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Abstract. In this paper, an optimal control problem with final observation for systems governed by
nonlinear time-dependent Schrodinger equation is studied. The existence and uniqueness of the solution
of considered optimal control problem are proved. The first variation of objective functional is obtained
and a necessary optimality condition in the variational form is given.

1. Introduction

The researches for the optimal control of systems governed by partial differential equations have a
long history. Especially, the optimal control problems for systems described by Schrodinger equation have
drawn a lot of attention in the last year. The optimal control problems for systems governed by Schrodinger
equation arise in quantum mechanics, nuclear physics, nonlinear optics, and the various field of modern
physics and engineering [5, 22].

Consider the partial differential equation in the form:

o 0 o -
ey + (b Y) S5 i Y) 5 + (et )y = 0. e

Equation (1) describes the slow variation of the function i(x, ) in a nonlinear medium with quadratic
dispersion, where ¢ = const., the function y(x, t) is the wave’s complex amplitute, x and t are variables
of space and time, respectively. The coefficients r;(x, t,{) for j = 0,1,2 considered as functions of x and ¢
describes the variation of the medium, while their dependence on the function ¢ (x, t) describes the nonlinear
properties of the medium [29]. From equation (1) according to the properties of the coefficients rj(x, t, 1) for
j =0,1,2is obtained the different variants of Schrodinger equation such as linear and nonlinear Schrodinger
equations.

In the case of r2(x, £, 1) = ra(x, t), r1(x, t, ) = 0, ro(x, t, ) = ro(x, t) in the equation (1), a linear Schrodinger
equation is obtained from equation (1). The optimal control problems for the different variants of systems
described by linear Schrodinger equations were examined in the papers [1-5], [7, 9, 13, 19, 27]. Similarly, in
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the case of ra(x, t, ) = r2(x, 1), r1(x, t, ) = 0, 19(x, ¢, ) = ro(x, t, ) in the equation (1), a nonlinear Schrodinger
equation is obtained from equation (1). The optimal control problems for the different variants of systems
described by nonlinear Schrodinger equations were studied in the papers [8], [10-12], [16-17], [23, 26]. Also,
in the case of ry(x, t,¢) = ra(x, 1), ri(x, t,¢) = ri(x,t), ro(x,t, ) = ro(x, t) in the equation (1), the optimal
control problems for the different variants of systems described by linear Schrodinger equations obtained
from equation (1) were examined in the papers [24-25].

As the different from the above mentioned studies, in this paper, we consider an optimal control problem
for systems governed by nonlinear Schrodinger equations obtained from (1) in the case of 2 (x, t, ) = r2(x, 1),
ri(x,t, ) = ri(x,t), ro(x, t, ) = ro(x,t,¢) in the equation (1). In Section 2, the formulation of considered
optimal control problem is given. In Section 3, the existence and uniqueness of the solutions of optimal
control problem are proved. Finally, the first variation of objective functional is obtained and a necessary
optimality condition in the variational form is given in Section 4.

2. The Formulation of Optimal Control Problem

Let ], T be given numbers, 0 <x <, 0<t < T, Qy = (0,1) X (0,¢), Q = Qr.
Let’s consider the system described by nonlinear Schrédinger equation:

oy Py Iy

15 + aoﬁ + ialg —aX)y + o)y + ia2|1p|21,b = f(x, 1) (2)
P(x,0) = p(x), x € (0,]) (©)
Y0, =y, t)=0, te(0,7), 4)

where 1) = Y(x, t) is a wave function, i = V-1 imaginary unit, a9, a1, 4, > 0 are given real numbers, a(x) is a
measurable real-valued function which satisfies the condition

0 < a(x) < po, for almost all x € (0,1), o = const. > 0, (5)

and the functions ¢ € VV%(O, D, fe Wg’l(Q) are given complex-valued functions. Here, ¢ = 1(x,t) is the
state and v = v(t) is the control.
We can roughly express the control problem as follows: to which extent can the solution ¢ = ¥(x, t) of
(2)-(4) be perturbed by action of the control v at a given final time ¢ = T in order to reach a given final target?
If we want to formulate this problem as an optimal control problem, we can write it as the problem of
finding the minimum of the objective functional

Ja(©) = 19, T) = yil 0, + allo = il (6)

from the conditions (2)-(4), where vy = y(x) € L»(0,]) is the given final target, « > 0 is a given number,
w € W,(0,T) is a given element.
The control function v = v(t) is investigated on the set
1 do(t)
V=qv:o(t) € Wy(0,T), lv(t)l < bo, TS < by for almostall t € (0,T), by, b; = const. > 0

which is called as the set of admissible controls. Here the Sobolev space W) (0, T) is a Hilbert space consisting
of all the elements L, (0, T) having square summable generalized derivatives of the first order on (0, T) . The
Sobolev spaces W2(0, 1), Wy () are widely defined in [15].

In this paper, we will denote the problem of finding the minimum of the objective functional J,(v) on
the set V under the conditions (2)-(4) as the optimal control problem (2)-(4), (6).

When an optimal control problem is examined, the some questions emerge such as the existence and
uniqueness of solutions of the optimal control problem, the differentiability of the objective functional, the
necessary and sufficient conditions for the solution of the optimal control problem. So, throughout this
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paper, we investigate the answers of mentioned questions. For this purpose, firstly, we must prove the
existence of the solution of the boundary value problem (2)-(4).

Now, let’s define the solution of the boundary value problem (2)-(4). Under given conditions, by a solu-
tion of the problem (2)-(4), we mean a function (x, t) in the space By = C°([0, T], W2(0, 1)) N\C'([0, T], L»(0, 1)),
which satisfies the equation (2) for almost all x € (0,1) and any t € [0, T], the initial condition (3) for almost
all x € (0,1) and the boundary condition (4) for almost all t € (0, T), where C¥([0, T], B) is a Banach space of
all B—valued, k > 0 times continuously differentiable functions on [0, T] with the norm

ml,b(t)
[Wllcxo,y,8) = ZgniT“ dgm ls

for ¢ € CX([0, T, B).
We prove that the following theorem is valid for the solution of the boundary value problem (2)-(4):

Theorem 2.1. Assume that ¢ € Wg(O, D, fe Wg’l(Q) and the function a(x) satisfies the conditions (5). Then, the
initial boundary value problem (2)-(4) has a unique solution 1 € By for any v € V and the following estimation is
valid for this solution:

|
9D+ HEE < ol + Mol + ol

L2(0,])
+||(p”W1(0 ) + ”f”WOl(Q) + “f“w()l(Q)) (7)

forany t € [0, T], where the constant ¢y > 0 is independent from ¢, f and t.

3. Existence and Uniqueness Theorems

In this section, two different cases are investigated for the solution of the optimal control problem (2)-(4),
(6). Firstly, it is shown that the optimal control problem (2)-(4), (6) has a unique solution for & > 0 on a dense
subset G of the space W) (0, T) by using theorem 3.1 and secondly, the problem has at least one solution for
any a > 0 on the space W}(0, T).

Theorem 3.1. (The corollary of Goebel theorem [6]) Let X bea uniformly convex space, U be a closed bounded
set on X, the functional 1(v) be lower semicontinuous and lower bounded on U, a > 0 be a given number. Then, there
is a dense subset G of the space X such that for any w € G the functional

1a(0) = I(0) + allo ~ wil
takes its minimum value at a unique point on U.

Lemma 3.2. The functional Jo(v) = |[Y(.,T) - yllL 2O is continuous on the set V.

Proof. Let Av € WL (0, T) be an increment of any element v € V such thatv+Av € V, ¢ = (x, t) = ¢(x, t;v) be
the solution of the problem (2)-(4) corresponding tov € V and . Ay = Ay(x, t) = P(x, t; v+ Av) — P(x, t;v) =
YA — P(x,t), where the function 4 = (x, t; v + Av) is a solution of the problem (2)-(4) for any v + Av.From
the conditions (2)-(4) is obtained that the function Ay = Ai(x,t) is a solution of the following boundary
value problem:

OAY PNy IAY

1 + a + 1a
ot 0T ox2 1 ox

i [(19aP +19P) A + Yapag]
= Ay, (x,t)eQ ?

—a(x)Ay + (v + Av)AyY
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Ap(x,0)=0, x€ (0,0, ©)
AY(0,t) = Ay(l,t)=0,t € (0, T). (10)

Now, let’s evaluate the solution of the boundary value problem (8)-(10). For this purpose, let us multiply
both sides of the equation (8) by Ay(x, t) and integrate over (). Then, integrating by part we get

ONY NS ONY
f lia—t‘pm—ao Q_xll]‘ +ia1a—jA1,b—a(x) |A¢12+(v(t)+Av(t))|A¢|2
Q
iay (sl + [YP) IAYP + iapaip(A)? | dxd
= - f Av(t) Y Apdxdr.
Q

If we subtract the complex conjugate of the above equality from itself and use the condition (9), we obtain

Ay, t)|)i2(0,1) + 2a, f (YAl + WP A dxdt
Q

= -2 flm (AvlpAJ) dxdt — 2a fRe (l/)Al/) (Ai)z) dxdt

Q Q

and by Young’s inequality

N f (0l + WA drde
Q

< 2 f A0 [y| |Ay| dxd
Q
to1
< f f Ao [y dxd + f Ay dxdr
0 0 07

t t
= f 80P [, B} o 47+ f |)A¢(.,t)(|i2(0/l)d7
0 0

IA

T t
00l [ e+ [ Aol 0
0 0

for any t € [0, T]. In the above inequality, if we use the estimation (7), we get

t
IAGCDIZ, o + a2 f (P + PIAYP dudr < cillAvlZ o 1) + f AYC, DIE, . (11)
Q 0

Thus, if we take into account a; > 0,we have the inequality

t
IAYCDIZ, o < callATIE, o) + f AP, DIE opdT, (12)
0
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for any ¢ € [0, T], where the constant ¢; > 0 is independent from Ay, Av and t. Applying the Gronwall’s
inequality to (12), we get

2
A9 D, 0 < calAIE, o 7 for any ¢ € [0, T] (13)
and thus
2
1Ag ;0 < c2llADIE, 7y < c3llADIR g 4y < callAIE, ) for any ¢ € [0,T] (14)

where the constants ¢, c3, ¢4 > 0 are independent from Av and t.
Now, let us find the increment of the functional Jy(v) for any v € V. If we use the definition of the
functional Jy(v), we obtain

AJo(v) = Jo(v+ Av) - Jo(v)

i I
= fhb(x, T;v+ Av) — y(x)|2 dx — f|1/)(x, T;v) — y(x)(z dx
0 0

1

1
= f (Wax, T) = y(@) (Pox, T) = §(0)) dx - f ((x, T) = y@) (P(x, T) = §(x)) dx
0

0
1
=2th@D—WMM@DW+MWJ%MY (15)
0

Applying the Cauchy-Schwarz inequality to the equality (15) and later using the estimations (7), (14), we
get the following inequality for the increment of functional Jy(v) :

oo+ A) = o) < s (Iellwyo +1801Ryy )

for any v € V, where the constant c5 > 0 is independent from Av.Thus, since AJo(v) — 0 for [|Av||y o) — O
and any v € V, we can easily say that the functional Jo(v) is continuous on the set V. O

Now, let’s give the following theorem stated the uniqueness of the solution of the optimal control
problem (2)-(4), (6) on a dense subset G of the space W; 0, T).

Theorem 3.3. Assume that the conditions of Theorem (2.1) are fulfilled and w € W}(0,T), y € Ly(0,1) are given
functions. Then, there is a dense subset G of the space W)(0,T) such that the optimal control problem (2)-(4), (6)
has a unique solution for anyw € Gand a > 0.

Proof. Since the functional Jy(v) is continuous on the set V, it is a lower semicontinuous functional. Also,
since Jo(v) > 0 for any v € V, the functional Jo(v) is lower bounded. Additionally, the set V is a closed,
bounded and convex set of the uniformly convex space W)(0,T) [28]. Thus, the conditions of Theorem
3.1 hold. So, we can say that there is a dense subset G of the space W(0, T) such that the optimal control
problem (2)-(4), (6) has a unique solution forany w € Gand a > 0. [

The next theorem state that the optimal control problem (2)-(4), (6) has at least one solution for any a > 0
on the space W;(0, T).

Theorem 3.4. Suppose that a > 0, the conditions of Theorem (2.1) hold and w € W)(0, T) is a given function. Then,
the optimal control problem (2)-(4), (6) has at least one solution.
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Proof. Let {v"} C V be a minimizing sequence such that lim,,—, J4(v"") = [ = infyev J4(v) for the functional
Jo(v). Let ¥, = P(x,t) = YP(x,t;v™) be a solution of the boundary value problem (2)-(4) for any v" € V.
Since v" € V, m = 1,2,..., from theorem 2.1, we can say that the problem (2)-(4) has a unique solution

Y = P(x,t) = P(x,t;0™) € By foreachm = 1,2,--- . Moreover, the following estimation is valid:
0 t)
Y (., DI, H Yl <ce foranyt€[0,T]and m =1,2,... (16)
W2(0,)) Lo(0,))

where the constant ¢s > 0 is independent from m and indicates the right side of the estimation (7).
Since the set V is a closed, bounded and convex set of the Hilbert space WL (0, T),we can choose a
subsequence {UZ’} of the sequence {v"} such that

m

)

+-weakly vasm — ocoin Ly (0,T)
—_—

do™

+-weakly d—vas m — ocoin L (0,T).
% dt

For simplicity, let’s denote the subsequence {U;,”} by {v""}. Namely, the following limit relations for the
subsequence {v"} are written:

v" s-weakly vasm — coin Le (0, T) (17)
—
" dv .
+weakly — asm — c0in L (0,7) (18)
a —— 5 dt

Since the set V is a closed, bounded and convex set of the Hilbert space WL (0, T), it is a *-weakly closed
set on the set WL (0, T) according to the known theorem from [14]. Namely, v € V. So, from (17) and (18) we
can write the following limit relations:

T
fvm(t)q(t)dt — fv(t)q(t)dt for any g € L1(0,T) as m — oo, 19
0

d m T d
t[ i;ﬂmaMt—ﬁ~f 2ﬂmGMtﬁmqu1€LMLﬂasm—em' 0)
0 0

From the estimation (16), it is obtained the sequence {{’,} is uniformly bounded in By. Hence, we can choose
a subsequence { gbfn} of the sequence {,} such that the subsequences {w¥ o (x, )}, {al’bk"’(x il 1, {aZl’Ug;Z(x A 1, {al’bigt(x’t)}
weakly converge to the functions v, %, 9;;@", % inL, (0,]) for each t € [0, T] and m — oo, respectively. For
simplicity, let’s denote the subsequence {1/;51} by {is}. Thus, we can write the limit relations:

Yy, weakly YinL,(0,]) foreacht € [0,T] asm — oo

I N
—— weakly —-inL,(0,I) foreacht € [0,T] asm — o0

ot —3% ot

I i
—— weakly ——inL,(0,]) foreacht € [0,T] asm — o0 (21)
ox —35 ox
a2§bm &211) .
weakly —— inL(0,1) foreacht € [0,T] asm — oo
a2 —5 ox?
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Now, let us show that the limit function (x, t) satisfies the equation (2) for almost all x € (0,1) and for any
t € [0, T]. Since the function y,(x, t) for each m = 1,2, ... is the solution of the problem (2)-(4), we can write
the integral identity

1

2
J i s i S = g+ O + P = | e =0 @
0

ot ox? ox

foreacht € [0, T]and any g € L, (0,1).
According to the embedding theorems in the studies [1, 20], the space By is compactly embedded into
the space C°([0, T], Lo (0, 1)) which implies that

1Ym(., t) = (., Dllr.p uniformly accordingtot 0 asm — oo. (23)

It is clear that
I

1 !
f O, DI = f (0 (Yl ) — 9, 1) G + f (@) — o) (x, HI)x
0 0

0
1

+ | v(t)Y(x, t)g(x)dx. (24)
/

for any g € L, (0,1) . Also, it is written that

1

1
f 0" () (Y, 1) — Y(x, 1) G)dx| < [ (H)] f [0 (x, 1) = P(x, 1)| |g(x)| dx
0 0
< bo VIl 1) = 0, Dl opliglliaon (25)
and
1 1
f @"(t) - o(t) Y(x, HF()dx| < ["(E) - v(t)| f [ (x, 1)] |g(x)| dx
0 0
< 0" = vllcopo,rp 1P Ol 190, (26)

Since {v"} € WL (0, T) and the space WL, (0, T) is compactly embedded into C° [0, T], the limit relation
[0" = vllcojo,ry — O forany t € [0,T] asm — oo (27)

is written. Thus, taking into account the limit relations (23) and (27), the inequalities (25) and (26) in (24) if
we get to the limit in (24) as m — oo, we obtain the limit relation

1

I
f V" ()P (x, ) F(x)dx — f v()(x, t)g(x)dx (28)
0

0
foreacht € [0, T] and any g € L, (0,]) . Now, let’s prove that the limit relation

1

1
lim [ @l (x, OF Y, g(0dx = [ alp(x, HPP(x, HF)dx
f f

0
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foreacht € [0, T] and any g € L, (0,]) is valid. It is clear that

1 2
mC OPYm (s DIy = [ f (19, OP Y x, B dx] = Y BIE, - (29)
0

In (29), if we use the following known inequality in [15]
le( £)

[, DI, 0 < Bl Il ¥m(, OIF, o foranyt€[0,T1, pi = const. >0

and the estimation (16), we obtain

”llljm(r t)|21//m(r t)HLz(O,]) <c7, m= 1/ 2/ 3/ T (30)

where the constant c; > 0 is independent from m and t. Also, from the limit relation (23) we can easily
say that the sequence {{,(., )} converges to the function y/(x, t) for each t € [0, T] at almost everywhere on
(0,1) .Thus, taking into account the inequality (30) and using the known Lemma in [15], we can write the
limit relation

[P (x, t)|21/1m(x, t) weakly |Y(x, t)|21p(x, t)in Ly (0,1) foreacht € [0,T] as m — oo. (31)

Thus, considering the limit relations (21), (28), (31) and taking the limit of (22) as m — oo then we get the
integral identity

fl[ P2
i— + ao + 1111 a(x)y + ot + 1a2|¢| Y — f(x, t)| gx)dx = (32)
0

foreach t € [0, T] and any g € L,(0, ). From (32), we deduce that the function (x, t) satisfies the equation (2)
for almost all x € (0,1) and any t € [0, T] .

Now let us prove that the limit function ¢(x, t) satisfies the initial condition (3). Since the space By is
compactly embedded into the space C%([0, T1, Lo(0, 1)), it is written that

[Ym(, 1) =, Dll0n — 0 foranyte[0,T]asm — co. (33)

It is clear that

I I I
_ 2 _ 2 _ 2
0< Ofltp(x,O) ()| dxszoflgb(x,O) Y(x, 0)| dx+26f|1pm(x,0) @(x)|["dx. (34)

If we take the limit of (34) as m — oo and use the initial condition ¢, (x, 0) = @(x) for x € (0,[) and the limit
relation (33) for t = 0, we obtain

1
f [9(x,0) - p(x)Pdx = 0
0

which implies that
P(x,0) = @(x) for almost all x € (0,1)

it is follows that the limit function ¢(x, t) satisfies the initial condition (3).
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Now, let us prove that the limit function (x,t) satisfies the the boundary condition (4). Since the
space C°([0, TT, W5(0, 1)) NC([0, T1, L2(0, 1)) is compactly embedded into the space C°([0, 1], L>(0, T)), the limit
relation

lPm(x,.) = P(x, .)||i2[0’T] — 0 foranyxe€0,l]]asm — oo. (35)

is written. If we get to the limit as m — oo in the inequalities

o
A

T T T
f [W(0, )PPdt < 2 f [W(0, t) — ¥, (0, £)[dt + 2 f [ (0, )[*dt,
0 0 0

o
IA

T T T
f [W(, bPdt < 2 f [W(l, t) = Yu(l, t)PdE + 2 f [Wm(l, t)[Pdt
0 0 0

and use the boundary conditions 1,,(0, £) = ¢,(I, t) = 0 for any t € (0, T), the limit relation (35) for x = 0 and
x =1, we obtain

T T
f [¥(0, t)[*dt = 0 and f [w(, t)lPdt = 0
0 0

which implies that
Y(0,t) =¢(,t) =0 foralmostallte(0,T),

it follows that the limit function i(x, t) satisfies the boundary condition (4).

Consequently, we have proved that the function 1 = ¢ (x, t) = ¢(x, t;v) corresponding to limit function
o(t) of the sequence {v™} C V is a solution of the boundary value problem (2)-(4), which is the limit function
of the sequence {{,(x, t)}. Since the solution of the problem (2)-(4) is unique we write ¢ € By.

As known, the norm functions of the spaces L,(0,!) and L,(0, T) are lower weakly semicontinuous func-
tionals [21]. If we consider that & > 0, we can say that the functional J,(v) is a lower weakly semicontinuous
functional at v € V. Therefore, we can write the relation

Joo < Ja(v) < h_m Ja(@") = Jor

m—00

it follows that v € V is a minimum of the functional J,(v) on the set V. Namely, v € V is a solution of the
optimal control problem (2)-(4), (6). O

4. Differentiability of the Functional

In this section, we constitute a adjoint problem and obtain the first variation of the objective functional
J«(v) by via of the adjoint problem. Later, a necessary optimality condition is given in variational form.

Firstly, we reformulate the optimization problem (2)-(4), (6) using a Lagrange multiplier function.
Consider the minimization problem

L(v,¢,n) — inf

where

0 92 0
L(w,y,n) = Ju(v)+ % f(za—lf + aoa—xlf + iala—lﬁ —a(x)y + o) + ia2|¢|2¢ _ f) ndxdt

Iy W == V-7
+% f[—ia—l’tb + aoa—xf —iny 8_1;6 —a(x)y + o)y — inzlylPy — f] ndxd,
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the function n = n(x,t) = n(x,t;v) is Lagrange multiplier and the function ¢ = ¢(x, ) is a solution of the
boundary value problem (2)-(4).Thus, from the stationarity condition of the Lagrange functional L (v,, 1),
we obtain the following adjoint problem:

o 90 >

at + aoa + ig; — P —a(x)n + v(t)n — 2iaz|Y|*n + zazlp 7=0, (36)
N, T) = =2i(y(x, T) — y(x)), x€(0,]) (37)
n(0,t)=n(,t)=0, te(0,T) (38)

where the function ¢ = (x,t) = ¢(x, t;v) is a solution of problem (2)-(4) for any v € V. If we apply the
transform v = T — ¢ to adjoint problem (36)-(38) for y € Wg(O, I), it is seen that the adjoint problem (36)-(38)
is a initial boundary value problem in the form of problem (2)-(4). Therefore, we can write the following
theorem for the solution of adjoint problem (36)-(38):

Theorem 4.1. Assume that the hypotheses of Theorem 2.1 hold and let y € VV%(O, 1) be given function. Then, the
adjoint problem (36)-(38) has a unique solution n € By for any v € V and the following estimation is valid for this
solution:

an
L e Y (N R 9

L(0,)
IS o+ IR 0y Wy + B ) (39)
forany t € [0, T], where cg > 0 is independent from t.

Using Galerkin’s method we can easily prove the theorem 4.1 as the proof of theorem 2.1.

Now, let us find the increment of the functional J,(v) for Yo € V. Let the function Av € WL (0, T) be an
increment given to any v € V such that v + Av € V. Then, using the formula (6) and (15) we can write the
increment of the functional J,(v) for any v € V as the following:

AJ4(v) Ja(© + Av) = J4(v)
1

T T
2
= f’#’(x,T}U+AU)—y(x)|2dx+af|v+Av—wlzdt+af'w_‘Z_E:
0 0 0

1 T T
—fhl}(x, T;0) - y()| dx - ozf|v(t) — w(b)Pdt - (xf fl—zt’ - Z—Z’ “a
0 . 0 . 0
= AJo(v) + Zaf(v(t) —w(t)) Av(t)dt + 2« f(i—? - E;—Zf) %dt +a ||Av||w1(0T
l 0 0
= 2 [ Rel(w( T) - vyt Dl + [y, T,
' T T
+2a f (0(t) — w(B)) Ao(t)dt + 2a f (dz(:) - di‘;ft)) dAd”t(t) + Aol o (40)
0 0

where AY = AY(x, t) = P(x, t; v + Av) — P(x, t; v) is the solution of the problem (8)-(10) for v € V.
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Lemma 4.2.

]
2 f Re[(¥(x, T) — y(x))(AP(x, T)] dx = f Re(y(x, Hn(x, t))Av(t)dxdt + f Re(Aym)Av(t)dxdt
0

Q Q

—a, f (sl = [P Im(Api)dxdt
Q

—ay | |AYPIm (¥7) dxdt.
/

Proof. 1t is clear that since ¢ € By, the function Ay = Ay(x,t) = Y(x, ;v + Av) — P(x, t; v) satisfies integral
identity

amp IAY

+a +ZIZ
ot ° 1 ox

—a()AY + (v + Av)mp) &, (x, Hdxdt
+

iy [(Ial + [WP) A + papAP] b, (x, dxdt

Av()po, (x, H)dxdt (41)

D;)D% -

for any function ¢1 = ¢1(x,t) € L,(Q) and the conditions (9), (10). Taking the function n = n(x, t) € L»(Q)
instead of the test function ¢1(x, t) in identity (41) we obtain the identity

d d
f[ 3:0 +ag ER 21# +im anl’b —a(x)AyY + (v + Av)AyY
Q

iay |(1al? + [WR) Ay + pap A | Tix, tydxdt
= - f Av(tyyn(x, t)dxdt. (42)

Q

Also, since the function ] € By is a solution of the adjoint problem (36)-(38), it satisfies the following identity
for any ¢y = Pa(x, t) € Lr(QY)

d *? an
f[ 8Tt] + L, TT + za1 — a(x)n + o(t)n — 2iax|YI*n + iayY 17] pydxdt = (43)

Q

Let’s put the function A (x, t) instead of the test function ¢, = ¢,(x, t) in identity (43). Later, if we apply
the integration by parts formula to obtained identity, we get

Ny PN . IAY — — — _
f[[—i atlp + ag 3x2¢ —im 8:} —a(x)Ay + v(H) A — 2ia2|1/)|2A1p] n+ iazz,bzﬁm/}} dxdt
Q

!

= -2 f (W(x, T) — y(x)) Ap(x, T)dx

0
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and its complex conjugate

dA IA
f( 8:0 05y 217b+ia1 axw — a(x)AY + 0(t)AY + 2iay| PP Ay | ndxdt

—iay f EznAwdxdt

I
-2 f 1/)(x T) - y(x) AY(x, T)dx. (44)
0

Also, if we put the function n(x, t) instead of the function ¢ (x, f) € L,(€2) in (41), we have

[5E +a 00 22 g+ o+ a0

o o ox
Q
viay |(10al? + [WF) A + YA | TiCr, bt
= - f Av(t)yn(x, t)dxdt (45)
Q

Subtracting the (44) from (45), we get

f [Avm,uﬁ v i ((19aP — 1WR) Ay + PapAd) T + z’a@znAw] dxdt
Q
1

- f Av()yT(x, H)dxdt + 2 f (¢(x, T) - y(x)) Ay(x, Tdx.

Q 0

Summing the above equality with its complex conjugate, we obtain

1
4 [Re(¢(x, T) - y(x)) Ay(x, T)dx = 2 f Re((x, y(x, t))Av(t)dxdt
0

Q

+2 fRe(Al,Z)r‘))Av(t)dxdt

Q

20, f (AP — [P Im(Apdxdt
Q

2a; | |AY[Im (Y7) dxdt
l
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which is equivalent to

1
2 [Re (9, ) = y(a) Atx, T = | Re( o, )7(x, D) o0t
0

Q

+ f Re(Ay)Ao(t)dxdt

Q

—01; f ([pal? = PP Im(Ap)dxdt
Q

—ay f |AYPPTm () dxdt.

Q

Thus, lemma (4.2) is proved.
Using lemma (4.2) in (40), we can write the increment of J,(v) as

Al (v) = fRe(z,b(x Hn(x, t))Av(t)dxdt+2af(v(t)—w(t)) Ao(t)dt

T
o f(dv(t dw(t))dAdv(t) R
0

where

R = f Re(AY7)Av(t)dxdt — a, f (IYal?* = WP Im(AYR)dxdt
Q

Q

2
—a, f |AYPIm (i) dxdt + [|Ay(., T)”LZ(OJ)+a||Av||§V%(OlT). (46)
Q

O

Theorem 4.3. Assume that the conditions of Theorem 4.1 are fulfilled and let w € W}(0,T), y € Wﬁ(O, I) be given
functions. Then, the functional ],(v) is differentiable on the set V and the following formula is valid for its first
variation:

dt

T T
6]a(v,h) = f Re(W(x, Hj(x, D)h(H)dxdt + 2a f () — w(t)) h(D)dt + 2a f (dz(:) _ di‘i’f))di’:)
0 0

Q

for any h € WL (0, T), where ¢ = (x, t) is a solution of the initial boundary value problem (2)-(4), n = n(x,t) is a
solution of the adjoint problem (36)-(38) for any v € V.

Proof. Firstly, it is proved that R = 0(||AU||W;(0,T))/ where o (||Av||W30(O,T)) represents ” higher-order terms”
which go to 0 faster than ||Av|ly1 o 1) as [|Avllyz o 1) approaches 0, i.e.

Aol o =0 1Al 0,1
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From (46), we get

Rl < )Agb| |1]( |Av| dxdt + ap ||1PA|2 - |1P|2‘ ‘A¢| |77| dxdt
/ /

Q

+ﬂ2f|AlP|2 |‘/’||77|dth+ (|A¢(., T)”Z(o,z) +a”AU”%V;(0,T)'
0

If we apply Young's inequality to the above inequality, we obtain

R < % f |A1,b|2dxdt+% f In[’ 140 dxdt +a, f (1al + [l) [Ag[” || dxdt
Q Q Q

+a; f|AlP|2 |1/’| |77| dxdt + “Ayb(., T)”Z(O,l) + a”Av”%/V;(O,T)

IA

% f |A¢|2dxdt+% f Inf |Av|2dxdt+%az f (1al + [9D)? [Ap[ dxdt
Q Q Q

+%a2 f N7 |n’2dxdt+%a2 f |A1p|2|lp|2dxdt+%a2 f AR | dxdt
Q Q

+ ”Al/’( T)”L op T “”Avllwl(o T)

§f|A1’[)| dth+§f|77| |Av|2dxdt+ﬂ2f(|1’bA|2+|¢|2)|Al’b|2dxdt
Q Q

Q

IN

+a2f|A¢|2 )n|2dxclt+%a2fm¢|2 |¢(2dx‘7lt+”AED('/T)HZ(O,I)+“”AU”%\/;<O,T)
Q Q

which is equivalent to

IRl < Egg@%”AlP( t)HLz(OI) (gﬂ’}”n( t)”L (ot))”AU”Lz ©1

+a2f(|¢A|2+|1,b| )|A¢| dxdt + ap (max”Alp( t“Lz(Ol) f”n( t)”L (01) (47)

0<t<T
Q

1
+2”2(522’§”A¢ t)“Lz(Ol f”l#( t)“L (01)dt+”A4’( THL (01)+a”AUHW1(0T)

According to known inequality in [15], we have the inequality

(., 1)
B ﬁz ox L,(0,]) “lp(’ t)“Lz(O,l) ’ ,BZ = const. >0
B2 (|19v(., b|I* ,
< E( dx L>(0,) on |- )

forany t € [0, T]. Using the inequalities (13), (48) and (11), the estimations (7), (39) in the inequality (47),
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we obtain

IR]

IA

0o 1011, .1 + A0l

IA

610||AU||W1 o)

IA

Cll||AU||W1 (0 T)

which shows that R = o (||AU||W§Q(O,T)) , where the constants cy, c19, c11 > 0 are independent from Av and ¢.
Thus, we can write the increment of the functional ,(v) as

T
Al ,(v) = fRe(z,b(x Hn(x, t))AU(t)dxdt+2af (v(t) — w(t)) Av(t)dt
0

o) (49)

T
do(t) dw(t) dAu(t)
f( o ) i+ (Aol
0

If we consider the function Oh € WL (0,T) for any 0 < 6 < 1 and h € WL (0, T) instead of the function
Av € WL (0,T) in (49), we can easily write that

AJo(@) = Ja(v+ Oh) = Jo(0)

T
= fRe(z,b(x H1(x, t))Oh(t)dxdt + Zaf (v(t) — w(t)) Oh(t)dt
0

T
. f(dv(t dw(t))dedh(t) i+ 0(0)
0

which is equivalent to

T

f Re(y(x, Ti(x, )h(t)dxdt + 2 f (o) — w(t)) h(t)dt

0
T
do(t)  dw(®)\ dh(t)
oo {15450 400
0

which shows that for the first variation 6],(v, h) of the functional J,(v) is valid the formula

]a(v + Gh) B ]a(v)

Ja(@© + Oh) = Jo(0) = 0O

sho) = fim LT
- f Re(y(x, HTi(x, ))h(t)dxdt
Q
- r(d () _ dw(t)| dn(t)
20 | @) = w) hdt + 2a (” ad ) dt.
Of Of it dtr ) dt
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Theorem 4.4. Suppose that the conditions of Theorem 4.3 are fulfilled and let

V.= {o 0 eV, @) = infJuo) = I}

be the set of solutions of the optimal control problem (2)-(4), (6). Then, for any v* € V. the inequality

T
fRe(z/)*(x, O (x, 1)) (v(t) — v*(t)) dxdt + 2a f(v*(t) —w(®t)) (v(t) — o' (b)) dt
0

Q

T

dv*(t)  dw(t) dv(t) do*(t)

+2af( Fraaiaian )( i pm )dt>0 YoeV
0

is valid, where the functions Y*(x,t) = P(x,t,;0°) and n*(x,t) = n(x, t;v") are solutions of the boundary value
problem (2)-(4) and adjoint problem (36)-(38) for the v* € V, respectively .

Proof. Let v € V be any control, v* € V be any optimal control. Since the set V is a convex set it is written
that v* + O(v — v*) € V for v* € V and any v € V, V0 € (0,1). Therefore, according to known theorem from
[18] we can write the inequality

d
_ — * — ) >
dGJ“ y 8 (v, v-0v)>0, YoeV

which is equivalent to

fRe(zp (x, T (x, 1) (0(t) — v (F)) dxdt + 2a f(v (t) —w(®)) (v(t) — v*(t)) dt

T
o f(dv ) dw(t)) (dv(t) ~ dv*(t)) Qt>0, VoeV
0

dt dt dt
[
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