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Abstract. In this paper we study the soft proximity spaces. First, we investigate the relation between
proximity spaces and soft proximity spaces. Also, we define the notion of a soft 5—neighborhood in the
soft proximity spaces which offer an alternative approach to the study of soft proximity spaces. Later, we
show how a soft proximity space is derived from a soft uniform space. Finally, we obtain the initial soft
proximity space determined by a family of soft proximity spaces.

1. Introduction

In 1999, Molodtsov [20] initiated the concept of soft set theory as a new approach for coping with
uncertainties and also presented the basic results of the new theory. This new theory does not require the
specification of a parameter. We can utilize any parametrization with the aid of words, sentences, real
numbers and so on. This implies that the problem of setting the membership function does not arise.
Hence, soft set theory has compelling applications in several diverse fields, most of these applications was
shown by Molodtsov [20].

Maji et al. [19] gave the first practical application of soft sets in decision making problems. Chen et al.
[4] presented a novel concept of parameterization reduction in soft sets. Kong et al. [15] introduced the
notion of a normal parameter reduction and presented an algorithm for normal parameter reduction. Then,
Ma et al. [17] proposed a simpler and more easily comprehensible algorithm. Pei and Miao [24] showed
that soft sets are a class of special information systems. Maji et al. [18] studied on soft set theory in detail.
Ali et al. [2] presented some new algebraic operations on soft sets. Aktas and Cagman [1] introduced the
soft group and also compared soft sets to fuzzy set and rough set. Feng et al. [8] worked on soft semirings,
soft ideals and idealistic soft semirings. Shabir and Naz [25] initiated the study of soft topological spaces.
Studies on the soft topological spaces have been accelerated [3, 5, 9, 16, 22, 23, 26].

Proximity structure was introduced by Efremovic in 1951 [6, 7]. It can be considered either as axiomati-
zations of geometric notions or as suitable tools for an investigation of topology. Moreover, this structure
has a very significant role in many problems of topological spaces such as compactification and extension
problems etc. The most comprehensive work on the theory of proximity spaces was done by Naimpally
and Warrack [21]. Then, many authors have obtained the concept of a proximity in both the fuzzy setting
and soft setting.
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Extension of proximity structures to the soft sets has been studied by some authors. Hazra et al. [10]
defined the notion of a proximity in soft setting for the first time, which is termed as soft proximity. Also,
by using soft sets, Hazra et al. [11] introduced the different notion of a proximity on the lines of basic
proximity and called it proximity of soft sets. Then, Kandil et al. [12] defined soft proximity spaces on
the base of the axioms suggested by Efremovic. Moreover, Kandil et al. [13] studied on soft I-proximity
spaces, where I is an ideal. All these works have generalized versions of many of the well known results
on proximity spaces.

In this work, we continue investigating the properties of soft proximity spaces in Kandil et al.’s sense.
Also, we give the notion of a soft 6—neighborhood in soft proximity spaces and obtain a few results
analogous to the ones that hold for 6-neighborhood in proximity spaces. Moreover, we show that each soft
uniform space on X induces a soft proximity space on the same set. Finally, we prove the existences of
initial soft proximity spaces.

2. Preliminaries

In this section, we recollect some basic notions regarding soft sets. Throughout this work, let X be an
initial universe, P(X) be the power set of X and E be a set of parameters for X.

Definition 2.1. ([20]) A soft set F on the universe X with the set E of parameters is defined by the set of
ordered pairs

F ={(e,F(e)) : e € E,F(e) € P(X)}
where F is a mapping given by F : E — P(X).
Throughout this paper, the family of all soft sets over X is denoted by S(X, E) [3].

Definition 2.2. ([2,18,24]) Let F,G € S(X,E). Then:

(i) The soft set F is called null soft set, denoted by @, if F(e) = ( for every e € E.

(ii) If F(e) = X for all e € E, then F is called absolute soft set, denoted by X.

(iii) F is a soft subset of G if F(e) € G(e) for every e € E. It is denoted by F C G.

(iv) F and G are equal if FE G and G C F. It is denoted by F = G.

(v) The complement of F is denoted by F¢, where F° : E — P(X) is a mapping defined by F°(e) = X — F(e)
forall e € E. Clearly, (F°)° = F.

(vi) The union of F and G is a soft set H defined by H(e) = F(e) U G(e) for all e € E. H is denoted by FLI G.

(vii) The intersection of F and G is a soft set H defined by H(e) = F(e) N G(e) for all e € E. H is denoted
by FNG.

Definition 2.3. ([5, 16,22]) A soft set P over X is said to be a soft point if there exists ¢ € E such that P(e) = {x}
for some x € X and P(¢’) = 0 for all ¢’ € E\{e}. The soft point denoted as x°.

From now on, let SP(X) be the family of all soft points over X.
Definition 2.4. ([5,22]) A soft point x° is said to belongs to a soft set F, denoted by x* € F, if x € F(e).

Definition 2.5. ([5]) Two soft points x;, x, are said to be equal if e; = e; and x; = xp. Thus, X1 # 02 &
X1 # Xp Or ey # e;.

Definition 2.6. ([14]) Let S(X, E) and S(Y, K) be the families of all soft sets over X and Y, respectively. Let
¢ : X —> Yand ¢ : E - Kbe two mappings. Then, the mapping ¢y, is called a soft mapping from X to Y,
denoted by ¢y : S(X, E) — S(Y, K).

(i) Let F € S(X, E). Then ¢y (F) is the soft set over Y defined as follows:

| Ueeprgy @(F(e)), if p7(k) # 0;
Pu(F)(K) _{ 0, o otherwise.
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for all k € K.
@y(F) is called a soft image of a soft set F.
(ii) Let G € S(Y, K). Then qo@l(G) is the soft set over X defined as follows:

9, (G)O) = 9~ (G(Y(e))

foralle € E.
go;}l(G) is called a soft inverse image of a soft set G.

The soft mapping ¢y, is called injective, if ¢ and ¢ are injective. The soft mapping ¢y, is called surjective,
if @ and 1p are surjective [3, 26].

Theorem 2.7. ([14]) Let F; € S(X, E) and G; € S(Y, K) for all i € | where | is an index set. Then, for a soft mapping
¢y : S(X, E) — S(Y, K), the following conditions are satisfied.

(i) If F1 € Fy, then (p¢(F1) C (p¢(F2).

(ii) IfGl C Gy, then gD;l (G C (p;l(Gz)

(iii) Wz( Llies Fi) = ey @u (Fi).

(iv) (Pl_Pl( Uie] Gi) = Uie] Qil(Gz)

©) @, (Mies Gi) = Miey @1 (Go)-

(vi) (pljjl(Y) =X, (p&l(q)) = @ and @y (P) = .
Theorem 2.8. ([3, 26]) Let F, F; € S(X,E) for all i € | where ] is an index set and let G € S(Y, K). Then, for a soft
mapping @y : S(X, E) — S(Y, K), the following conditions are satisfied.

(i))FC (p;((pw(F)), the equality holds if @y is injective.

(ii) (pw((pyf(G)) C G, the equality holds if @y is surjective.

Definition 2.9. ([3]) Let F € S(X,E),G € S(Y,K) and letpx : XXY = X, gg : EXK > Eandpy : X XY —
Y, gk : E X K — Kbe the projection mappings in classical meaning. The soft mappings (px),. and (py),, are
called soft projection mappings from X X Y to X and from X X Y to Y, respectively, where (px),.(F X G) = F
and (py)y, (F X G) = G.

Definition 2.10. ([25]) Let 7 be a collection of soft sets over X, then 7 is said to be a soft topology on X if:
(st;) @, X belong to 7.
(stp) the union of any number of soft sets in 7 belongs to 7.
(st3) the intersection of any two soft sets in 7 belongs to 7.
(X, 1, E) is called a soft topological space. The members of 7 are called soft open sets in X. A soft set F over
X is called a soft closed in X if F° € 7.

Definition 2.11. ([26]) Let (X, 7, E) be a soft topological space and F € S(X, E). The soft interior of F is the
soft set F* = | |{G : G is soft open set and G E F}.

Definition 2.12. ([25]) Let (X, 7, E) be a soft topological space and F € S(X,E). The soft closure of F is the
softset F=[{G: G is soft closed set and F € G}.

Theorem 2.13. ([22]) Let us consider an operator associating with each soft set F on X another soft set F such that
the following properties hold:

(so)) FCF,

(s02) F=F,

(s03) FNG=FnG,

(s04) D = D. . _
Then the family T = {F € S(X,E) : F© = F°} defines a soft topology on X and for every F € S(X, E), the soft set F is
the soft closure of F in the soft topological space (X, t, E).

This operator is called the soft closure operator.
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Definition 2.14. ([23]) Let (X, 11, E) and (Y, 72, K) be two soft topological spacesand ¢y, : (X, 71, E) — (Y, 72, K)
be a soft mapping. Then @, is called soft continuous at x° € X if for every soft neighborhood G of ¢y (x°) in
Y, there exists a soft neighborhood F of x° in X such that ¢ (F) C G.

A soft mapping ¢y, is called soft continuous on X if it is soft continuous at each x eX.

Theorem 2.15. ([23]) Let (X, 71, E) and (Y, 72, K) be two soft topological spaces and ¢, : (X, 11, E) — (Y, 12,K) be a
soft mapping. Then the following conditions are equivalent:

(i) @y is soft continuous.

(ii) For every soft open set G in (Y, 12, K), (p;(G) is soft open in (X, 71, E).

(iii) For every soft closed set F in (Y, T2, K), (p@l (F) is soft closed in (X, t1, E).

(iv) For every F € S(X, E), (pw(l?) C @y (F).

Definition 2.16. ([23]) The non-empty family U C S(SP(X) x SP(X), E) is called a soft uniformity for X if
the following axioms are satisfied:

(sup) f U e U, then AT U.

(sup) If U € U, then there existsa V € U such that Vo V E U.

(suz) If U € U, then there exists a V € U such that V™1 C U.

(sun) HU,VeUl,thenUNVeU.

(sus) fUeUand UC V, then V € U.

The triplet (X, U, E) is called a soft uniform space on X.

Definition 2.17. ([23]) (i) The soft set A € S(SP(X) x SP(X), E) is said to be diagonal soft set which is defined
by Ae) = {(x%, x¥) : x* € SP(X)}, for every e € E.
(ii) Let U € S(SP(X) x SP(X), E). Then,
U (e) = {(x]!, x32) = (x5, x7) € Ule)}

for every e € E. If U = U™, then U is said to be symmetric.
(iii) Let U, V € S(SP(X) x SP(X), E). Then,

Uo V() = {(x],x3) : for some z* € SP(X), (x',2") € V(e) and (z,x}) € U(e)}
foreverye € E.
Theorem 2.18. ([23]) Let (X, U, E) be a soft uniform space.

() IfUeUthenU ' € U.
(ii) The conjunction of axioms (suy) and (suz) is equivalent to the following axiom:

For every U € U there exists V € U such that Vo V' C U
(iii) The family B consisting of the symmetric soft sets in U form a soft base for U.
Definition 2.19. ([23]) Let (X, U, E) be a soft uniform space and x° € X. Then, for every U € U
Ux’] = |_| {zﬁ €X:(x,2F) e U),Va e E}
is a soft set on X. This is extended to the soft set F on X, denoted by

U[F] = I_I Ulx‘] = u {zﬁ € X : for some x° €F, (x°,2F) € U(ax), Ya € E}.

x¢€F



I. Demir et al. /Filomat 31:7 (2017), 2023-2034 2027

Recall that a binary relation 0 on the power set of a set X is called a proximity on X if the following
axioms are satisfied (see, [21])

(p1) 054,

(p2) f AN B # 0, then AdB,

(p3) If AOB, then BOA,

(ps) AS(B U C) if and only if A0B or A6C,

(ps) If AGB, then there exists a subset C of X such that A5C and B5(X -0,

where 6 means negation of 0.
The pair (X, 0) is called a proximity space; two subsets A and B of the set X are close with respect to 6 if
A0OB, otherwise they are remote with respect to 6.

3. Soft Proximity Spaces

In this section, we study some basic properties of soft proximity spaces. Also, we give an alternative
description of the concept of soft proximity spaces, which is called soft 5-neighborhood.

Definition 3.1. ([12]) A binary relation 6 on S(X, E) is called a proximity of soft sets on X if for any F,G, H €
5(X, E), the following conditions are satisfied:
(sp1) @OF,
(sp2) If FN G # @, then FOG,
(sp3) If FO6G, then GOF,
(sps) FO(G U H) if and only if FOG or FoH,

(sps) If F5G, then there exists an H € S(X, E) such that FoH and GE(}? — H).

A soft proximity space is a triple (X, 6, E) consisting of a set X, a set of parameters E and a proximity
re_lation on S(X, E). We shall write FOG if the soft sets F, G € S(X, E) are 6-related, otherwise we shall write
FoG.

Example 3.2. (i) On any set X, let us define FoG iff F # @ and G # ®. This defines a proximity relation on
S(X,E).
(ii) On any set X, let us define FoG iff F 11 G # @. This defines a proximity relation on S(X, E).

We obtain the connection between proximity spaces and soft proximity spaces as shown in the following
theorem.

Theorem 3.3. Let (X, 0) be a proximity space. By lettzngfor FGeS(X,E)

F6'G iff there exist subsets A, B of X such that F C A, G C Band ASB
we define a proximity relation on S(X, E).

(Here, for every A C X, A is the soft set over X defined by Ale)=A foralle € E).

Proof. We shall show that &' satisfies axioms (sp1) — (sps)-

(sp1) From @ C 0, F C X and 05X it follows that ® &' F

(sp2) Let F&'G. Then, there are subsets A and B of X such that FC A, G C B and AGB. By ASB, we have
ANB= (/),sothatgl‘IE: ®. Thus, we get FM1 G = ®.

(sp3) It is clear because A5B implies BOA.

(sps) It is easy to see that if F5'(G U H) then F&'G and Fo'H. Conversely, suppose that F5'G and FO'H.

Then, there exist subsets A and B of X such that F C A GLC B and ASB. Likewise, there exist subsets C and D
of X such that F C C HEDand CoD. Since FC ANC = ANC,GUHCBUD=BUDand (ANC)5(BUD),

we conclude that F61(G U H).
(sps) If F(SlG then there are subsets A and B of X such that F C A G C B and A8B. Since AOB, by (p5)

there is a C C X such that ASC and B5(X — C). Therefore, for a soft set C, we obtain F' C and G & (X C)
which completes the proof. [
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Lemma 3.4. ([12]) Let (X, 6, E) is a soft proximity space. If FOG and F € Hy, G E H,, then H16H,.

Theorem 3.5. ([12]) Let (X, 6, E) be a soft proximity space. Then, the mapping F — F, where

F=| |(x¥EX:xoF)

satisfies the conditions (so1) — (sos). Therefore, the collection
7(6) = {F € S(X,E) : Fc = F}

is a soft topology on X.

Trivially, the soft proximity spaces defined in Example 3.2 (i) and (ii) induce the soft topological spaces
7(0) = (P, X} and 7(6) = S(X, E), respectively.

Corollary 3.6. Let (X, 6, E) is a soft proximity space and F € S(X, E). Then,

Fe1(d) iff x°0(X—F) for every x° €F.

Proof. Let x*€F. Then, x"g(;{ — F). Since (}~( -F) = (}~( — F), by Theorem 3.5, we have x"g(i —F).

Conversely,jor every x° € F, let xeg(}? — F). Therefore, x"g(}? — F). From the fact that (}~( -F) = (}~( —F°) it
follows that x° € F°. Thus, we have F C F°, thatis, F € ©(6). O

Definition 3.7. If 6; and 6, are two proximities of soft sets on X, we define
01 <0y iff FooG implies F61G.
The above is expressed by saying that 6, is finer than 01, or 0; is coarser than 6.
The following theorem shows that a finer soft proximity structure induces a finer soft topology:
Theorem 3.8. Let 61 and 6, be two proximities of soft sets on X. Then,
01 < 6y implies T(01) C T(2).

Proof. Let F € 7(61). It follows from Corollary 3.6 that xea(;( — F) for every x* €F. Since 81 < &, we get
x°02(X — F) for every x* € F. Hence, F € 1(52). O

Definition 3.9. Let (X, ,E) be a soft proximity space. For F,G € S(X, E), the soft set G is said to be a soft
o-neighborhood of F if F&(X — G); we write this in symbols as F € G.

Theorem 3.10. Let (X, 6, E) be a soft proximity space. Then the relation € satisfies the following properties:
(spn1) ® € F.
(spny) F € G implies (X — G) € (X - F).
(spns) F € G implies F C G.
(spny) F € (GNH) ifand only if F € Gand F € H.
(spns) F1 E F € G E Gy implies F1 € Gy.
(spng) F € G implies there is an H € S(X,E) such that F € H € G.

Proof. (spny) is obvious.
(spny) If F € G, then F&(X — G). By (sp3), (X — G)OF, thatis, (X — G) € (X — F).

(spn3) Let F € G. Then from (spy) it follows that F 11 G° = ®. Thus, we have F C G.
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(spns) F€ (GMH) F(S(X (G H))

& F5(X - G)and F6(X — H)
— FeGandF € H.
(spns) If F1 € Gy, where € means negation of €, then F16(X — Gy). Since F; E F and (X -Gy C (X -G),
we have F5(X — G). Therefore, F € G, which is a contradiction.
(spng) F € G implies F5(X — G). Then by (sps), there exists an H € S(X, E) such that FS(X — H) and
HS(X —G).Hence, FEHEG. O

Theorem 3.11. Let € be a relation on S(X, E) satisfying (spn1) — (spne). Then, 6 is a proximity relation on S(X, E)
defined as follows:

F5G iff Fe(X-G).
Also, according to this proximity relation, G is a soft 6-neighbourhood of F if and only if F € G.

Proof. We first need to verify axioms (sp1) — (sp5)
(sp1) Let F € S(X,E). By (spnl) we have © € (X F) and thus OSF.
(sp2) Let F5G. Then, F € (X G) and from (spn3) it follows that FM G = ®.
(sp3) It F5G, then F € (X G). By (spny), G € (X F) and hence G5F.
(sps) FO(GUH) < Fe (X (GUH))
= FC(X G)andFC(X H)

: & F5G and FoH. _
(sps) Let FO6G. Then F € (X G). Therefore, by (spng), there is a soft set H such that F € H € (X - G).
Thus, F6(X — H) and H5G.
Hence 6 is a proximity of soft sets on X. From the definitions of the terms involved it follows easily that
G is a soft 0-neighbourhood of Fif and only if FE G. O

Lemma 3.12. Let (X, 6, E) be a soft proximity space. For F,G € S(X,E),
FoG iff FoG,
where the soft closure is taken with respect to 7(0).

Proof. Necessity follows immediately from Lemma 3.4. For sufficiency, suppose that F5G. Then, by (sps),
there is an H € S(X, E) such that F6H and G6(X H). We claim that G C H. Indeed, let x* ¢ H. Then, we
have ¥’ C (X - H ). From Lemma 3.4, we see that x°6G. Therefore, x° ¢ G and our claim is proved. From this
and F6H we obtain F 5 G. Repeating the argument shows that F6 G. [J

Theorem 3.13. Let (X, 6, E) be a soft proximity space and F, G € S(X, E). Then, the following statements are satisfied:
(i) F € G if and only if F € G.
(ii) If ESG, then there exist soft sets F1, Gy such that F € F1, G € Gy and F16G;.
(iii) If F € G, then there is an H € t(5) such that F € H C HegG.

Proof. (i) It is clear from Lemma 3.12.

(ii) If F5G, then from (sps), there is a soft set G1 such that FOG; and GO(X — G1). Because G16F, there is a
s0£t set Fq such that G16F; and F&(X — Fy). Thus, there exist soft sets F; and G; such that F € F1, G € Gy and
F16G;. —

(iii) Let F € G. Then, by (ii) there exist soft sets F1, Gy such that F € F;, (X —G) € G; and F1 M G; = ®. By
virtue of (spnz), we have F; C (X — G1) € G. Therefore, F16(X — G). Since F&(X — Fy), it follows from Lemma

3.12 that F§ (X Fy), i.e., F(S(X (Fl) ). Lettmg H = (F1)°, we get F € H C F;. Because F15(X — G), we have
H6(X G). This means thatHcS(X G)ie,HeG. O
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Theorem 3.14. If (X, 6, E) is a soft proximity space and F € S(X, E), then
F=[|iG:Feaq).

Proof. Let us take a soft set G such that F € G. Therefore, F € G and by (spn3) we obtain F C G. Hence,
Fc| |iG:Fea).

On the other hand, suppose that x¢¢F. Then, x* 5 F. Therefore, by Theorem 3.13 (ii), there exist soft sets
F1,G; such that F € F1, ¥ €G; and F; M G; = ®. Thus, F has a soft o-neighbourhood F; not containing x°.
This implies that x°¢[ [{G: F € G}. O

Definition 3.15. Let (X, 61, E) and (Y, 62, K) be two soft proximity spaces. A soft mapping ¢y : (X, 61, E) —
(Y, 62, K) is a soft proximity mapping if it satisfies

for every F,G € S(X, E).
Using the above definition, we can easily prove the following propositions.

Proposition 3.16. Let (X, 61,E) and (Y, 0,,K) be two soft proximity spaces. A soft mapping @y : (X,061,E) —
(Y, 62, K) is a soft proximity mapping if and only if

F16,G, = @;,1(F1)6_1(P;,1(G1)/
or in other form
Fie G = (P@l(Fl) Sl (Plﬁl(cl)r
for every F1, Gy € S(Y, K).
Proposition 3.17. The composition of two soft proximity mappings is a soft proximity mapping.

Theorem 3.18. A soft proximity mapping ¢y : (X,061,E) — (Y, 062,K) is soft continuous with respect to t(61) and
T((Sz).

Proof. Let @y : (X,01,E) — (Y,02,K) be a soft proximity mapping. To show ¢y, is soft continuous, it is

enough to show that (pw(l_-") C @y(F) for every F € S(X,E). Let yk E(pw(l_:). Then, there is a soft point x° € X

such that x* € F and ¢y(x°) = y*. Therefore, x°6;F and it follows from our hypothesis that 1*6,¢y(F). Thus,
e

v epy(F). O

Lemma 3.19. Let (X, U, E) be a soft uniform space and F,G € S(X,E). Then, there exists a U € U such that
U[F]1 N U[G] = © if and only if there exists a U € U such that U[F] 1 G = ©.

Proof. The necessity is clear since F C U[F] for every F € S(X, E) and every U € U. For the sufficiency, take
a U € U such that U[F] 1 G = @. By Theorem 2.18, there is a symmetric soft set V € U such that Vo V C U.
We shall show that V[F] 1 V[G] = ®, which will complete the proof. Suppose x¢ € V[F] and x¢ € V[G] for
some x¢ € SP(X). From the definition of symmetric soft set and Definition 2.19, it follows that there exist an
X' €F and an x7? € G with (x{', x°) € V(a) and (x*,x3?) € V(a) = V(a) for each a € E. Since

(], x3) € (Vo V)() C U() foreach a € E

we obtain x3’ € U[F]. Therefore, U[F] 1 G # ®, which is a contradiction. [J
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Lemma 3.20. Let (X, U, E) be a soft uniform space and F, G € S(X, E). Then, the following results hold:
(i) (UnN V)[F] € U[F] forevery U,V € U.
(ii) U[F u G] = U[F]u U[G] for every U € U.

Proof. (i) It is clear from Definition 2.19.

(ii) Let x° € U[F U G]. Then, there exists an xil € (F U G) such that (x‘il, x°) € U(a) for each a € E. Suppose
x' €F. Therefore, we get x* €U[F], and so x° €U[F] U U[G]. Thus, we have U[F U G] € U[F] U U[G]. By a
similar argument, we can show that U[F] U U[G] E U[F U G], completing the proof. [

Theorem 3.21. Let (X, U, E) be a soft uniform space. Then, we define a proximity of soft sets on X by

F5G iff there exists a U € U such that U[F] 1 U[G] = ©.

Proof. To show that 0 is a proximity of soft sets on X it suffices to prove that (sps) and (sps) is satisfied, since
the other proximity axioms are easily verified.

(sps) It follows from Lemma 3.20 (ii) that if FS(G U H), then F6G and FoH. Conversely, let F6G and

F5H. Then, there exist U, U, € U such that U;[F] 1 Ui[G] = @ and Uy [F] 1 Up[H] = ©. By (suy), we have
Uz = U; N U, € U. Using Lemma 3.20 (i), we obtain

U3[F]I 1 U3[G] = @ and Us[F] 1 Us[H] = ©.
Since
Us[F] 1 Us[G U H] = (Us[F] 1 Us[G]) L (Us[F] 1 Uz[H]) = @

it follows that F5(G LI H), as required.

(sps) If F5G, then there is a U € U such that U[F] 1 U[G] = . By Theorem 2.18, there is a symmetric
soft set V € U such that Vo V C U. We first Ve~rify that V[U[G]] 1 F = ®@. Suppose instead that there exists
an x° € V[U[G]] M F. Then, there exists an xil € U[G] such that (xil,xe) € V(a) for each a € E. Because V
is symmetric soft set and V C U, we obtain x{' € U[F]. But this contradicts the fact that U[F] 1 U[G] = ®.
Hence, from Lemma 3.19 it follows that FOU[G]. Now, we verify that V[}~( — U[G]] N G = P. Supposing the
contrary, we find an erV[g — U[G]] 1 G. Then, there exists an x‘il E()A(' — U[G]) such that (xil, x°) € V(a) for
each o € E. Therefore, we have (x*, x{') ¢ U(a) for some a € E, because otherwise we would have x{' € U[G].
Since V is symmetric soft set and V C U, we get (xil,xg) ¢ V(a) for some a € E, a contradiction. Thus,

applying Lemma 3.19, we infer that G5(X — U[G]). [

4. Initial Soft Proximity Spaces

We prove the existences of initial soft proximity space. Based on this fact, we define the product of soft
proximity spaces.

Definition 4.1. Let X be a set, {(Xy, 04, Es) : @ € A} be a family of soft proximity spaces, and for each a € A
let (py)a : S(X, E) = (X4, 04, Es) be a soft mapping. The initial structure 6 is the coarsest proximity of soft
sets on X for which all mappings (¢y). : (X, 6, E) = (Xa, 04, Es) (@ € A) are soft proximity mapping.

Theorem 4.2. (Existence of initial structures) Let X be a set, {(Xa, 04, Ea) : @ € A} be a family of soft proximity
spaces, and for each a € A let (py)s : S(X, E) — (X4, 04, Ea) be a soft mapping. For any F,G € S(X, E), define F6G
iff for every finite families {F; : i =1,..,n} and {G; : j = 1,...,m} where F = | |_; F; and G = |_|’]71:1 Gj, there exist an
Fiand a Gj such that

(Pp)a(Fi) 6a (Py)al(G)) for each a € A.

Then 6 is the coarsest proximity of soft sets on X for which all mappings (¢y)a : (X, 6,E) = (Xa, 0a, Ea) (@ € A) are
soft proximity mapping.
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Proof. We first prove that 0 is a proximity of soft sets on X.

(sp1) is obvious.

(sp2) We will show that if FOG, then F M G = @. Let FOG. Then, there exist finite covers F = | |i; F; and
G= |_|}”:1 G; of F and G respectively such that (py).(Fi)0a(@y)a(G)) for some a = s;; € A, wherei =1,...,n
and j = 1,..,,m. Since each 9, is a proximity of soft sets on Xy, (py)a(Fi) M(9y)a(G;) = @. From this it follows
that

@o)o( | |F) T @pa(] ]G1) = @9)alP) M (@)a(G) = @
i=1 j=1

Thus, we have FM G = ®.

(sp3) Since each 9§, is a proximity of soft sets on X,, it is clear that F6G implies GOF.

(sps) It is easy to verify that if FOG, then FOH for each H 3 G. Therefore, FOG or FOH implies F6(G U H).
Conversely, assume that F5G and FoH. Then, there exist finite covers F = LI, Fiand G = |_|}71:1 Gjof F
and G respectively such that (¢py).(F; )_a((PL,U)a(G ) for some @ = s;j € A, wherei=1,.,nand j =1,..,m
vand H = | ™ G; of F and H respectively such that

In the same way, there are finite covers F = | |’ i=me

p=1 7’
((p¢)a(F;,) 6a((p¢)a(G,~) forsome a =t,j € A,wherep=1,..,gand j=m+1,..,m+1 Now, F = | {F; I‘IF;, ii=
1,..,mp=1,.,qtand GUH = | {G;: j = 1,...,m + I} are finite covers of F and G Ul H, respectively. Hence,
from the fact that (¢y ) (Fi 1 F’;)é_a((pw)a(Gj) for a = s;j or a = t; it follows that F5(G U H).

(sps) Let us define the set Q of all pairs (F, G) such that F5G and we have either FSH or Gé()? — H) for
each H € S(X, E). The validity of (sps) will follow from the fact that Q is empty. Suppose, on the contrary,
that (F, G) € Q. Then, (¢y)a(F)0a(¢y)a(G) for each a € A. Indeed, let H € 5(X,, E,) and H = ((p¢);1(H’). If

F6H, then (¢y)a(F)da(@y)a(H). Because (py)a(H) C H’, we have (¢y).(F)0,H’. Similarly, if Gé(}? — H), then

(Py)a(G)oa (X, — H'). Hence, since 0, is a proximity of soft sets on X,,, we obtain (py).(F)a(®y)a(G). Also,
we observe that for each (F, G) € Q there are positive integers n,m and covers F = | |_; F; and G = ||}, G;

such that for every pair (i, j) € {1, ..., n} X {1,...,m}, there exists an a € A satisfying (¢y)a(F;) a((plp)a(Gj). Let
I = n+m. It easy to see that [ > 2. Then, for each (F,G) € Q let us choose such an integer /. But / is not
uniquely determined by (F, G). Let x be the set of all integers corresponding to members of Q) and let [ be
the smallest member of k. Take a (F,G) € Q such that [ is the integer corresponding to it. Then, there are
covers F = | |' F;and G = |_|;-":1 Gj such that I = n + m and for every pair (i, j) € {1, ...,n} x {1, ..., m} there

exists an a € A satisfying ((pw)a(Fi)a((pw)a(Gj). One of the n, m is greater than 1. Consider n > 1 and let
F' = F; U...UF,_1. In this case, one of the following conditions should be true:

(i) For every H € S(X, E), either F'0H or Go(X — H),

(ii) For every H € S5(X, E), either F,,6H or G6(X — H). In fact, suppose that neither (i) nor (ii) holds. Then,
there are H;, H, € S(X,E) such that F'6H;, G6(X — Hy) and F,0H,, G6(X — Hp). Letting H = Hy M Hy, we
obtain F6H and GE(J? — H), contradicting the fact that (F,G) € Q. Suppose that (i) holds. Because F' C F
and F5G, this means that F’6G. Hence by (i), we have (F’,G) € Q. But this is now a contradiction since
(n—=1)+m =1-1 € x, contrary to the choice of I. If (ii) holds, we get a contradiction in a similar way.
Therefore, the set Q) is empty. Thus, 0 is a proximity of soft sets on X.

It is easy to see that all mappings (¢y)s : (X,6,E) = (X4, 04, Ea) are soft proximity mapping. Let 6°
be another proximity of soft sets on X making each of the mappings (¢y)a : (X,0,E) — (Xa, 04, Ea) soft
proximity mapping. We shall show that 6 < 0%, which will complete the proof. Let F6*G and consider any
covers F = | |y Fiand G = |_]71:1 G; of F and G respectively. Since F = (Fy U ... U F;)6"G, by (spa), there is an
i € {1,..,n} such that F;0*G. In the same way, since F;6'G = (G1 U ... U Gp,), by (sp4) thereisa j € {1,..,m} such
that F;6"G;. From the fact that all mappings (¢y)s : (X,0%,E) = (X4, 04, Ea) are soft proximity mappmg it
follows that (¢y)a(Fi) Oa (9y)a(G)) for each a € A. Thus, we get F6G. [

Theorem 4.3. A soft mapping ¢y : (Y,6",K) — (X, 6,E) is a soft proximity mapping if and only if (py)a © @y :
(Y, 0", K) = (Xa, 04, Eq) is a soft proximity mapping for every o € A.
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Proof. The necessity is easy. We prove the sufficiency. Suppose that (¢y)a © @y is a soft proximity mapping
for every a € A. Let F&'G and let gy (F) = LI, Fi, 9y (G) = LIi; G;. Then, we have

Fo| |eplE) and G| |G
i=1 =1

Since F&*G, by (spa), there exist 7, j such that go;l (Pi)é*(%l(G /). Because

@0)a © Py 0 03 ) E (@)aF) and  (@y)a 9y © 931G E (@4)a(G))
it follows from our hypothesis that (¢y)a(Fi)0a(®y)a(G)) for every a € A. This shows that ¢y (F)o@y(G). O

Definition 4.4. Let {(X,, 04, Es) : @ € A} be a family of soft proximity spaces and let X = [[,ea Xo, E =
[Taea Ea be product sets. An initial proximity structure 6 = [],cx Oa 0f soft sets on X with respect to all the
soft projection mappings (px,)q,,, Where px, : X = X, and gg, : E — E,, is called the product proximity
structure.

The triplet (X, 0, E) is said to be a product soft proximity space.
From Theorem 4.2 and Theorem 4.3, we obtain the following corollary.

Corollary 4.5. {(X,,0a,Es) @ a € A} be a family of soft proximity spaces. Let X = [],ea Xo and E = ] en Eo be
sets and for each a € A let (px, )y, be a soft mapping. For any F,G € S(X, E), define FOG iff for every finite families
{Fi:i=1,.,nyand {G;: j=1,..,m} where F = | |, F;and G = |_|;71=1 Gj, there exist an F; and a G; such that
(Px.)qe, (Fi)0a(px,)ge, (Gj) for each a € A. Then:

(1) 6 = [lsen Oa is the coarsest proximity of soft sets on X for which all mappings (px, ), (@ € A) are soft
proximity mapping.

(ii) A soft mapping @y, : (Y,0°,K) — (X, 6, E) is a soft proximity mapping if and only if (px, )., @y : (Y,0",K) —
(X4, Oa, Eo) 1s a soft proximity mapping for every a € A.

5. Conclusion

Each proximity space determines in a natural way a topological space with beneficial properties. Also,
this theory possesses deep results, rich machinery and tools. With the development of topology, the theory
of proximity makes a great progress. Hence, the concept of proximity have been studied by many authors
in both the fuzzy setting and the soft setting. In the present work, we give some properties of soft proximity
spaces. We present an alternative description of the concept of soft proximity spaces, which is called soft
0-neighborhood. Also, we have shown that each soft uniform space determines a soft proximity space.
We believe that these notions will help the researchers to advance and promote the further study on soft
proximity spaces.
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