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Norm Inequalities for Elementary Operators and Other Inner Product
Type Integral Transformers with the Spectra Contained in the Unit Disc
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Abstract. If {# };co and {%;}icq are weakly*-measurable families of bounded Hilbert space operators such
that transformers X +— fQ o Xt du(t) and X - fQ B; X%, du(t) on B(H) have their spectra contained in
the unit disc, then for all bounded operators X

[As XAz < , ©)

X - f A X By du(t)
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e -1/2
where A, = s—limr/l(l + Yo rznfo e J;JWH ‘e m,l|2dy"(t1,- -, t,,)) and Ag by analogy.

If additionally Y.,2, anidtl A 2d‘u"(thm, t,) and Yo7, fon %’;l B 2c7ly”(t‘1,~-~,t,1) both represent
bounded operators, then for all p, q,s > 1 such that % +1= 5 and for all Schatten p trace class operators X
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If at least one of those families consists of bounded commuting normal operators, then (1) holds for all
unitarily invariant Q-norms. Applications to the shift operators are also given.

1. Introduction

Let B(H) and C(H) denote respectively spaces of all bounded and all compact linear operators acting
on a separable, infinite-dimensional, complex Hilbert space /. Each “symmetric gauge (s.g.) function”
(also known as symmetric norming functions) ® on sequences gives rise to a symmetric norm or a unitarily

invariant (u.i.) norm on operators defined by || X|le Y O({s,(X)}7,), with s1(X) > 2(X) > --- being the
singular values of X. We will denote by the symbol ||| any such norm, which is therefore defined on a
naturally associated norm ideal Cy.;(H) of Coo(H) and satisfies the invariance property [|[UXV]| = I X]|| for
all X € €y(H) and for all unitary operators U, V. Even more, [|[AXB|| < [|[CXD]| whenever A*A < C*C

and BB* < DD". This is the consequence of Ky-Fan dominance property, which says that || X||| < [IY|| iff
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Yoy sk(X) < Yo sk(Y) for all ne N, and the monotonicity of eigenvalues {Aul, of compact self-adjoint
operators, which gives that

sn(AXB) = A2 (B*X"A"AXB) < A2 (B'X"C'CXB) = A2 (CXBB*X"C") < AZ(CXDD'X'C’) = s,(CXD)  (3)

for all n € IN, because B*X*"A*AXB < B*X*C*CXB implies A,(B*X*"A*AXB) < A,(B*X*C*CXB) and similarly
CXBB*X*'C* < CXDD*X*C" implies A,(CXBB*X*C") < A,(CXDD*X*C").

Each norm |||-|[| is lower semi-continuous, i.e., [|w—1lim,_ . X, || < liminf,_ [| X, || . This follows from the
well known representation formula || X|| = sup { ‘tm(;(lﬁ?l 1Y is finite dimensional}, where |||||. stands for the
dual norm of [|-||| (see Th. 2.7 (d) in [18]).

One way to modify a s.g. function @ is to introduce for p > 1 its (degree) p modification ®¥ as a new

s.g. function by
O ((z)21) Z Y@ (), ),

which will be defined on its natural domain consisting of all complex sequences z = (z,),” ; complying with
(Izul)>>., € €o. A simple proof that @) is a s.g. function can be found in [11].

For example, if we denote by € a s.g. function determing the norm in ¢!, then we see that £ is exactly
the s.g. function determing the norm in ¢*. More generally, this gives the way for p modification ||-||lpe of
any wi. Co(H) norm ||l trough the formula

e 1
IXlow = NIXPI; forall X € B(H) such that [X | € Co(H). @)

Schatten tracial p-norms defined as || X, Y U X, sh(X) for 1 < p < oo, are exactly p-modification of
the trace norm ||-||;. Another widely known class of such norms are so called Q-norms, which represent a
(degree) 2 modifications of some other u.i. norms. Given f,g € H, we will use the notation f ® g* for one
dimensional operators f ® g* : H — H : h — (h,g)f, known to have their linear span dense in each of
Cy(H) for 1 < p < co. For a more complete account of the theory of norm ideals, the interested reader is
referred to [5], [18] and [17].

For an operator valued (o.v.) function & : Q — B(H) : t — o we say to be weak*-measurable if
t — (i f,g) is measurable for all f,g € H.If t — (f,g)isin LY(Q, ) for all f € H, then t > tr(=Y) is
also in LY(Q, u) for all Y € €;(H) and there exist Gel’fand or weak*-integral fQ o duy € B(H) such that

tr( L ;z%de): fQ tr(Y) du(t)  forall Y € € (H).

Specially, < fQ of du f, g> = fQ (i f,g) du(t)forall f, g € H,and this is exactly the relation that entirely defines
fQ o/ du. An example of the very useful weak*-integral is fQ ool dy = fQ |o/|* du, with the associated

quadratic form < fQ oo duf, f > = fQ “427 f ||2 du for all f € H, provided by the finiteness of the last term in
expression.

For weakly*-measurable o.v. functions <7, Z : ) — B(H) and for all X € B(H) a function t — X%,
is also weakly*-measurable one. If this function is weakly*-integrable for all X € B(H), then this inner
product type linear transformation X fQ <t X A du(t) will be called inner product type integral (i.p.t.i.)
transformer on B(H) and denoted by fQ ot ® By du(t). A special case when p is a counting measure on IN
is mostly known and widely investigated, and such transformers are known as elementary mappings or
elementary operators.

As shown in Lemma 3.1 (a) in [9], a sufficient condition for fQ o/ @ Bdu to be bounded on B(H) is
provided when both /"7 and %#*% are weak*-integrable. If each of families (2%)ieq and (%;):eq consists
of commuting normal operators, then by Th. 3.2 in [9] the i.p.t.i. transformer J;) <t ® % du(t) leaves every
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u.i. norm ideal €y () invariant and the following Cauchy-Schwarz inequality holds:

m L A4 X By du(t) \/ fQ gf;*p%,;dy(t)X\/ fg B By du(t)

As noted in [7] p. 8-9, double operator integrals (d.o.i.) defined by the apparatus developed by
Birman and Solomyak (see review articles [3] and [4]) can be seen as an example of weak*-integrals and
they have found various application, including operators means and related topics (see ([7], [14] and
references therein). Moreover, with given self-adjoint operators H and K, for an d.o.i. induced transformer
to be bounded on €;(H) it is necessary and sufficient to be of the form fQ a(H, t) ® B(K, t) du(t), such that

“ fQ la(H, t)I2 du(t) || . ” fQ la(K, t)l2 du(t) H < +090, as established by the celebrated result of Peller in [15] and [16].
This shows that in this case d.o.i. induced transformers can be seen as a special case of i.p.t.i. transformers
when o = a(H, t) and %; = f(H, t) for some self-adjoint (or unitary) operators H and K and for all ¢ € Q.
Anyway, any successfulness of the application of d.o.i. or weak*-integrals in practice relies of the optimality
of the chosen integral representation for the considered transformer, with means inequalities in [6], [7] and
[14] as examples of such good practice.

Normality and commutativity condition in (5) can be dropped for Schatten tracial p norms as shown in
Th. 3.3 in [9] and this represents a type of noncommutative (extension of) theory beyond d.o.i. transformers.
For some applications of this theorem see [12], as well as [9] for the improved estimate for the solution of
the Lyapunov equation given in [2].

In Th. 3.1 in [10] a formula for the exact norm of i.p.t.i. transformer fQ < ® HB; du(t) acting on Co(H)
is found. In Th. 2.1 in [10] the exact norm of i.p.t.i. transformer fQ " ® < du(t) is given for two specific

cases:
‘ fg) ! f ( )” — ‘
B(H)—Co(H)

o
Q

<

: ©)

7 (6)
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Q Q
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[ awo| =| [ oo duorn
Q Q

Co(H)— €1 (H) - ‘ o ‘ @,
where ®, stands for a s.g. function related to the norm in the dual space Co(H)".
If both families {#}};eq and {%;}ieq consist of commuting normal operators, such that fQ oo dy <1

and [ %' %du <1, then for all X € €(H)

w \/I— M*.sz{dyX\/I - | #%du
Q o)

A central result of this paper will be the extension of this inequality to the noncommutative settings, to
the families consisting of not necessarily normal, nor commuting operators.

<

X - %X%dy’
Q

‘. ®)

2. Preliminaries
First we will consider a spectral radius formula for i.p.t.i. transformers.

Lemma 2.1. Let fQ @ ABdu:B(H) - B(H): X fQ o X By du(t), then for its spectral radius we have

r(j(;szf ®93dy) < ,3211{1 f,,)‘@“““%”

= lim f |’%7f1 ce. ﬂtn|2dyn(t1/' ., tn)
QYI

n—oo

1
2n

2
d#”(tll' tty tn)

1
2n
inf
nelN

©)

f,,‘%tl e, )2d[u”(t1,- o t)

L
2n

1

2n
lim
n—oo

f |ml '--ﬂff,1|2d}l"(f1,'“, t)
QVI

If oty = P, for all t € Q, then inequality in (9) turns into equality.
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Proof. First we prove that we have equality in (9) when &4 = % for all t € Q. Next, B(H) case of formula
(6) gives us the norm of the B(H) transformer fQ A @ dy

f A ® ddy” - f o ® o d (I)H - f A dy(t)H - f P dp(t)H. (10)
Q B(H)—»B(H) o o) )
With i X - - X p already denoted by ") let also ;" i) ) Y <y, -, and %’Zo ) = By, - - - By,. As formula
n 1,
n - times

(10) holds for (fQ ad*Q® ddlu)n = fQ e fQ A ) @y ey, AU (b te) = an A" @ /™ du" as well,

therefore
~f£ 1n

Now, the equality in (9) follows from (11) by the very definition of the spectral radius

f«% ®,<zzdy) o/

( M*@%dy) -
Q

— ” oI ® o/ dtu”)(DH — ‘
Qr

(11)
Qn

®%dy

n—oo

([ i)

= inf
nelN

1
ol .

P2 dyH" = lim
Qn

n—o0

which proves the equality case in (9).
To treat the general case, note that ( |7 ®% dy)n = |, @™ ® 2" du", which by Lemma 3.1. (al) of
[9] applied to an A" @ B du" gives

([,

A" @ /™ dy"

o

Qn
f A

1
2n

3 * n
' n :H(f ;zf/’*@%dy)
Q

Finally, by letting n — oo in (12) we get the spectral radius formula

fﬂ ®@d,¢ \/ fﬂ*@ddy f@ ®93dy)

according to the already proven part of the proposition. But this is nothing else than (9), as proclaimed. [J

Qn

(o omaf

(12)

In the situation that we will consider bellow, it says that the spectrum of the transformer fQ T ®

o/ du is contained in the unit disc iff infne]N” fQ “e fﬂlszftl . -, t ||” 1. Also, if additionally

r(f,# ® #du) <1, thenr ([, " ® Zdu) < 1as well.

Definition 2.1. Let </ : QO — B(H) be weakly* - measurable family, such that r (fQ AR A dy) < 1. For the

transformer fQ o/* ® o/ du we define its associated spectral (radius) defect operator:

-1
Yy tn ) .

(13)

oo -1/2
def 2 n n
Ay = s— lrln11(1+2 L”'Ml“'ﬁftn du (h,"',tn)) JS lim I"'Z”Zf |,

n=1
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Correctness of this definition is based on the fact that family of operators appearing in (13) represents a
family of strongly decreasing (by r) positive contractions, due to the operator monotonicity of the function

t = Vton [0, +c0). Consequently, it strongly converges and A,y itself is therefore a positive contraction.
-1

2
M] '”Mn| d"ln(tll' ty tﬂ)) 7

Lastequality in (13) is a consequence of the fact that A2 =s—lim, ~ (I + Y " an

due to the continuity of multiplication of operators in the strong operator topology.

Remark 1: If I+ Y704 an |£{ |">|2 du" represents a bounded Hilbert space operator (which is by the

Banach-Steinhaus theorem equivalent to the property that )., an ”,Qf ) £ ||2dy" < +co for every f € H),
then it is invertible and its inverse is exactly A2 . When this argument is applied to r.</ instead of .7, then
we realize that in fact 5

A2 =T1+Y rz”fu fQ ‘ﬂtl' ,Qitn) du"(t1, -+, t,), and so (13) actually says that A, = s—1lim, 1 A,
Moreover, as A2 =1+ 72 [ A2 du(t), it follows I = A, + 7 fQ Avoy 0 N2, oy du(t), from which

we derive by the limiting process I - A?, = s=lim, fQ|Ar A mf| du(t) > 0. This also shows that A, is a
positive contraction, as well as how much Ai{ declines from I.
An appropriate use of (6) can also show us that HZ" 2" f A" @ oM dyn H = ||A ” (where, in the

sense of definition (24) applied to &/ = %, the summand for n = 0 is understood as the 1dent1ty transformer
on B(H)).

ExampLe 1. For the right unilateral shift S : 51%\1 - 51%\1 s(xq, e ,xn,m) - (0, X1, , Xy, ) its adjoint
operator is the left unilateral shift S* : €2 — 52 s(x1,00 ,Xp, ) = (X, ,Xp, -+ ). For any n € N we have
SMS" =JTand S"S*" =1 — Z] 18 ®e% where {e,,} , stands for the standard ba51s of 52 Thus

o -1/2
Agn = s=lim A;gn = s—lim(Z erS*k”Sk”) =s—limV1-7r2[=0
r/1 r/1 r/'1

d
Let us denote P,, Y Z;"zl e;®e;* for all me IN. Then, a direct computation reveals that

-1/2

Agn = s—1ri;r11Arsw=s—£i;?(§r2ksk"s*k") :s—lri}rll(ZVZkl Pkn)

-1/2

-1/2

= S_lri/rﬁl(i’lki Pln—Pl 1)n) :s—lri;rll(i y 2k Z 6j®ej*)

I=1 k=0 j=n(l-1)+1

oo !
. 1 - .
= s—lrl;rllz _— E ej®e* = E E ej®e;™. (14)
=1 ,/Z’ L2k jmn(=1)+1 ] —n(k—1)+1

In other words, Ag is in €,(H) for all p > 2, with its eigenvalue sequence { \/LIE}Z; and each of its eigenvalues

-1/2

has the multiplicity n.

Another situation when an explicit formula for A, can be given is in the case when this family consists
of commuting normal operators.

Lemma 2.2. If {#},cq consists of commuting normal operators and f oo du < 1, then

o = 1’1—\[%*,@?’11#. (15)
Q
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Proof. Since {4} are commuting normal operators, then .« commute with fQ o/ af du for every t € (),

so that consequently we have
2 n n
At 1) = f o hdu(t) = ( f /P dy)
Q Q

f|£{n>)2d#n:f |f527t1£{1‘n
1 QYI

Therefore r(fQ T ® %du) = ||fQ Y4 dy” < 1, and we also have
s . n n 2 n ) : . n !
Ay =s—£1}111(1+nzz;r2 Ln |427' >| du ) :s—1r1;1;1(1+nzzfr2 (LL@/F dy) )
= s—lim\/l—r2 oo du = \/I—f o*of du.  (16)

r/1 Q Q

Equality (16) can easily be checked by the use of the spectral theorem for positive contraction fQ o/ o/ du. 0O

NI
NI

3. Main Results and Applications

We start with the norm inequalities for i.p.t.i. transformers acting on C,(H).

Theorem 3.1. Let {o#}icq and { B} icq be weakly*-measurable families of bounded operators such that
r(kd*@ddy) <land r(fgﬁ*ébﬁdy) < 1. Then for all X € B(H)

1Az XAzl <

X - fQ %"X%’My(t)”. (17)

If additionally p > 2 and
2. f |ty -ty fPau o t) < 400 forall f € H, (18)
n:l Qll

then r(fgd ® A dy) < land forall X € C,(‘H)

‘ AT XAy < H AT (X - f A XPB, dy(t)) . (19)
p Q p
Similarly, when p > 2 and
Zf |%;, - #; fl du't1 - ) < +oo forall f € H, (20)
n:l Q”
then r(fQ B A dy) < land for all X € C,(H)
HA,QgXA i< (X - f A XPB, dy(t))A_%f’: . 1)
p Q p
Ifp,q,s > Laresuch that ; + ; = % and if both conditions (18) and (20) are fulfilled, then
r( %@M*dy)gl and r( %’@%’*dy)<1. (22)
o) )
and for all X € C,(H)
1-1 1-1 _1 . _%
‘ AT x| < I' A (x- fQ A, Xy ) A | - (23)
p p
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Proof. We restrict ourselves to the proof of (23), as it contains all essential steps for the proof of (17), (19)
and (21). In accordance with the already used notation, let &7*"(ty,- -+, t,) = - and B (1, -, by) Y
#B;---%#; forall (ti, -, 1) € Q. Adding to the previous notation, for C,D € B(?{ ) let
f Co/'"" @ VD dy JceD: B(H) — B(H) : X - CXD
Qo

(24)
and let fQU |42f|0>| du® Y fQ)|,;af*|0>| du® Y fQO )%mzd 0o Y fQ |¢%*‘0>|2 du® Y 1, the identity operator on
‘H. First, we will prove (22). Condition (18) provides that Y, an

42% ,;af* dy”(tl,- -+, t,) is a bounded
Hilbert space operator, and it actually equals to A72. Obviously, it is bounded from bellow by I. As
H(f%@%*dy) -
Q

it follows that

| 1
r(fy.f@wdy): ”(f@%@d*dy) H < inf A2
Q Q nelN
Similarly, A2 = Y0l |,

n — 1
we have

o ® of
QVI

"|=1aZ

= =0 fQ |%'"> | du" is abounded operator, and also r(fQ B %*dy) 1. Foreveryr € [0,1)

-1 =) n [}
(ofromaf - £ {[roma] - [oorar
Q =0 Q =0 Qn

and therefore

‘ Zrz” ' f gf'm*x P f ﬂX@dy)@'">dy"A

by virtue of Th. 3.3 in [9], where

C, :f(

(25)

1-1 1_
Arsz; XAr

X-7 f ﬂ*x%dy)D,
Q p

(26)

00

el 5
P f /a7 2 PN f o[ dura, ) Amjd'”)"dy”)
0

:‘.Mg

had 1-1 1-1 1-1yg-11-1 217 > Zlﬂ _1
= Zﬂ” AN (A AEA ) Awwlm*dy") = Zrz" M"w'"*dm) =A). (7)
n=0 Qn =0 o
and, by analogy,

p, Y

1 %
(Z 2n %"”)A Z ZnA f’@n)) d nA ) A:{;}%'"”d‘u”)

1
- AL, 28)
Thus we have proved (23) for o7 and r% instead of </ and # respectlvely Firstnote that A”2. < A7Z implies
AV_ 1 A due to the operator monotonicity of the function ¢ tﬂ on [0, +00). Similarly AV ; g; , which
due to monoton1c1ty property (3) gives

_1 _1 -1 _1
Ay;{*(X—rzfQ M*X@dy)Aré;Hp < HAQ;,(X—erQW XBu) A

p
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All we have to do now is to invoke the lower semicontinuity of Schatten tracial p norms to see that
1-1 1-
ot

1
s Hw 11mA i XA
p r/1

< liminf HA;E{* (x- f oS XA )
p r/'l Q

p

:HA (x- fQ o XAdy) A,

(17) could essentially be seen as the special case of (23) for % = % = 0, with almost identical proof which

< liminf HA;;(X e f oS XA dy) A
}’/‘1 Q

p

which concludes the proof of (23).

differs from the just presented one only by the use of B() norm ||-|| instead of Schatten tracial p norm |- ll,,
the use Lemma 3.1. (12) of [9] instead of Th. 3.3 in [9] and 0 instead of % and % Thus, requirements (18) and

(20) are not needed in this occasion. Similarly, (18) and (20) are not needed for the proof of (21) and (19)
respectively. [

For arbitrary A, B € B(H) a bilateral multiplier transformer A* ® B : B(H) — B(H) : X — A*XB gives
the simplest example of i.p.ti. transformer, with the measure space consisting of a single point. When
r(A) < 1and r(B) < 1, then

r(A®A) = inf [|A"f

M = inf A" = r(A) = r(AT) = rA® AT < 1,
neN

-1/2 =)
while A”* = ¥ 1" A" A" and consequently Ay = sdim, /1(2,;”:0 rz"A*”A”) 2 \/ s—lim, /1(22":0 rZ”A*"A")

based on (13). With a similar conclusions for Ag, Th. 3.1 gives

Corollary 3.2. Ifr(A) < 1and r(B) < 1 for some A, B € B(H), then for all X € B(H)

0 -1
H Js hm rZ”A*"A”) X J s—lim (Z rZ”B*”B”)
r/‘l r,/1 s

If additionally Y oy |A™ f|* < +oo for all f € H, then for all p > 2 and for all X € C,(H)

oo 1.1 0 1
(s —11%1(2 rZ"A*”A”) 1)2 "x S—li}l}(z rZ"B"”B”) Il < (Z A”A*”)”(X —A*XB)H . (30)
n=0 n=0 14 n=0 P

Alternatively, if Yoy |B" fI* < +oo for all f € H, then for all p > 2 and for all X € €,(H)

<|x-AXB|- (29)

1 1

=] _1 1,11 0o 1
s—lim()" P avar) X(s-tim(Y B8] ) | < |(x-axs)() BB (31)
n=0 n=0 P n=0 p

In the case when operator A is a normal contraction, formula (15) gives Ay = VI - A*A, and thus

VI — A*A represents also the defect operator Dy4 for A, according to the notation in [13]. Hence (29) actually
generalize Th. 2.3. from [8] to non-normal operators with their spectra in the unit disc, in the case of
uniform norm.

In the case of shift operator, formula (14) gives

Corollary 3.3. For the right unilateral shift S, for all m, ne IN and for all X € B(H) we have

mk

VIR S LS

m(k—1)+1 I=n(k-1)+1

< x - smxs™.

(32)
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Besides shifts and other contractions, Cor. 3.2 is applicable to operators of the form A = TCT~! and

B = WDW™!, for some contractions C and D and some invertible operators T and W. This cames from the
simple fact that spectras of A and C coincide, as well as spectras of B and D. In fact, it is well known that

operators similar to contractions are exactly those operators which spectrum is contained in the unit disc
(see Cor. 8.2. in [13]).

To consider the validity of Th. 3.1 for an arbitrary u.i. Q-norm we need

Lemma 3.4. Let ¢, 2 : Q — B(H) be weakly*-measurable families such that {6} }eq consists of commuting normal
operators and J;) ||‘€tf“2 + ”.@tf”2 du(t) < +oo for all f € H. Then for any Q-norm |||l o) and for any X € €y, (H)

f(f*X@dy ,/f €€ duX ,/f @*@dy”. (33)
Q Q Q

Similarly, when {Z}ieq consists of commuting normal operators, then

f ¢ X7 du
Q

Proof. Let us remember (4) that ||| X[|,) denote a Q-norm || X*X |||1/ 2 of any X such that X*X € €(H). Based
on the Th. 3.1. (e) of [9] we have

<
@

@

2°9 d (34)

¢ dul| -
Q

(2) )

2
HH f ¢ X7 du f & XX (35)
Q Q @ Q
where we took thata = 2, 0 = 0, [I'llo, = lI'lo, = lIll and [I-llo, = Il . Furthermore, if the family {%}};cq
consists of commuting normal operators, we have
f ¢ XX'C du %*%d,uXX ‘5 € du W,f CK*%”dyX , (36)
Q Q @

where we used Th. 3.2. of [9]. Finally, we get (33) from (35) and (36). The proof for (34) goes by analogy. [

Theorem 3.5. Let o7, % : Q — B(H) be weakly*-measurable families such that

: 2 0 . 2 i
infuon | [ [, o, [ o)) <1 and infu | 20 B[ dpr )| <,
let |-l be an arbitrary w.i. norm and let X*X € Cyy(H). If {h}eq consists of commuting normal operators, then

w \/I —f )y du(t) XAz|| < —f ot X By du(t) (37)
Q @ 0 @
Similarly, if {%}icq consists of commuting normal operators, then
H A,Q{X\/I —f B, Brdu(t)|| < —f o X By du(t) (38)
Q @ Q @
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Proof. Let 0 < r < 1. Based on the expansion (25) and the previous Lemma 3.4 we have

” A,d(;rz"(f@42%*®%’dy)n(X—rZL%*X%’dy))Argg

_1 :
=Y A a(x-r f A XBp) B AN,
Q

n=0 Qr

Ao XDya| =
(2)

@

@

N

A ; y2n N of I oIy dy”Ard(X - rzfo A XA dy)

Avgp Y 72| B A,
n=0 Q"

@

=(x-r f A XBdu (39)
Q @
Since every Q-norm is also an u.i. norm and therefore it is lower semi-continuous, we have
Aoy XAg | = [eo-tim A Xas|| < timin|| A XA,
‘” of B @ w rl}‘lil ref r B @ Hrl}' 111’1 ref r B @
< liminf”'X - rzf A XBdull| = WX —f o/ X% du (40)
r/1 Q @ Q )

Taking (15) into account in (40) concludes the proof of (37). The proof for (38) goes by analogy. [

Thus, in the case of Q-norms, Th. 3.5 extends Th. 4.1. of [9] to the situation when only one of families
{iteq and {Hi}ieq needs to consist of commuting normal operators. Specially, we have (37) and (38) to
hold for Schatten tracial p norms ||-||, for all p > 2. In a special case when Q is a single point, Th 3.5 says that

|” VIZAAXAp ”’(2) <JIX = AXBll,

whenever A is a normal contraction and 7(B) < 1. This extends Th. 2.3 in [8] to the case of Q-norms.
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