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Some Hermite Base Polynomials on g-Umbral Algebra
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Abstract. The aim of this paper is to investigate the g-Hermite type polynomials by using umbral calculus

methods. Using this method, we derive new type polynomials which are related to the g-Bernoulli poly-

nomials and the g-Hermite type polynomials. Furthermore, we also derive some new identities of those
polynomials which are derived from g-umbral calculus.

1. Introduction, Definitions and Preliminaries

Throughout this paper, we use the following definitions and notations which are given by Roman [11]:
Let P be the algebra of polynomials in the single variable x over the field complex numbers. Let P

be the vector space of all linear functionals on P. Let (L | p(x)) be the action of a linear functional L on a
polynomial p(x). Let & denotes the algebra of formal power series

fo=Y %tk.
k=0

This kind of algebra is called an umbral algebra. Each f (t) € & defines a linear functional on P given by for
allk >0, a, = (f (B) | ).
In particular,
<tk | x”> = !0y,

where

5= Oifn #k
k=) 1lifn =k

Let ¢, be a fixed sequence of nonzero constants. Then we may map the algebra & of all formal power
series in t isomorphically onto the vector space P~ of all linear functionals on P by setting

<tk | x”> = CuOn k-
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If

(o)

fio=Y, 2t

k=0

then we have
(f () [ X"y = ay.
g-umbral calculus is defined by setting
CA=p(l-g) =g
(1-q) '

where 0 < g <1when g € R and |q) <1whengeC.
Then, we have

n

Cn 1_qn
o1 1—¢q°

In this paper, we use the following notation:

7
Mh={ st

x,q9=1,
[6][11].
Derivative operator t is defined by
tx" = [n], x!

So, for all p (x) € P

()= PR P

i4 X —qx

g-binomial coefficient is

(n) o [n],!
k . Kk (k] ! [ = k]!

The evaluation functional is

> ()"
t) = E R
&7 (]/) £ [k]q'

which is the analog of the exponential series for the g-umbral calculus [11].

Remark 1.1. The notational difference between

fM®Ipx) and  f(H)p(x)

962

1)

will make the particular role of f (t) clear. We use {(f (t) | p (x)) notation for functionals and f (t) p (x) notation for

operators.
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For example, the functional ¢, (yt) satisfies

(yt)" ;
(e, ()1 27) (z T } |
Then

(e7(y) 1P @) =p(y), (3)

for all polynomials p (x) € P.
The operator ¢, (yt) satisfies

(o =Y ()
k=0 \/q
Theorem 1.2. Let f(t), g(t) be in §, we have
fBg®) 1p () = (f(D) | g(t)p (x)) - 4)

The order o (f (t)) of a nonzero power series f (t) is the smallest integer k for which the coefficient of
does not vanish. A series f (t) for which o(f (f)) = 1 is called a delta series. And a series f (f) for which
o(f (1) = 0is called a invertible series.

Theorem 1.3. Let f (t) be a delta series and let g (t) be an invertible series. Then there exist a unique sequence S, (x)
of polynomials satisfying the orthogonality conditions

(g FBF 1 Su(x)) = [n], 100k 5)
foralln,k > 0.

Remark 1.4. The sequence S,(x) in (5) is the g-Sheffer polynomials for pair (g(t), f(t)), where g(t) must be invertible
and f(t) must be delta series. The g-Sheffer polynomials for pair (g(t), t) is the g-Appell polynomials or the g-Appell
sequences for g(t).

2. g-Appell Polynomials

Roman gave some principal results for nonclassical Sheffer polynomialsin [11, p. 163-165]. All theorems
in this section can be proved by Roman’s method. Thus we omit them.
The g-Appell polynomials satisfy the following properties:

Theorem 2.1. Let S, (x) be the g-Appell polynomial for g (t). Then for any h(t) in §,

o = Y, LD ) ©
k=0 q

Setting 1 (f) = ¢, (yt) in (6) and using (3), one can obtain the following corollary:

Corollary 2.2.

(e8]

w15 5
Q) = Y qu a0 1940) iy Z a0
=0
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Theorem 2.3. Let y € C. The polynomial S, (x) is the g-Appell polynomials for g (t) if and only if

1 Sk (y)
qu(yt) Z ;! t*

for all constants y € C.

Theorem 2.4. The polynomial S, (x) is the g-Appell polynomials for g () if and only if
Su@)=g®"
Theorem 2.5. The polynomial S, (x) is the g-Appell polynomials for g () if and only if
tSy (x) = [n]; Sn-1 (%)
Theorem 2.6. A polynomial S,, (x) is the g-Appell polynomials for g (t) if and only if
£ (yt) Su (x) = Z ( ) YVSui ().
k=0

2.1. g-Hermite Type Polynomials

The g-Hermite type polynomials are defined by means of the following generating function:

Z H(v) (x) . (Uzt )a,, (xt).

The g-Hermite polynomials are the g-Appell polynomials for

2
g(t)—eq(vzt )

From (8) and (11), we get the following lemma:

Lemma 2.7. The following relationship holds true:

H(v) (x) = ( i ) x"
5 .

By using (9), we arrive at the following theorem:

Theorem 2.8. The following operator identity holds true:

tH,) () = [n], HY ().

964

(®)

(10)

(11)

(12)

(13)

The following theorem gives us action of linear operators &, (yt) and ¢, ( ) on the polynomials Hﬁ,v,)] (x):

Theorem 2.9.

& (¥ Hyp () = Z(k) yHY ()
q

k=0

and

(14)

(15)
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Proof. The first part of proof is completed by using (10). We use (8) for proving (15). Therefore

vt? ot?\ _ (ot?
5!1(7)1_1;7;)1(") = Eq(T)qu(T)Xn,

= x"

2.2. g-Hermite Base Bernoulli Polynomials

In this section, we construct new generating functions for the Hermite base Bernoulli type polynomials
which are generalized Milne-Thomson polynomials (see for details: [9],[4],[2]).
Our generating function is defined as follows:

N t a ~ tz
ZB;Lq(xv % (eq(t)—l) qu(%)gq(xt).

The g-Hermite type polynomials are the g-Appell polynomials for

g, (1) = 1\* 2
g(t)z(%) gq(%). (16)

From (8) and (16), we arrive at the following lemma:

Lemma 2.10. The following relationship holds true:

a 2
Bg)nq(x,v) (q(t;— ) ‘1(?]; )x”. (17)

By using (9), we give the action of linear operator t on the polynomials B<“) (x v):

Theorem 2.11.
B\ L, ®0) =[], BY | L, @), (18)

Theorem 2.12. The following identities hold true:

(sq (t) - )Bg{?1 g (x,0) = [n], B;‘;‘nl)l P (x,0) (19)
and
t a-1 .
((es)=1) 1B, (x,0) =[], <(W) |HY,, <x>> (20)

Proof. We prove assertion (19) by using (17):

(e - 1) B, () = (& <f>-1>(eq<%) 7 (7)

After some calculations, it yields

(e () - 1) B, (x,0) = B ) (x,0).
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Using (18) in the above equation, we get the desired result.

We now prove (19):
From (17), we obtain

[ 2
(&g -1) 1B, (x,0)) = <(eq t)-1)| (Eq(tﬁ) el (%)x>
By using (4) and (12), we get
a-1
(g0 =1) 1By, (x,0) = <(S(tﬁ) | tH) (x)> : (21)
q

Using (13) in the above equation, we complete the proof. [

Theorem 2.13. The following identity holds true:

; ’ B(ﬂ) _ B(a+ﬁ)
eg (b)) —1) “Hna (x,0) = By, (x,0).

Proof. As a consequence of (17), we have

B B o 2
t @) _ t t (O .
(eqw—l) BH'"'q(x'”)‘(eqw—l) (eqm—l) “ (2 )

Hence, we obtain the result by using (17). [

Let
() o t o
éBk,q (X)[k_]q' _(Sq(t)—l) él](xt)-

The action of linear operator &, (%2) on BE‘L . (x,v) gives us the g-Bernoulli polynomials of higher order

B;‘X; (x), as follows:

Theorem 2.14.

. f B(a) _ B(a)
g 5| B, (0) = B ).

Proof. By using (17), we have

0P\ @ _ (o t\ (o),
gq(T)BH,n,q (X,U)—Eq 7 W Eq 7 X .

Therefore

Z)t2 (@) _ t * n
gq(T)BH,n,q (x,0) = (-1 X

Combining this equation with the following result which was proved by Kim et al. [8], we complete the
proof:

(a) — t ¢ n
By g (x) = (—fq e 1) xt.

Hence, we completed the proof. [
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Theorem 2.15. Relationship between HS’ZI (x) and Bg)n . (x, v) is given by following equation:

t o
(—8 (t)—1) Hy) () = By, (x,0),
q

Proof. By using (12) and (17), we get,

_f ’ (© - t ‘ ~1 f n _ pla
(Eq(t)—l) Hyg(x) = (€q(t)—1) € (2 )x =By, (%,0).

O
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