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A Formula for Generating Weakly Modular Forms with Weight 12

Aykut Ahmet Aygunes

?Department of Mathematics, Faculty of Science University of Akdeniz TR-07058 Antalya, Turkey

Abstract. In this short paper, generally, we define a family of functions f; depends on the Eisenstein series
with weight 2k, for k € IN. More detail, by considering the function f;, we define a derivative formula for
generating weakly modular forms with weight 12. As a result for this, we claim that this formula gives an
advantage to find the special solutions of some differential equations.

1. Introduction and Main Result

LetH={z=u+iv:v>0}foru,v € R. The set of all Mobius transformations of the form Mz =z’ = z;j:s'
where a, b, c,d € Z with ad — bc = 1, is called the “modular group” and given by

M:{( a b ):a,b,c,deZ,ad—bc=1}
c d

(cf. [2]). Let k € R. A weakly modular form with weight 2k is a meromorphic function f on H such that,
forall( Z Z ) € M and all z € H, we have

cz+d

f (”Z +h ) = (cz + *f(2)

(cf. [2], [3]). Throughout this paper, the space of weakly modular forms with weight 2k is denoted by My.
For 2 < k € IN, the Eisenstein series G (z) ([4], [5]) is defined by

1
Ga(z) = Z iz

0#(m,n)eZ?
The normalized Eisenstein series ([6]]) is defined by

1

Eox(z) = 220

Gox(2)

2010 Mathematics Subject Classification. Primary 11F03, 11F11; Secondary 11M36
Keywords. Eisenstein series, Mobius transformation, Modular form

Received: 03 July 2015; Accepted: 04 August 2015

Communicated by Gradimir Milovanovi¢ and Yilmaz Simsek

Email address: aykutahmet1981@hotmail.com (Aykut Ahmet Aygunes)



Aykut Ahmet Aygunes / Filomat 30:4 (2016), 1001-1004 1002

where

©=Y
k=1

for Res > 1 (cf. [2])).
Ex(z) is a holomorphic modular function with weight 2k in My;.
In [1], Aygunes showed that there exist a family of functions f; with weight 2k as follows:

cz+d

f (”Z hl b) 2ke(cz +d) + (cz + A2 fil(2) (1.1)

where ad —bc =1fora,b,c,d € Z and also he choose

Eék(’[)
Ex(7)

Then he shows the existence of the family of the functions f;. Therefore, we conclude that the function
fi depends on the Eisenstein series with weight 2k.

Let Hy denote the family of meromorphic functions f; on H satisfying (L.1), for ad — bc = 1, which are
also meromorphic at ico.

In this paper, by using the family of functions fi, we give a formula to derive the weakly modular forms
with weight 12.

Suppose thatad — bc = 1for a,b,c,d € Z. Then,

fr(r) =

d _ faz+b az+b
Efk(cz+d) (cz+d2f"(cz+d)' (1.2
az+b 2c az+b 1 , [az+b
dzzf (cz+d) (cz+d)3fk(cz+d) (cz+d)4fk (cz+d) (1.3)
and
az +b 62 az +b 6c ., [az+b 1 o (az+b
dz3f (cz+d) (cz+d)4fk(cz+d) (cz+d)>7k (cz+d) (cz+d)6f (cz+d)' (1.4)
On the other hand, by using the equation (I.I), we have
fk (“Z - b) 2ke? + 20(cz + d) fulz) + (cz + A2 f1(2), (1.5)
cz+d
az+b , o
22 fk (cz = d) Zcsz(z) +4c(cz +d)f(z) + (cz + d)? . (2) (1.6)
and
az+b , vy
dz3fk (cz = d) 6c2fk(z) +6c(cz +d)f (z) + (cz + d)zf (2). (1.7)

We use the equations (I.2), (I.3) and (1.4) to arrange the equations (1.5), (1.6) and (1.7). Then,

£ (”Z - Z) = 2kc(cz + d)? + 2c(cz + d) fi(2) + (cz + A £(2), (1.8)
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,(az+b ., [az+Db
~ 2z + d)f (cz+d)+fk (cz+d)

=2c%(cz + d)4fk(z) +4c(cz + d)5fk’(z) +(cz+d)° ' (2)

and

5 2 az+b _ 7 az+b 1" az +b
bc (Cz+d)fk(cz+d) bclez +d)fy (cz+d)+fk (cz+d

= 6c%(cz +d)° f(2) + 6c(cz + d) ' (2) + (cz + d)* £ (2)

By using the equation (1.8), we arrange the equation (1.9) as follows:

£ (Z I Z) = 4k (cz + d)® + 62(cz + d)* fi(2) + bc(cz + AP £ (2) + (cz + A F'(2).

By using the equation (1.8) and (1.9), we arrange the equation (1.10) as follows:

£ (z I Z) = 12ke*(cz + d)* + 246%(cz + d)° fi(z) + 36¢2(cz + d)° £ (2)

+12c(cz + d)7fk"(z) +(cz+ d)gfk"’(z).
Then, we set

3
7

cz+d

3
{fk, (“Z : b)} = (cz +d)° x {2ke? + 2c(cz + d) fi(z) + (cz + d)* £ (2)]

2
7

2
{fk'/ (z : Z )} = (cz +d)° x {4kc® + 6cX(cz + d) fi(z) + bc(cz + AV f{(2) + (cz + d)°f{' ()}

fi (LZ I Z)fk"' (Z I Z) = (cz+d)° x (2kc? + 2c(cz + d) fi(z) + (cz + d)sz’(z))

12ke* + 243 (cz + d) fi(2) + 36¢*(cz + d)* f ()
+12c(cz + AP f)' (2) + (cz + d)* " (2) ’

A (Erg) () (B3 ) - e x s @ i)

cz+d cz+d cz+d
X (2Kkc? + 2c(cz + d) fi(2) + (cz + d)*f(2))
X (4kc® + 6c*(cz + d) fi(z) + 6c(cz + d)? fi(2) + (cz + d)? 1 (2),

{ (az+b)}2{ ,(az+b)}2 6 )
fil—— fil—=—=]|t =(cz+ad)°x2kec+ (cz+d)fi(z))

cz+d cz+d
2
X (2kc + 2c(cz + d) f(2) + (cz + A f(2))

2
{fk (az : b)} i (az : b) = (cz +d)° X (2ke + (cz + d) fu(2))?

cz+d cz+d

12kc* + 24¢(cz + d) fi(2) + 36¢*(cz + d)* £ (2)
+12¢(cz + d)3fk”(z) + (cz + d)4fk”’(z) !

1003

(1.9)

(1.10)
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{fk (az + b)} (az + b) = (cz +d)° x (2ke + (cz + d) fi(2))°

cz+d cz+d

X (4kc® + 6c%(cz + d) fr(z) + 6¢(cz + d)sz (z) + (cz + d)3 "(2)).

By using the above equations, we get

sklfp ()] 450 (g ()] - e () g (58) - o () A () 17 (258)
{7 (cz+d)}2+2k{fk(z;d)}2 H%) 2(f (=) 17 (23)

@) +5{f @) - 4Rf @) £ () - 6kf () £ @) £ 2)
SO {f ) + 2% AP £ (z) 2{f@F £ @)

= (cz+d)"?

Consequently, we arrive at the following theorem:

Theorem 1.1. Let Dy be an operator defined on Hy. Let T € H and k be any integer. If an operator Dy is defined by

Dilf) = 4k(f) +5K2(f) — 4L £ - 6kfif £+ 3R (F) + 2k P £ —2(F)° £,
then we have
Dk . HZk e M12.

Corollary 1.2. In Theorem|1.1] if we choose

we obtain a weakly modular form gy in My, such that

ge =4k (F) + 5K (£1) 427 — 6kffLf! + 3 () + 2k (P £ = 2(f)° £

Therefore we conclude that, for a special case of the function gy, there exist a solution of the above
differential equation.
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