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Abstract. In the present paper, the positivity of the differential operator with nonlocal boundary conditions
is established. The structure of fractional spaces is investigated. In applications, we will obtain new coercive
inequalities for the solution of local and nonlocal boundary value problems for parabolic equations.

1. Introduction

Various local and nonlocal boundary value problems for partial differential equations can be considered
as an abstract boundary value problem for ordinary differential equations in a Banach space with a densely
defined unbounded space operator. The theory of differential and difference operators and their related
applications has been investigated by many researchers (see, for example,[1-17]).

In the present paper, we consider the differential operator A* defined by the formula

. d*u
A'u = ) + 6u, (1)

with the domain
D(AY) = {u € C?[0,1] : u (0) = 0,u(1) = u (u) 0 < u < 1},

where 6 > 0.

We will introduce the Banach space CF[0,1] (0 < 8 < 1) of all continuous functions ¢ defined on [0,1]
and satisfying a Holder condition for which the following norm is finite:

”@Hcrs[o,u = Sel[élz] |(p(x))+ sup M

w0 ly -«

Let cojﬁ[o,u = {u € CF[0, 1] = u(0) = 0,u(1) = u(u),0 < p < 1}.
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Moreover, for a positive operator A in the Banach space E, let us introduce the fractional spaces E, =
Eo(E,A) (0 < @ < 1) consisting of those v € E for which norms

Iolle, = sup A%JAA + A) ol
A>0

are finite.
We will investigate the resolvent of the operator —A*, that is, we consider the equation

Au+Adu=f (2)
or
_df;;(zx) + 6u(¥) + Au(x) = f(x), @3)

u0=0,ul)=u(u),0<pu<l
We establish the positivity of the differential operator A* in C[0,1]. The structure of fractional spaces
E.(C[0,1], A*) will be investigated. It is established that for any 0 < a < 1/2 the norms in the spaces
o2 o2
E.(C[0,1],A*) and C [0, 1] are equivalent. This result permits us to prove the positivity of A* in C [0,1].
In applications, we will obtain new coercive inequalities for the solution of a nonlocal boundary value
problem for parabolic equation.

2. Green’s Function and Positivity of A* in C[0,1]

In this section, we will explain the proof of the positivity in C [0, 1] of the operator A* defined by formula
@.

Lemma 2.1. Let A > 0. Then, the following equation
Au+Au=f 4)

is uniquely solvable, and the formula holds:

1
) = A7+ 1)) = [ Glas i + 016, 6)
0

where

s \/6+/\(1+s))

a - - _ T - Vo+A(1-
G(x,s, u; A +6) = —(e Vo1 _ , \/m(ler)) (¢~ Vor10-9
' 2Vo+ A

x[(1 - e m(l—y))—l(l te \/m(lw))—l(e— VorA(l-p) _ p- «/m(lw)) +1]

+(e VorA(1=x) _ o= \M(Hx))(l e \/m(l—y))—l(l te \M(Hp))—l 1
2Vo+ A

—Vo+A|u—s| _ ,— Vo+A(u+s) 1 —Vo+Alx=s| _ ,— Vo+A(x+s)
X(e e )+ ———(e e ). (6)
2Vo+ A
Here

T=(1-e2V0H),
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Proof. We see that problem (3) can be obviously rewritten as the equivalent nonlocal boundary value
problem for the second order linear differential equation

d*u

0 +(O+Mu=f(x),0<x<Lu@=0ul)y=u(u),0<pu<l.

We have the following formula:

u(x) = T{(E’_ VorAx _ e \/m(z—x))(P +(e Vo+A(1-x) _ e ‘/‘m(l”‘))gb 7)
1
—Vo+A(l-x) _ - Vo+A(l+x) 1 —VotA(l=s) _ - Vo+A(l+s)
—(e —e )——— f(e —e Yf(s)ds
2V6+AO f

1

1 f — Vot Alx—s| _ ,— Vo+A(x+s)
+— | (e Sl —e ) f(s)ds
2Vo+ A /

0

for the solution of the boundary value problem

A2u

—o5 H O+ u = f(2),0 <x <Lu) = p,u) = ¢

for second-order linear differential equations. Applying formula (7) and nonlocal boundary conditions
u0) =@ =0,u(l) =u(u) =1, we get
Y= T{(e_ VorA(l-p) _ o= \/m(lﬂl))w — (e VorA(1-p) _ o= \/(m(1+‘u))
1

y 1 f(e VorA(1-s) _ o m(”s))f(s)ds
0

N
=)
+

=

1

1 f (e VEl—s| _ o= VERX@49) () s,
2V5+ 1

0

Solving the equation, we obtain

p=—(1-¢ M(1—y))—1(1 re Mmy))—l(e— VorA(l-y) _ o= Mmp)) ®)

1

o 1 f (e VI _ o= VoRL149) £(5)ds
2Vo+ A

0

+(1 = ¢ VOrAA=0) =11 4 o= VORA -1 ~VoERs] o= VRRG9) () s,

T-! (
ey ¢
2Vo+ A
Finally, applying formulas (7)-(8), we obtain formula (5). This finishes the proof of Lemma 2.1. O

The function G(x, s; A + 6) is called the Green function of the resolvent equation (4).
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Lemma 2.2. Forall 0 < x < 1, the following formula holds

1

: _ 11 e
fG(x,s,y,/\+6)ds— ST 6+/\e
0

e oriu ( VoA _ - \/b+A(1+x))(1 +e \/b+/\(1+‘u))—1.
o0+ A

Proof. Applying formula (6) and taking the integral, we get
1 1
fG(x, s, ;A +0)ds = — f(e_ Vor(1-9) _ ¢ ‘/m(“s))ds
0 0

o~ VA1) _ = VEFA(1+2) T
2Vo+ A

X[(l —e \/m(l—y))—l(l +e M(lﬁu))—l(e— \/m(l—p) —e M(lﬂi)) + 1]

X(

(e VA=) _ = VERA40 (] _ o= VoRA—y-1 (g = VorAy-1 L
2Vo+A

1 1
= Vo+A|u-s| _ ,— Vo+A(u+s) 1 f —Vo+Alx=s| _ ,— Vo+A(x+s)

X | (e e Yds+ ——— | (e e )ds

\Of 2Vo+ A -

_ (o VOrA(1=x) _ ~ VorA(1+x) T 9= Vo+A , ,-2Vo+A
(e e )2(6+/\)(1 2¢ +e )

X[(1 - e M(l—y))—l(l re \/m(lﬁu))—l(ef Vo+A(1-p) _ = \/m(ler)) +1]
+(e VorA(l—x) _ o= \/m(lﬂc))(l e \/m(l—y))—l(l re \/m(1+y))-1

X (2 - 2e7Vor s

_ o= VorA(—p) 4 o= VE+A(l+u)
26+ 1) ¢ e )
1 Vo Ax _ - VERAQ-Y) - V5iA
2_9 +Ax _ O+A(1-x) O+A(14+x)
+2(6 Y ( e e +e )
_ 1 1 Vex 1 —VotA(l-x) _ —Vo+A(1+x)
To+A o+A° o0 ¢ )

X(1— ¢~ VHIY1(] 4 o OrAAH)TTA
where
A= —(1— ¢ VrHmi) (] 4 o= VorAH) (g — gm Vorivy
x [e— VorA(1-p) 4 o= VoraA(l+p) o 1-e «/m(l—m)(l re x/6+7<1+u>)]
42 — 2o~ Vordu _ o= VOrA(-p) | o= VorA(ep)
- D¢ mm e \/mﬁ—#))_

This finishes the proof of Lemma 2.2. [

888
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Lemma 2.3. Forall A € R, = {A : |arg A| < @, ¢ < 71/2} expressions 1+¢~ VorA(1t) 1 — = VorA1=) gy d 1 — =2 Vo+A
are not equal to zero.

Proof. Let A = pe'? = pcos @ + isin . Then
S+A=0+pcosp+ipsing =16+ Ale¥

and

16+ Al = /02 +2pcos@ + p2 > /62 + AP
pcos@ +p

Therefore (5 + A)2 = |6 + 1)Y?e¥/2,|(5 + M)V?| = 16 + A/ V2 Here tan = L322 < tan ¢. From that it
O+p cos @ P

2
1/4

follows |6 + A|Y? > (62 + |A|2)1/4and we have that |((5 + )\)1/2| > (62 + Mlz) ! g Therefore, using the triangle

inequality, we get

(8244 2
1 - 2558 s 1) E

>1- |672«/5+A

Similarly |1 + ¢~ VorA(+p)

>0 and |1 —e m(l’“)| > 0. Lemma 2.3 is proved. [

Lemma 2.4. Forany A € R, = {A: |arg /\| <@, ¢ <m/2}, pel0,1)and x € [0,1] the following estimate holds

1

f)c(x,s, WA +0)|ds <

0

M(6, 1)
1+

(10)

Proof. There are three possible cases: 0 < x < u, u < x < H—”, I8 < x < 1. In the first and second cases, it is
P o 2772

easy to see that

min{Z—x—s,l—x+|y—s,|x—s|}=|x—s| (11)

for any x,s € [0, 1]. By Lemma 2.3 and estimate (11) we have the following estimate for the Green function
of resolvent equation (4)

MO (senp) sl

|GG, s, ;A +0)| < (12)
(2 +12P)"
Then, applying (12), we get
1 M. (S 1
2, 11124 V2
f)G(x,s, A+ 6)|ds < 1(—’“)1/4 fe—(o +AR)" Ll g
J (2 +1AP) " 5
x 1
- % f o~ (HAP) " L9 gg f o (0+1P) " L) g
(82 +1AP) " |4 J
My (6,
2(6, 1) (13)

< —(62 . I/\lz)l/i'
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Estimate (10) for this case follows from the last estimate and the following inequality

1 - Mi©)

(az+m|2)”2 ST 9
In the third case * * < x < 1. Itis easy to see that
min{Z—x—s,l—x+|y —sl}
l-x+pu-s50<s<y,
={ x—-5, u<s<x, (15)

s—x,x<s<l1

for any x,s € [0, 1]. By Lemma 2.3 and formula (15), we have the following estimate for the Green function
of resolvent equation (4)

1/4
e~ (+AF) " (1xtu=s) 0 < < L

Ml (6/ [—'l) e_(62+|}‘|2)1/4¥(x

G(x,s, ;A +90)| £ ————
| e

), u<s<x, (16)

2\1/4 v2
e—(2)2+\}\| ) T(S—x), x<s<l1.

Then, applying (16), we get

u

1
Mi(6, )
f)G(x,s,,u;)\+6)|d5< _ MG o fe & +AP) " 2 (1-x+p-s) g
0 62+|A| g

1

+fe (82+1AR)""* & (x—s) sds+fe—(52+|/\|2)“4?(s—x)ds
u

X
M;3(6, ) '
(2 +14P)"

Lemma 2.4 is proved. [J

(17)

Lemma 2.5. Forany A € R, = {A: |arg /\| <@, <m/2}, uel0,1)and x € [0,1] the following estimate for the
derivative of Green’s function of resolvent equation (4) with respect to x holds

|Gx(x, s, [J,A + 6)' < M2(6r #)e—((‘)2+|/\|2)1/4¥|x—5\ (18)
1+
forO<x<pu<x<-=E,
67(52+w2)1/4%(chfs)’O <s<yp,
GG s, 134 +0)| < Ma(@ ) x| (@A) Fe) <5<y, (19)

2\1/4 v2
e—(6)2+|}\| ) T(s—x)’ x<s<1.

1+
for 2F <x< 1.
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Proof. By using the equation (6), if x —s < 0, then we get

Ga(x,5, ;A + ) = _g(e— Vo+A(1-x) re vm(nx))([ Vo+A(1-s) = \/ﬁ(ns))

X[(l —e \/m(l—‘u))—l(l +e M(lﬂl))—l(e— \/m(l—‘u) —e M(lﬂi)) + 1]

+%(e‘ VorA(1-x) 4 o= m(nx))(l e M(l—y))—1(1 re «/m<1+y))—1

x(e” Vo+A|u-s| _ e \/m(;us)) 4 %((3_ Vo+A(s—x) +e \/m(xﬂ))_ (20)
If x — s > 0, then we get

GX(X, s, H’A + 6) — _g(e— Vo+A(1-x) +e \/m(1+x))(e— Vo+A(1-s) _ e M(lﬂ))

X[(l —e ‘/(T/\(lju))fl(l +e \/m(lﬂl))fl(ef \/m(lfy) —e \/m(lw)) + 1]

+l(e— VorA(—=x) 4 p- M(1+x))(1 e \/M(l—y))q(l e M(Hy))—l

2
X(E_ \/(S+/\|‘u—s| —e \/b+/\(y+s)) + %(_e— Vo+A(x—s) +e \/(S+/\(x+s))' (21)
I+p 1+p

There are three possible cases: 0 < x < i, u <x < —-, 5~ < x < 1. In the first and second cases, we have
estimate (11). By Lemma 2.3 and estimate (11), we have the following estimate from (20) and (21).

|Gx(x, s A+ 6)| < My (5, y)e_(é“l/\'z)”“glx_s‘. (22)

Then, applying (22), we get

1 1
f’Gx(x, S, 1 A+ 6)| ds < M;(6, ‘u) fe_(62+ﬂlz)1/4\2ﬁlx—slds
0 0

X 1
= M; (5, y) fe—(52+|A2)1/4?(x_s)ds + fe_(62+A|2)1/4f(s‘x)ds
0 X
M3(6/ [Ll)

<" (23)
(2 +1AP)"

Estimate (18) for this case follows from the last estimate and inequality (14). In the third case, by Lemma
2.3 and formula (15) we have the following estimate from (20).

@R E (1mvms) g <5 <,
|G, s, A +8)| < My (6, p){ ()" Fe-9 | <5<, (24)

2\1/4 \2
e (PHAP) U6y <5 <1,
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Then, applying (24), we get

1 u
f)Gx(x, S, l; A+ 6)| ds < Ml((S, ‘u) lfe_(62+|/\2)1/4?(1—x+y—s)ds
0 0

X 1
+ f () Famags o f ¢ (+AP) " Pl g

u X

M;z(6, 1)

ST i
(52 +1AP)

Estimate (10) for this case follows from the last estimate and inequality (12). Lemma 2.5 is proved. [J

(25)

Applying formula (7) we can establish the positivity of A* in C[0,1] as follows.

Theorem 2.6. Forall A € R, = {A : |arg A' < @, < 1/2}, the resolvent (Al + A*)™! defined by formula (7) is
subject to the bound

_ M(p,9)

AL+ A7) 1||C[01 1=CI011 ™~ (1 +|A])

Proof. Using the formula (7) and the triangle inequality, we get

1
|u(x)| f |G(x, s, 11; A +6)|ds(r)2;as>§ lf6)|
0

for any x € [0,1]. Then,

max [u(x)] < max f |GCe,s, ;2 + 0)| ds || F&)| o

x€[0,1] x€[0,1]

and

M((p, 0)

147+ 7 g < B -

From that it follows

_ M%)
cou-con — (1 + I/\l)

s+ n7

Second, the positivity of A* in C[0, 1] is investigated.
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o2

3. The Structure of Fractional Spaces E, (A%, C[0, 1]), Positivity of A* in C [0, 1]

Clearly, the operators A* and its resolvent (A + A*)~! commute. Thus, from the definition of the norm in
the space E,(C[0, 1], A¥) it follows that

A+ A7) )< <l +A4%" 1)) 2

1
“E «(C[0,1],A%¥) > E,(C[0,1],A* [01]=C [01]

Hence, by using Theorem 2.6, we obtain the positivity of the operator A* in the fractional spaces E,(C[0, 1], A¥).
Moreover, the following theorem holds.

o2
Theorem 3.1. Let o € (0,1/2). Then, the norms of the spaces E,(C[0, 1], A*) and C [0, 1] are equivalent.

Proof. For any A > 0 we have the following equality

AY A+ A7) = f(x) = AL + AN f(x).

By formula (5), we can write

1

A+ AN () = f(x) - A f G(x,s, 14 A + 8) f(s)ds

0

1

0+ 5210 = A [ Gl i+ ) f)s 26)

0

6+Af

From equation (9), we have the following formula

1
1
m - fG(x/ S, ”/
0

o~ Vo+Ap
+—c
o6+ A

e Vo+Ax

o6+ A

~VorA(1=x) _ - m<1+x>)(1 te \M(ny))—l. 27)
By using (26) and (27), we get

AN+ AN f(x) = [em Vo

S+

6+A 6+A

oo \/my(e—mu—x) _ E—M(1+x))(1 re M(Hy))—l]f(x)

G(x/ 5,y A+ 6) (f(X) - f(S))dS

+
>
O%M

Then
SAY a+1

MA A+ AT ) = 5 f0 + =

[o V57
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teo \/b+/\p(6— Vo+A(1-x) _ e \/b+A(1+x))(1 te \/b+/\(1+p))—1] f(x)

1

+/\a+1 fG(x, S, 1 A+ (3) (f(x) - f(s))ds

0
= P1(x) + P2(x) + P3(x)

o2
Using the definition of norm space C [0,1] and Agf/\ <1, we can write

60{
D | R e P 1 o1
for any x € [0,1].
Then,
max [P(x)| < 6%
xe[0,1] ¢ [01]
or
1Palleoy < % [|fl| 2 - (28)
We have that
a+1
Pa) = 53— T [f() = FO)] + 5o P01 4 OO £ - f1)]
A \/(T(lﬂwrx)(l +e \/(ST(1+y)) 1[ f .'X') +f 1)]
6 + A
g‘+ o VOO0 (1 4 o Y () — ()]

AT o~ VIR A(L+4) —VorA(+u)y-1
—5T 3¢ (I+e )~ f().

Then, using the triangle inequality and the estimate p®e™" < ¥, p > 0, we can write

a+1 _ —_ 0
A A) o+ )\)Ml o~ Vorix |f(x)x2af( )|x2a

a+l 6+ /\)a+1 e \/m(lﬂi—x)(l +e \/m(lw)) 1 |f((1) x])cz(a )| (1- )

(6 + )+ g VorAtu (] 4 o= VoAt )~ 1|f((1) xJ)C(a)l( x)*

yZa

((5 + /\)a+1 e—\/ﬁ(lﬂﬁx)(l +e—\/m(1+y))—1f(1)

757)
(557)

+ (L)a+1 G+ A e mmw)a +e M<1+u>)—1 |f w-f (O)‘ 2
( )

MI|fll oz,

& 0]
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+max |f(x)|

x€[0,1] (1+p+x)2a—

M [|f]

¢ 0]
for any x € [0,1]. Then,

IPallcgo,y < M ||f H&“[o,ﬂ

Now, we will estimate P3(x).

From (12)for0 <x <pand p <x < 1+T“,weget

1
|P5(x)] < A%+ f |G(x, s, 3 A+ 0)| | f(x) = £(5)| ds
0

- M1(6, ‘u))\oﬁl

< (62 . |/\|2)1/4

M (6, p)A 24AR)
%I (O | () f()| 2a

1
[t ) - peoas

1
M (6, u)A** (AR A s N
MHf| £ 1/4 fe (0%~ 3 ‘|X—S|2 ds.

C2[0,1] m J

. - ) o\ s . .
Using the substitution y = (6 + A ) - |x — 5| we have the following inequality

Aa+1 - -
|P3(x)| < M —i yds
C [0 1] ( |A| ) 2
<M ||f]. % [ Tea+.

1+‘u

And using estimate (16) for <x<1,weget

1
Py(x) < A+ f G, s, ;A +8) (Fx) — £(5)) ds = Pry(x) + Prafx) + Pio(®)
0

where
M; (6 H)/\m—l

Py (x) = —————7
31(x ( |A|)1/4

[J
f —(2+1AR) " L (1=x+p—s) (f(x) = f(s))ds,

Prax) = M f ) 69 () - f(s)) ds,
|)\|

(&

Pa) = MW f ()" E 6 (42— f(5)) ds.
+IAP)

895

(29)
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Let us estimate |P3(x)|.

u
My (5, p)Ax+1 NV
(Pua) = O [ D)™ S0 (60— sy + ) - fe9)) s

1/4
& +1AP)" 3

By the triangle inequality, we have

M (6, p)A*+!

P31 (x)] < 1/4
|/\|

f D09 [ £ — £+ | () - £6)]] .

Using the definition of norm, the following inequality holds.

My (5, )A*+!

u
P31 ()] < - f o (PHAR)  Emxri-9) (] _ py2ag
(52 +1AP)

c 1011

‘Ll
+ fe—(62+)\|2)1/4‘f(l—x-%—p—s)(‘u o) ds

0
_ MG A

(o)

u
(A7) P f e‘(62+M2)”4?w‘”(/vt—s)z“dsw.
0

[0 1]

u
_(52+w2)”4¥(1—x)(1 _x) |:fe—(62+|/\|2)1/4‘2ﬁ(y—s)ds

Let us put

I = e‘(62+|/‘|2)1/4¥(1_x)(1 - x)%

u
L= f o~ (P HAR) £ (-9 g
0
u
I; = fe_(62+|A|2)1/4\f(l_xﬂl_s)([i _ S)Zads.
0

Then, by the inequality e™ < ﬁ ;:0<0 <1,
(1 —x)% B M
1/4 2a 2a/4
((52 )" La- x)) (82 +1AP)
Taking the integral, we have
cowre]

<
(@+a)" L2 (2 +pp)”

L <

L <
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and for y = (& + AP 2(u - s)

I3

IA

2a+1

(52 + |/\|2) :

f”eyym o Mr@ath) M
X (62+|/\|2)% (62 +14P) B

Consequently, if we say e_(62+|/\|2)1/4 £ <1,I'2a + 1) <1 and using the results of I, I,I3 the following
inequality holds

My (6, p)As M M M
2a+1

R A A . +
(62 A )1/4 || ||C [01] (62 + |A|2)2a/4 ((32 + |A|2)1/4 (62 + |/\|2) 1

Aa+1

|P31(x)| <

l+ta —

011 (52+|)\| ) 5 o’

Let us estimate |P3,(x)] .

a+1
Pr() = LM f ()" F0-9) () - f(5)) ds,
I/\I

(¢

My (6, A .
Pl < M1 [01]((51(—#)1/4[ S TEO) (g g,

. . . 2 2 1/4 \& . . .
Using the substitution y = (6 + A ) 5 (x —s) we have the following inequality

0
P32 (%) < M, 1[ f Vyz“ds]
C [01](62+|/\| 2 J
1[ Yy ds
He+1AR) " %
< Mo £z M <M, ||fH w o TRa+D).

C o1 (62+I/\I2)

Let us estimate |P33(x)] .

106, lu)/\m—

Py(x) = ——27
33 ( |A| 1/4

f )" 6 (1) — f(9) s

M1(6, W)A N
e B
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Using the substitution y = (62 + IAIZ)U4 g (s —x), we have the following inequality

/\LY+1 P
P33 (x)] < Ma T f yPds
52+I/\I "o
ot
< Mo ||f]|.2= M < Ms SFea+D.

Then, we can write the following
max |P3(x)] < max |P31(x)| + max |P32(x)| + max |Paz(x
xe[O,l]l 3(x)| xe[O,l]l 31(x)] x€[0/1]| 32(x)] xe[0,1]| 33(x)]

or

1Psllcoy < M @) [fll2 -

Using estimates (28),(29) and (30), we get

max 1A+ A9 F@] < MO | f 2+ M@ fll

x€[0,1

for any A > 0. Hence,

pay < M|fllez

898

(30)

(31)

Now, let us prove the opposite inequality. For any positive operator A* in the Banach space, we can
P PP q y P P p

write
= f A¥(A + AN %A,
0

where [ is the identity operator.
From formulas (5) and (32) it follows that

fx) = f (A +AMTTAYA + AY) 7L f(x)dA

oo 1
- f f G(x,s, u; A + O)A*(A + A%) ™! f(s)dsdA
0

Consequently,
oo 1
flx+1)— f(x) = ff[G(x +17,8, A +0) — G(x,s, 1; A + 6)] A*(A + A¥) ! f(s)dsdA
0 0

o0 1
= fA‘“ f [G(x + 7,8, 1A+ 0) = G(x, s, ti; A + 8)] A*A¥(A + AY) ™! f(s)dsdA.
0 0

(32)
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Hence,

) 1
|foc+ 1) - () s[ A |GG+ 1,5, w3 A+ 6) = Gla, s, p,)\+6)|dsd)\]
=]

Let

o0 1
— T72a [f/\af|G(x+T,S,‘u;A+6)—G(x,S, y,/\+6)‘dsd/\]
0 0

X

fA “flG(x+T,s,y;/\+6)—G(x,s,y;)\+6)|dsdA
0

)G(x + 1,5, ;A +0) = G(x, 5, 3 A + 6)| dsdA

f |G-(z,,5, ;A + 6)| dzdsdA
X

)G(x + 7,5, A +0)—Gx,s, u; A + 6)| dsdA

1 x+71

2a f AT f f |G2(z, 5, 1; A + 6)| dzdsd A

0 X+T X

=T1+T2+T3.

Then for any x, T € R* , we have that

[f(x +7) - f() g

|T|—2a

1],AY).

Now, we will prove that

M(5)
<% (1-2a)

We will estimate Ty, T» and Tj. First, let us estimate T;.

o] X X+T

T =T‘2“f/\_“ff|Gz(z,,s,y;/\+6)'dzdsd/\
0 x

0

899

(33)
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e8] X X+T
<rczaanffe(6z+l/\lz)l/4?|“|dzdsd/\
0 0 x
X X+T o0 X X+T
con [ [ e ssosaraus v [ [ac o
0 x 0 0 x
where
Az, s) = f AW iy
0
By changing variable
p=—pp2 X *F 2 —sl,
we get
’ 2 2pd
1= XFP =1P zfd/\=1pp2'
Pl-sl) 2l 22—l
Then,
|Z |2a 2pdp 20-2 n2—a ( = —2a
f P1 2=|z—s| 22 fepplzdp
5|z —sl g

= |z — "2 22T (2 - 2a) = M |z — s]** 2.
Then,

X X+T
M
T <M —2a _ 2a—2dd <—2
1 <Mt ff(z s) ZS_(l—Za)Za
0 x

Second, let us estimate T5.

T, = 172 ‘fA“JWGx+Ls%A+& G(x,s, ;A + 6)|dsdA

(52+|A|2)”4‘f|z sl o (HAR) L]
f f + T2 dsdA
+1np)’ (62 +1AP)

IA

2|z s|+ —\/72|z+’£ sl]deA

AOI

sl= =

OL‘W OL‘W

f
[l

Fe0) 4 - VAP e 5)] dsdA.

900

(34)

(35)
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=To + Top,

where

(9]

T21 ]Vf\ f/\ ”‘fe ﬁ‘zﬁs x)deA

0

Ty = —T f —af \/> (z+7— S)dsd)\

By changing variable
2
Vi 7‘f (s-x)=p,
we get

X+T 00

2a+1 “Ppd
Ty = ff — _\F\FS dAds < M, T_z"ff(s ST ¢p fd
—x

X+T
:M1T_2‘)‘f(s—x)20‘1 dsf e Pp—2*dp = M2

0

Similarly, by changing variable
\/Xg(erT—s) =p,
we get,

X+T o0 X+T o0

_ o\2a+l ~Ppd
Ty = ff)\ e” 2(x+TsdAds<M1'c f x+7-5) ¢ pap ds

p2a+1 (x +7— 5)2

X

(o)

X+T
<Myt f(x +7 -8 ds fe"’p ~2dp = %.

0
Then,

T2<2—

Finally, let us estimate T5.

1 x+7

T3=T-2“fA—“ff)GZ(z,,s,y;A+6)|dzdsd)\
0
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X+T

) 1
—2afA af o~ (%4121 Vi), sl gz dsd
0

X+T X

%

X+T 00

=20 fff 1@ —|A|1/2\f|z =5l 4\ dzds.
X+T X
Using (34), we get
1 x+1
- - M,
Ta < 2 _ ~\2a-2 - .
3 <Mt f f (s —2)**"“dzds a-20)2a (36)
X+T X
Finally,
T < M + M < L
T1-2a 20" 2a(1-2a)
Theorem 3.1 is proved. [J
4. An Application
Now, we consider an application of Theorem 3.1. First, we consider the boundary value problem
2
—g—?—%+6u(tx) £(t,%),0 <t < T,x €[0,1] (37)

u(0,x) = p(x),x € [0,1]
u(t,0) =0,u(t,1) =u(t,u),0<pu<1,0<t<T.

Here, ¢(x) and f(t, x) are sufficiently smooth functions in x and they satisfy and compatibility conditions
which guarantee problem (37) has a smooth solution u(f, x).

Theorem 4.1. Let 0 < 2w < 1. Then, for the solution of the initial value problem (37), we have the following coercive
stability inequality:

([l 020 + ||ul| o242
aI[o,11,C [01]) c([o11,€c  [01])
M@ |l

The proof of Theorem 4.1 is based on Theorem 3.1 on the structure of the fractional spaces E, =
E«(C(0,1), A*) and Theorem 2.6 on the positivity of the operator A* on the following theorems on coercive
stability of initial value for the abstract parabolic equation.

Theorem 4.2. Let A be a strongly positive operator in a Banach space E and f € C([0,T], E,),0 < a < 1. Then, for
the solution of the nonlocal boundary value problem

w+Au(t) = f(H),0<t<T (38)

u(0) =
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in a Banach space E with positive operator A, we have the coercive inequality

1t llcqo,m e + lAUllcoT

M
<M “A(p”a‘ + m ||fHC([0,T],Ea) ’

Second, we consider the nonlocal boundary value problem for the parabolic equation
Ju(t,x)  J*u(t,x) N
ot ox?
u(0,x) = w(T,x),x € [0,1]
u(t,0)=0,u(t, 1) =u(t,u),0<u<1,0<t<T

ou(t,x) = f(t,x),0 <t <T,x€[0,1] (39)

Here, f(t,x) is a sufficiently smooth function in x and it satisfies any compatibility conditions which
guarantee problem (39) has a smooth solution u(t, x).

Theorem 4.3. Let 0 < 2 < 1. Then for the solution of boundary value problem (37), we have the following coercive
stability inequality

Wmm e+ |l mﬂMDSMWHM|

0,T1,C [0,1]) C([o,11,C C([O,T],&m[o,l]) '

The proof of Theorem 4.3 is based on Theorem 3.1 on the structure of the fractional spaces E, =
E«(C(0,1),A*), and Theorem 2.6 on the positivity of the operator A* on the following theorem on the
coercive stability of the nonlocal boundary value for the abstract parabolic equation.

Theorem 4.4. Let A be a positive operator in a Banach space E and f € C([0,T], Ey),0 < a < 1. Then for the solution
of the nonlocal boundary value problem

w+Au(t) = f(t),0<t<T, (40)
u(0) = u(T)

in a Banach space E with positive operator A the coercive inequality

M
’
14 leqo 60 + 1Aulleqo 1 E,) < al—a) 1A leqom e

holds.
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