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Abstract. In this paper, we introduce the concepts of A" —deferred statistical convergence of order « and
strong A —deferred Cesaro summability of order « of real sequences. Additionally, some inclusion relations

about A" —deferred statistical convergence of order a and strong A" —deferred Cesaro summability of order
a are given.

1. Introduction, Definitions and Preliminaries

The idea of statistical convergence was introduced by Fast [10] and the notion was associated with
summability theory by Connor [3], Connor and Savas [4], Fridy [11], Gokhan et al. [12], Isik [13], Kugukaslan
etal. [15, 17], Salat [16] and many others.

The deferred Cesaro mean of sequences was introduced by Agnew [1] such as:

1 q(n)
(Dp ’qx)n Y
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where {p (n)} and {g (n)} are sequences of non-negative integers satisfying

p(n) <q(n) and lim g (n) = +oco.

Throughout this work {p (1)} and {gq (n)} will denote sequences of non-negative integers that satisfy the
above conditions.

Let A be a subset of N and denote the set {k : p (1) <k < q(n),k € A} by A, (n). The a—deferred density
of A is defined by

o — 1 1
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, provided the limit exists, a € (0,1] (1)

2010 Mathematics Subject Classification. Primary 40A05; Secondary 40C05; 46A45
Keywords. (A™—deferred statistical convergence, strong A” —deferred Cesaro summability
Received: 13 July 2015; Revised: 16 December 2015; Accepted: 19 December 2015
Communicated by Ljubisa D.R. Ko¢inac and Ekrem Savas

Email addresses: ftemizsu@bingol.edu.tr (Fatih Temizsu), mikailet68@gmail.com (Mikail Et), muhammedcinar23@gmail . com
(Muhammed Cinar)



F. Temizsu et al. / Filomat 30:3 (2016), 667-673 668

The vertical bars in (1) indicate the cardinality of the set A, (1).

It can be clearly seen that every finite subset of IN has zero a—deferred density. Beside, it does not need
to hold Opg (A9 =1- Op g (A) for 0 < a < 1in general. Note that the a—deferred density reduces to the
a—density given in [5] for q(n) = n, p(n) = 0. Additionally, if & = 1 then the notion coincides with the
natural density. It can be shown that the inequality 6% (A) <65, (A) is satisfied for 0 <a < f < 1.

If x = (x¢) is a sequence such that x; satisfies property P(k) for all k except a set of a—deferred density
zero, then we say that x; satisfies P(k) for almost all k according D, and we denote this by a.a.k (D,).

The notion of difference sequence spaces was introduced by Kizmaz [14] and generalized by Et and
Colak [7]. Later on Et and Nuray [8] improved it as follows

A" (X) = {x = (i) : (A"xx) € XY,
where X is any sequence space, m € N, A’x = (x;), Ax = (x; — x341), A"x = (A"x;) = (Am‘lxk - Am‘lxk+1)
m
and so A"x; = ¥, (=1)7 () Xpro-
0

If x e A™ (X),_then there exists one and only one y = (yx) € X such that v = A"x; and

= k-v-1 £ k+m-v-1

xk=Z<—1>’"( o )yv=2<—1>m( A )y @
v=1 v=1

Yiem =Yo-m=---=Yo =0

for sufficiently large k, for instance k > 2m. We shall use the sequence which is defined in (2) to define the
sequence in (4), (5), (6) and (7) (see [2, 9]).

The main goal of this work is to examine the relation between A™—deferred statistical convergence of
order @ and strong AJ'—deferred Cesaro summability of order a, where o € (0,1] and r € R*. Also we
investigate some properties related these concepts.

Now we begin with three new definitions.

Definition 1.1. Let {p(n)}, {g (n)} be two sequences of non-negative integers satisfying conditions given
above, m € N and a € (0,1] be given. A sequence x = (xx) is said to be A" —deferred statistically convergent
of order a to L if there is a real number L such that for each ¢ > 0,

nlijgom l(p(m) <k<qm):|A"x - L|> e} =0, (3)

ie.
[A"xy — L| < € a.a.k(D,).
In this case, we write A'”(DS;f,q) —limx, = L.

The set of all A"—deferred statistically convergent sequences of order o will be denoted by A™(DSj ).
If m = 0, then A" —deferred statistical convergence of order a reduces to deferred statistical convergence of
order a which was defined and studied by Cimar et al. [6]. If m = 0, g (1) = n and p (n) = 0, then the concept
coincides statistical convergence of order o and in the special case m = 0, a = 1, g(n) = nand p(n) =0,
A™—deferred statistical convergence of order « coincides with the usual statistical convergence. Also in the
special case @ = 1, g4(n) = n and p (n) = 0, A" —deferred statistical convergence of order « coincides with
A™—statistical convergence which was defined and studied by Et and Nuray [8]. Therefore, A" —deferred
statistical convergence of order a is more general than all these notions.

The A™—deferred statistical convergence of order « is well defined for a € (0, 1], but it is not well defined
for & > 1. For this let m = 2 and take a sequence y = (yx) such that A%x; = y; for the sequence x = (x) as
follows

0 1<k<3
=4 M+ P k=2n,n22
o +52 k=2n+1,n>2
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1 k=2n
Vk:{o kzon MEN- )

Then A*(DSj ) — lim x; = 0 and A*(DS} ) — lim x; = 1 which is impossible, where g (17) = 4n?, p (1) = 21 and
a>1.

It is clear that A" (¢) C A™(DS;,) for each 0 < a < 1, but the converse of this is not true in general. For
instance, let us take y = (yx) such that A™x; = y; for some x = (x¢) as follows:

2 k=n?
Yk = { 0 k= n2 - (5)
Then we have

1 < x/q(n)—x/p(n)ﬂ'

G ey e <ksa:lu—olz | s SEE

Therefore, x = (x;) is A" —deferred statistically convergent of order a to 0 for o > %, but x ¢ A" (c), where
A" () = {x = (xx) : (A"xy) € c}.

Definition 1.2. Let {p (n)} and {g (n)} be two sequences of non-negative integers satisfying conditions given
above, m € N and a € (0,1] be given. A sequence x = (xi) is said to be A" —deferred statistically Cauchy of
order « if there is a natural number N = N(¢) such that

lim— L
n=e0 (g (n) — p (n))*

for every ¢ > 0.

){p (n) <k<qgm):|A"x — A"xn| = e}| =0

This notion reduces to the concept of A™—statistically Cauchy given in [8] for q(n) = n, p(n) = 0 and
a=1.

Definition 1.3. Let {p (n)} and {g (n)} be two sequences of non-negative integers satisfying conditions given
above, m € N, r € R* and a € (0,1] be given. A sequence x = (xi) is called strongly A—deferred Cesaro
summable of order « to L if

q(n)

1
lim —————— Y |A"x— L] =0
n—oco (q (1’1) -p (n)) pi+1

and this is denoted by A™ — Dw? [p,q] — lim x; = L.

The set of all strongly A’ —deferred Cesaro summable sequences of oder a will be denoted by A™(Dw? [p, q])-

2. Main Results

In the present part we give the main results of this paper. For instance, in Theorem 2.6 we give
the relation between the A™—deferred statistical convergence of order a and the A™—deferred statistical
convergence of order 8, and in Theorem 2.8, we give the relation between the strong A)’—deferred Cesaro
summability of order @ and the strong A*—deferred Cesaro summability of order . Also the fact that
the strong A" —deferred Cesaro summability of order a implies the A" —deferred statistical convergence of
order g for a < f is given in Theorem 2.10.

The proof of each of the following results is straightforward, so we choose to state these results without
proof.
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Theorem 2.1. Let 0 < a < 1and x = (x¢), y = (yx) be two sequences of complex numbers. Then each of the
following assertions is true:

(@) If A™(DS; ) — limx, = Land ¢ € R, then A"(DSy ) — lim cx = cL,

(i) IfAm(DS;q) —limx = Ly and A™(DS} ) — im yi = Lo, then A™(DSy ) — lim(xx + yx) = L1 + Lo,

(iti) If A" — Dw? [p,q] — limxx = Land ¢ € R, then A™ — Dw? [p,q] — limcx, = cL,

(i) If A" —Dw? [p, q]-lim x; = Ly and A" —-Dw? [p, g]-lim yx = Ly, then A" —Dw?¢ [p, q]-lim(xx+yx) = L1+Lo.
Theorem 2.2. For each m € N, A"(DSy ) C A"’“(Dsgﬂ) and the inclusion is strict.
Proof. Let x = (x) € A™(DSy ). Then there exists a real number L such that

: 1 AT —
Aﬂm“p(ﬂ)<ksq(ﬂ)|A Xk L|Z€}|—O,
ie.

[A"x — Ll < ¢ aak(Dy)

for every ¢ > 0. Since A"y = A"x, — A"x;,1 we can write that

A7 1] < A" = LI+ A" x1 — Ll < 5+ 5 = & aak(Dy),

which means A"*/(DS5 ) ~lim x; = 0. Sox € A"*!(DS{ ). To see the strictness, let x be defined by x = (km+2).

Then it can be easily seen that x € Am”(DS;‘,q), butx ¢ Am(DSIg’q) forqn)=n,p(n)=0anda=1. O

The following result is easily derivable from Theorem 2.2.

Corollary 2.3. Let mq, my € N with my < my. Then A™(DSy ) ¢ A™(DSy ) and the inclusion is strict.

Theorem 2.4. If x = (xi) is A™—deferred statistically convergent of order a, then it is A" —deferred statistically
Cauchy of order a.

Proof. Let A™(DSy,) —limx, = L and ¢ > 0, then the inequality |[A"x; — L| < 5 is satisfied for a.a.k (D,). If N
is chosen so that [A"xy — L| < 5 for a.a.k (D,), then we obtain

[A"x — A"xn| < |A"xp — LI + |[A"xn — L| < % + % = ¢ fora.a.k (D,).

Hence x is A" —deferred statistically Cauchy of order o. [

Theorem 2.5. If x is a sequence for which there is a A™—deferred statistically convergent of order o sequence y such
that A" x = A"y for a.a.k (D), then x is A" —deferred statistically convergent of order a.

Proof. Assume that A"x, = A"y for a.a.k (D,) and A™(DS; ) — lim y, = L. Then for each n the following
inclusion is satisfied:

[pm) <k<qgm):|A"x - Ll = e} S{p(m) <k <qn): Ax # A"y}
Ulp@) <k<q(): A"y — L] > ¢}
Hence we can write
1

ooy PO <k<q00 - 1> el <

m |{p (n)<k<qgm):A"x; # Amyk}| +
1

(q(n) —p(m)*

Taking the limit as n — co, we obtain that x = (x;) is A”—deferred statistically convergent of order a to
L. DO

fp o0 <k<q@:|amy -] > .
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Theorem 2.6. Let 0 < a < B < 1. Then A™(DS;,) € A’”(DSﬁq) and the inclusion is strict.
Proof. The inclusion part of the proof is easy. To show that the inclusion is strict, let us define a sequence
y = () by
1 k=n?
Yk = { 0 k#n? ©)

such that A™x; = y, for some x = (x¢). Then x € A’”(DS?q) for % <p <1 butx ¢ A"(DSy, ) for 0 < a < %,

where g (n) = 4n? and p (n) = n>. O

Theorem 2.7. If lim M
n

convergent sequences.

> 0, then A™(S) C A™(DS;,), where A"(S) is the set of all A™—statistically

> 0. For € > 0, we have

Proof. Let A™(S) —limx; = L and lim M

k<n:|A"xx—Ll >} 2{pn) <k<qgn):|A"x —L| > e},

therefore

1 1
— Itk < 7 : A" = L] 2 el () <k <q@): 1A% —L| > e

_@@mp ) 1
n (g (n)yp (m))*

n

|{p (n)<k <q (n):|Amxk—LIZe}| )

Taking limit as 7 — oo and using the fact that lim >0, weget A"(DS; ) —limx, = L. [J
. :

The proof of the following two theorems are straightforward, so we state these results without proof.

Theorem 2.8. Let a,p € (0,1] with a < B, r € R* and m € N. Then A™(Dw* [p,q]) € A"(Du’ [p,q]) and the
inclusion is strict.

Theorem 2.9. Let a € (0,1] and 0 < r < s < co. Then A"™(Dw? [p, q]) € A™(Dw? [p, q]).

Theorem 2.10. Let o, € (0,1] with a < B, v € R* and m € IN. If a sequence x = (xy) is strongly A}'—deferred
Cesaro summable of order a to L, then it is A™—deferred statistically convergent of order 5 to L.

Proof. Let x = (xi) be strongly AJ'—deferred Cesaro summable of order a to L. For the sequence v = (yx)
such that A"x; = y, and € > 0, we can write

q(n) . q(n) . q(n) .
Yolwe=rl= Y -t Y |we-L
p(m)+1 p(n)+1 p(n)+1

|pi—L|=e |yi—L<e

q(n) .

> Y w1
p(n)+1
|yx—L|ze

> ’{p n)<k<qgmn): |yk —L|r > s}‘ &
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which gives the following inequality

g(n)

1 r 1
- - @ S L
(q (1) = p (m)" ,%1 et 2 (q (1) = p (m)*
1

>
(q(n) —p )y’

Then taking limit as n — co we see that (x;) is A" —deferred statistically convergent of order fto L. [

{P(”)<kﬁq(”)i|yk—L|r2€}' e’

|{P (7’1) <k < Q(T“l) : |yk — L|r > é}| gr.

Even if y = (y) is a bounded and deferred statistically convergent sequence of order § such that
A"xy = yy for some x = (xi), the converse of Theorem 2.10 does not hold in general. To show this we must
find a sequence that A" —bounded (that is x € A"({»)) and A" —deferred statistically convergent of order g,
but need not to be strongly A}*—deferred Cesaro summable of order «, for some « and f real numbers such
that 0 < @ < f < 1. For this, let p(n) = 0 and g(n) = n for all n € IN, take r = 1 and consider a sequence
y = (yx) defined by

L, kP
= k . 7
Yk { 1, k:i3 ()

It can be shown that x € A"({w) N A™(DS;,) for a € (%, 1] ,but x ¢ A"(Dw? [p,q]) fora € (0, %) ifr=1. So

x € A"(DSg,) = A"(Dw? [p,q]) for a € (4, 1) if r = 1.

The proof of the following result is straightforward, so we omit the proof.
Theorem 2.11. Let a € (0,1] and r € R*. Then A™(Dw? [p, q]) € A" 1(Dw? [p, q]) for all m € IN.

In the following theorem we investigate inclusion properties related A —deferred statistical convergence
of order a under some particular conditions. We would like to state that {p(n)}, {g(n)}, {p’(n)} and {q’(n)}

are sequences of non-negative integers satisfying

p(n) < p’(n) < gq'(n) < q(n) for all n € IN.

Theorem 2.12. Let {p(n)}, {q(n)}, {p’(n)} and {q’(n)} be given, a € (0,1] and m € IN. If ’}g{}o (%)“ > 0 then

A™(DSy, ;) convergence of a sequence x = (x) implies A”’(DS;V,, q,) convergence.
Proof. We have

pm)<k<qn):|A"x— LI = e} 2{p' (n) <k<q (n):|A"x—L| > ¢},

SO
m [lp (1) <k <q(n): A3~ LI 2 e} 2
m (P (n) <k <q'(n):|A"x — L] 2 | =
qm-pm, 1

( (7 () <k<q (n): 1A%~ L] > €|

qn)—pm) "~ (g’ (n) - p’ (n)*

Takinglimitasn — oo, lim

lim m {p(n)<k<q (n):|A"x—L| > £}| = Owhichmeansx € A’”(Dsg,ﬂ,).
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