let A be a semi-simple Banach algebra. Then
the sum of all the minimal left ideals of A coincides with the sum of all the minimal right ideals of A, is
called the socle of A, and it will be denoted by soc(A). We refer the reader to [2—4] for more information on
the socle of a Banach algebra.

Proposition 2.12. Let A be a semi-simple Banach algebra, and let d be a derivation on A satisfying $S(d(a)) = 1
forall a € A. Here, §S(x) denotes the cardinality of the spectrum of x. Then, d is zero.

Proof. It follows from Theorem 1.2 of [4] that d is an inner derivation induced by an element u € soc(A).
It means that d(a) = [u,a] = ua — au for all a € A. According to the aforementioned assumption, we have
1 = §&(d(a)) = $S(ua — au) for all a € A. Now, Theorem 5.2.1 of [1] implies that u € Z(A), and consequently,
dis zero. [

Now, the article is ended with a problem which has attracted the author’s attention .

Problem 2.13. Let d be a derivation on a given Banach algebra A. Under which conditions, §S(d(a)) = 1 for all
ae€A?
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