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Infinite Matrices and Some Matrix Transformations

Rahmet Savas Eren?

*Istanbul Medeniyet University, Department of Mathematics, Uskiidar-Istanbul, Turkey

Abstract. The goal of this paper is to define the spaces V} (p) and V (p) by using de la Vallée Poussin and
invariant mean. Furthermore, we characterize certain matrices in V* which will up a gap in the existing
literature.

1. Introduction and Background

Let w denote the set of all real and complex sequences x = (xx). By I and ¢, we denote the Banach spaces

of bounded and convergent sequences x = (xx) normed by ||x|| = sup, |xi|, respectively. A linear functional
L on I is said to be a Banach limit [1] if it has the following properties:

1. L(x) > 0ifn >0 (i.e. x, >0 for all n),
2. L(e) =1 wheree=(1,1,...),

3. L(Dx) = L(x), where the shift operator D is defined by D(x,) = {x,41}.
Let B be the set of all Banach limits on /... A sequence x € £, is said to be almost convergent if all Banach
limits of x coincide. Let ¢ denote the space of almost convergent sequences. Lorentz [3] has shown that
¢= {x € Iy @ limd,, 4 (x) exists uniformly in n} ,
m
where

d Xt X1l H X2 0t X
m,n(x) - m + 1

If py is real and py > 0, we define (see, Maddox [4])
co(p) = {x : I}im |xP* = 0}

and

c(p) = {x : %im |xx — I’ =0, for some l}
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If p,, is real such that p,, > 0 and sup p,, < oo, we define ( see, Nanda [16] )

G (p) = {x t 1im |dpu(x) P =0, uniformly in n}
m—00

and

Pm

e(p) = {x : lim |dm,n(x - D" =0, for some [, uniformly in n}.
m—00
Shaefer [26] defined the o-convergence as follows: Let o be a one-to-one mapping from the set of natural
numbers into itself. A continuous linear functional ¢ on [, is said to be an invariant mean or a o-mean
provided that

(1) ¢(x) = 0 when the sequence x = (xx) is such that x; > 0 for all &,
(i) ¢(e) =1, wheree=(1,1,1,...), and
(ii1) P(x) = P(xo()) for all x € lw.

We denote by V,; the space of o-convergent sequences. It is known that x € V, if and only if

m
% 2 xgk(n) — a limit

k=1
as m — oo, uniformly in . Here o*(n) denotes the k-th iterate of the mapping o at 1.

A o-mean extends the limit functional on ¢ in the sense that ¢(x) = lim x for all x € c if and only if ¢ has
no finite orbits, that is to say, if and only if , foralln > 0,k > 1 ok(n) # n.

In case o is the translation mapping n — n + 1, a o-mean reduces to the unique Banach limit and V,
reduces to ¢.

2. (0, A)-Convergence

We define the following;:
Let A = (A;;) be a non-decreasing sequence of positive numbers tending to co such that

/\m+1 < /\m +1, Av=1.

A sequence x = (x;) of real numbers is said to be (0, 1)- convergent to a number L if and only if x € V2,
where

V{,\ ={x €l : lim ty,(x) = L uniformly inn; L = (0, A) — lim x},

1
tyn(X) = — Xoi(n)r
Ay ;: (1)
and I,, = [m — A, + 1, m] (see, [24]). Note that c C Vf} Clw.Foro(n)=n+1, Vé is reduced to the space V) of
almost A-convergent sequences and if we take o(n) =n+1land A =n, V2 reduce to ¢(see, [16]) .
It is quite natural to expect that the sequence V2 and V}, can be extended to V}(p) and V2 (p) just as &
and ¢y were extended to é(p) and &y(p) respectively.
The main object of this paper is to study V2 (p) and Vé‘o (p) (the definitions are given below) and charac-
terize certain matrices in V2 (p).
If p,, is real such that p,, > 0 and sup p,, < o0, we define

V(’}O () = {x : lim |tm,n(x)|pm =0, uniformly in n}
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and
VA (p) = {x : lim |tm,,, (x - le)|pm =0, for some [/, uniformly in n}.

A

In particular, if p,, = p > 0 for all m, we have V2 (p) = V2 and V2(p) = V}. In Theorem 4, we prove

that V2 (p) and V2 (p) are complete linear topological spaces. Theorem 7 characterizes the matrices in the
class (co(p), Vo, (p)). In Theorem 8 we determine the matrix in the class (c(p), V}). Matrix transformations
between sequence spaces have also been discussed by Savas and Mursaleen ([23]), Mursaleen ([7-15]),
Savas ([17-22, 25]) and many others.

Alinear topological space X is called paranormed space if there exists a subadditive functiong : X — R*
such that g(0) = 0, g(x) = g(—x) and the multiplication is continuous, that is, A, — A and g(x, —x) — 0imply
that g(A,x, —Ax) > 0for A’se Cand x € X.

Suppose that M = max(1,sup p,, = H). Since p,,/M < 1, we have for all m and n

[t (x + ]/)|p”z/M < |tmn(x)|pm/M + |tmn(y)|pm/M ;
and forall A e C
APM < max(1, |A]). ?

By using (1) and (2) we can see thatVé0 (p) and V2(p) are linear spaces.

3. Main Results

We first establish a number of lemmas about V2 (p) and V2 (p).

0
Lemma 3.1. V (p) is a linear topological space paranormed by g where
pm/M

g(x) = sup |tm,n (x)) .

Proof. One can easily see that g(0) = 0 and g(x) = g(—x). The subadditivity of g follows from (1). It remains
to show that the scalar multiplication is continuous. It follows from (2) that for u € C and x € V2 (p)
g(ux) < max(L, g ().

Therefore it — 0,x — 0 = ux — O and if y is fixed, x — 0 = ux — 0.1f x € VI (p) is fixed, given ¢ > 0, there
exists m such that

<, ©

sup |ty (x)

m>my

for all n and we can choose 6 > 0 such that for | y| < 0, we have

Pm /M

sup |utm,n(x) <¢/2, 4)

m<myg

for all n. Thus from (3) and (4) we get
|p| <d=g(ux)<e.
This completes the proof. O

Lemma 3.2. V(p) is a linear topological space paranormed by g, if inf p,, > 0.
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Proof. 1t is enough to show that for fixed x € V2(p), u — 0 = px — 0. Let infp,, = p’ > 0, then we have

el 9.

The result follows from the above inequality. O

g(px) < max(|u

Lemma 3.3. V3 (p) and VE(p)(inf p,, > 0) are complete with respect to their paranorm topologies.

Proof. Let {xi} be Cauchy sequence in V2 (p). Then {x}{} for each k, is Cauchy in C and hence xi — x for

each k. Put x° = {xg} . Given ¢ > 0, there exists Ny such that for i, j > Ny,

[t = 20" < &/5 (5)
for all m and n. Taking limit as j — co we get

; m M
|tm,n(x’ ) P!

<¢/5, (6)

for all m and n. Therefore (x' — x°) and by linearity x* € V2 (p). If {xi} be Cauchy sequence in V2 (p) then
there exists x° such that x/ — x° . We now show that x° € V2. Since x' € V}(p) there exists I € C such that

[t = Eo)|"™ < ¢/5, @)
for all m and n. From that (5), (7) and (1) it follows that

ltuu(lie = o)™ < 3/5¢.

Thus {li} is Cauchy in C and therefore there exists | € C such that

ltuu(lie — Io)|"™ < 3/5¢. )

Now by (1), (6), (7) and (8) we get

(o = Ie)"™ <

€.
This completes the proof. [
Combining the above lemmas we have

Theorem 3.4. VE (p) and VE(p)(inf p,, > 0) are complete linear topological spaces paranormed by g as defined in
Lemma 1.

In general g is not a norm. If p,, = p for all m then clearly g is a norm.
The following proposition give inclusion relations among the spaces V2, (p) and V2 (p). These are routine
verifications and therefore we omit the proofs.

Proposition 3.5. If0 < p,, < g < oo, then

(i) VX (p)c VA (@)

(ii) Vi(p) € Vi(@).



R. Savag Eren / Filomat 30:3 (2016), 815-822 819

For r > 0, a nonempty subset U of a linear space is said to be absolutely r-convex if x,y € U and

la]” + |y|y < 1 together imply that ax + py € U A linear topological space X is said to be r-convex (see
Maddox and Roles[5] ) if every neighbourhood of 0 € X contains as absolutely r-convex neighbourhood of
0 € X. We have:

Proposition 3.6. V. (p) and V}(p) are 1-convex.
Proof. 1f 0 < 6 < 1, then
U ={x:g(x) <0}

is an absolutely 1-convex set, for leta,b € U and |a| + |y| <1, then

pm/M

glaa+ pb) < (lal +[u]) 5 <0.
This completes the proof. [

Let X and Y be two nonempty subsets of the space w of complex sequences. Let A = (ay),(n,k=1,2,...)
be an infinite matrix of complex numbers. We write Ax = (A, (x)) if A,(x) = Y.x auxx converges for each n.(
Throughout ), denotes summation over k fromk =1to k = o0). If x = (%) € X = Ax = (A,(x)) € Y we say
that A defines a matrix transformation from X to Y and we denote itby A : X — Y. By (X, Y) we mean the
class of matrices A such that A: X — Y.

We now characterize the matrices in the class (co(p), V{}O (p)) . We write

tnn(AX) = Z a(n, k,m) xg

k

where

1
a (7’[, k, ﬂ’l) = /\— Z aai(n),k'

iel,
Theorem 3.7. A € (co(p), V22 (p) if and only if
(i) there exists an integer B > 1 such that
Cy = sup { T la(n, k, m)| 7" < oo, (V)

(i) lim |a(n, k, m)|P" = 0 uniformly in n.

Proof. Necessity. Suppose that A € (co(p), V{}O (p)) . Define ex = {0,x},, where 0, = 0(n # k), =1(n = k). Since

ex € co(p), (if) must hold. Fix n € Z*. Put f,, ,(x) = |tm,n(Ax) " Now {finn},, is a sequence of continuous
linear functionals such that limf,, ,(x) exists. Therefore by uniform boundedness principle for 0 < 6 < 1,
m

there exists S5 [0] C cp (p) and a constant K such that f,, ,(x) < K for each m and x € S5 [0] . Define for each r:

w _ , Nrsgna(n,k,m), 0<k<r
Ye =( 0, r<k.

Now y](:) € S5 [0] and

r Pm
{Z la(n, k, m)| B-l/f’k} <K
k=1
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for each m and each m where B = 67K, Therefore (i) holds and this proves this necessity.

Sufficiency. Suppose that the conditions (i) and (ii) hold and that x € ¢y (p) .Fix n € Z*. Given ¢ > 0,
there exists ko such that for k and m both larger than ko,

Bl < (e/Co)! ™

We have, for C = max(1,2!7!) the inequality (see Maddox 7, p. 346)

|twn(A@)|" < C(S1 + S2),
where
Pm
S = Za(n, k, m)x
k<ko
and
Pm
S, = Z a(n, k, m)xy
k>ko

Since (ii) holds there exists my € Z* such that for m > my, |a(n, k, m)| < '/P». Therefore for such m,

Pm Prm
S < [Zla(n,k,m)xkl] <S(Z|xk|] ©)

k<ko k<ko

< emax [1,[2 """]M]‘

k<ko

Again for m > my

1 m
SZ/p < Z la(n, k, m)x| < e'/Pn,
k>k0

and consequently
Sy <¢g,(Ym > my). (10)
Hence the sufficiency follows from (9) and (10). This completes the proof. [
We now have
Theorem 3.8. A € (c(p), V2) if and only if

(i) there exists some integer B > 1 such that
D,, = sup Y la(n, k, m)| B~/Px < oo, (¥n);
m

(ii) there exists ay € C such that lim a(n, k, m) = oy uniformly in n;
m—oo

(iit) there exists o € C such that lim Y., a(n, k, m) = a uniformly in n.
m—o00
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Proof. Necessity. Let A € (c(p),V?Y). Since ex and e are in c(p), (i) and (iii) must hold. Fix n € Z*. Put
Omu(X) = twn(Ax). Since (c(p), VE)  (co(p), VY), (0mun)m is a sequence of continuous linear functionals on
co(p), such that lim o, ,(x) exists uniformly in n. Therefore as in the necessity part of Theorem 7 the result
follows from uniform boundedness principle.

Sufficiency. Suppose that conditions (i)—(iif) hold and x € ¢(p). Then there exists I such that |x; — [ — 0.
Hence given 0 < ¢ < 1, ko : Vk < ko

lpk/M < € 1
b= < gap, 31 <
and therefore for k < kg

Bl —» 1] < BMPr|y — |

< (/2D + DVMP < ¢/2D,, + 1.
By (i) and (ii) we have

Z la(n, k, m) — | B~VPx < 2D,,.
k

Hence
Y l@Gn,k,m) = ) (e = Dl < . (11)
k>ko
Also,
limZ l(a(n, k, m) — ) (x = )] = 0, (12)
k<ko

uniformly in n. Therefore by (11) and (12) we get
lim Z a(n, k, m)x = la + Z a (e — 1) (13)
k k

uniformly in n. This completes the proof. [J
Corollary 3.9. A € (co (p), V2) if and only if conditions (i) and (ii) of Theorem 7 hold.

We write (c(p), V2, P) to denote the subset of (c(p), V) such that Ax is (0, A)- convergent to the limit of
x in c(p). We now consider the class (c(p), V2, P).

Theorem 3.10. A € (c(p), V2, P) if and only if (i) the condition of Theorem 8 holds; (ii) lim a(n, k, m) = 0 uniformly
in n; (iii) Y a(n, k, m) = 1, uniformly in n.

Proof. Let A € (c(p), V4, P). Then the conditions hold by Theorem 3. Let the conditions (i) — (iii) hold. Then
by Theorem 8 A € (c(p), V1) and (13) reduces to

lim Z an, k,m)xy =1
k
uniformly in n. This proves the theorem. [
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