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Abstract. We will develop partial group (co)actions of a Hopf group coalgebra on a family of algebras
by introducing partial group entwining structure. Then we give necessary and sufficient conditions for a
family of functors from the category of partial group entwining modules to the category of modules over a
suitable algebra to be separable. Also, the applications of our results are considered.

1. Introduction

As the generalization of Hopf algebra, the notion of a Hopf mt-coalgebra was introduced by Turaev [23].
Hopf n-coalgebras are used by the author in [24] to construct Hennings-like and Kuperberg-like invariants
of principal n-bundles over link complements and over 3-manifolds. A systematic algebraic study of these
new structures has been carried out in recent papers ([7], [25], [26], [27] and [28]).

Partial group actions were considered first by Exel [18] in the context of operator algebras and they
turned out to be a powerful tool in the study of C*-algebras generated by partial isometries on a Hilbert
space [19]. A treatment from a purely algebraic point of view was given recently in [1], [14], [16] and [17].
Partial Hopf actions were motivated by an attempt to generalize the notion of partial Galois extensions of
commutative rings in [16] to a broader context. The definition of partial Hopf actions and co-actions was
introduced by Caenepeel and Janssen in [5] by using the notions of partial entwining structures.

The notion of separable functor was introduced by Nistdsescu, Van den Bergh and Van Oystaeyen in
[21], where some applications for group-graded rings were done. Every separable functor between abelian
categories encodes a Maschke’s Theorem, which explains the interest concentrated in this notion within
the module-theoretical developments in recent years. Separable functors have been investigated in the
framework of coalgebras ([8]), graded homomorphisms of rings ([9], [12]), Doi-Koppinen modules ([6]),
entwined modules ([3]) or coring ([2]).

The idea underlying this article is to consider a more general setting, that is: can we develop a theory
of partial (co)actions of Hopf group coalgebras? The aim of this paper is to give a positive answer to these
questions.

The paper is organized as follows.
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In Section 2, we recall some definitions of group coalgebras, Hopf group coalgebra and separable
functors.

In Section 3, partial rt-entwined structures(modules) are introduced, and for all & € r, we show that the
functor F® : U7C(1)) = Ma, which forgets the partial 7-C-coaction has an adjoint.

In Section 4, we will develop a theory of partial (co)actions of Hopf group coalgebras and introduce the
concepts of partial group co(module) (co)algebra, partial Doi-Hopf group structures(modules).

In Section 5, we will characterize the separability of the forgetful functor F@ from the category of so-
called partial m-entwined modules U7 (1)) to the category of all A,-modules (fixed & € ) which leads
to a generalized notion of integral of a partial t-entwined structure. Finally, the main applications of our
results are considered in Section 6.

2. Group Coalgebras, Hopf Group coalgebras and Separable Functors

Throughout this paper, we always let 7 be a discrete group with a neutral element e and k a field. All
(co)algebras and comodules are all over k. Let M and N be vectors, 1y : M®N - NQM :m®@n = n®m
denotes the flip map.

2.1. Group Coalgebras

Recall from [23] that 7t-coalgebra is a family of k-spaces C = {Cy}aen together with a family of k-linear
maps A = {Ayg : Cap = Co ®Cpla,pen (called a comultiplication ) and a k-linear map ¢ : C, — k (called a counit)
such that A is coassociative in the sense that

(Aa,ﬁ ® ch) o Aaﬁ,y = (ian ® Aﬁ,y) o Aa,ﬁyl

forany a,f,y € mand
(idc, ® €) 0 Ay = idc, = (e Qidc,) © Mgy,

foralla € 7.
Remark 2.1. (C,, A,,, €) is an ordinary coalgebra in the sense of Sweedler.

Following the Sweedler’s notation for mt-coalgebras, for any a, f € 7 and c € C,3, one writes

Aap(C) = ca,a) ® Cp)-

2.2. Hopf Group Coalgebras

Recall from [7] that a semi-Hopf mt-coalgebra is a m-coalgebra H = ({Ha}aen, A = {Aap}, €) such that the
following conditions hold:

(SH1) Each H, is an algebra with multiplication m, and unit 1, € H,,
(SH2) Foralla, € 11, Aypand ¢ : H, — k are algebra maps.

A semi-Hopf nt-coalgebra H = ({H,, a4, la}aen, A = {Aap), €) is called a Hopf mt-coalgebra, if there exists a
family of k-linear maps S = {S, : Hy = Hy-1}aer (called an antipode) such that

Mgy © (idHa ® Sa—l) o Aa/a—l =¢el,=myo0 (Sa—l ® l'dHA) o Aa—lla.
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2.3. Separable Functors

Let C and D be two categories, and F : C — D a covariant functor. Observe that we have two covariant
functors
Homcg(e,8) : C? X C — Sets and Homgy(F(e), F(e)) : C*¥ X C — Sets

and a natural transformation
¥ : Homg(e, o) —» Homy(F(e), F(e)).

Recall from [21] that F is called separable , if ¥ splits, this means that we have a natural transformation
such that o F is the identity natural transformation of Hom ¢(e, e).

Now suppose that F : C — D has aright adjoint G : D — C, and writen: 1c — GF and 6 : FG — 1D for
the unit and counit of this adjuction. Then we have the following results [22]:

Rafael’s Theorem Let G : D — C be a right adjoint of F : C — D. F is separable if and only if 1
splits, this means that there is a natural transformation v : GF — 1¢ such that v o 1) is the identity natural
transformation of C.

3. Partial Entwining Structures, Partial Entwining Modules and Adjoint Functors

Let C = ({Cplaen, A, €) be a -coalgebra, and let A be a family of algebras A = {A,, M4, 14, Jaer OVer k. Let
Y be a family of k-linear maps ¢ = {iap : C4 ® Ags — Ap ® Calypern such that the following conditions are
satisfied:
(1) Foralla,B € mt,a,b € Ag, and c € C,,
(@b)y,, ® Vs = ay, by, @5, (E3.1)

Eq. (E3.1) is equivalent to the following commutative diagram

Cy® Aﬁa ® Aﬁa

Aﬁ RC, ® A}ga Ca® Aﬁa
id@%,ﬁl J{%ﬁ
Aﬁ ® Aﬁ ®Cqy e A/; ®C, ’

(2 Foralla,B,y € m,a € Ayap and d € Cog,
gy LAy ® AV (100 V7 @ AYP7 () = Ay, g, @A) Y @ dia) Ve, (E3.2)
Eq. (E3.2) is equivalent to the following commutative diagram

Ca® C/; ® Ayaﬁ

Caﬁ ® Ayaﬁ Ca® Aya ® Cﬁ
waﬁ,,/l \Lwa,y®id
Ay ® Calg A?f ®C® Cﬁ

A}/®C(X®C‘B 7
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where @ = {®@y,q44} and @45 : A, ® C, ® Cg — A, ® C, ® Cp is defined by

Dyopa@c@d) =aly,, © ¥ @d.

(B)Foralla e mand c € C,,a € A,,
s(c‘z’f'“)a%a = ¢(c)a, (E3.3)

Eq. (E3.3) is equivalent to the following commutative diagram

C.®A,

>

Aa Hbr:,a'

A ®C,

The triple (A, C, 1) is called a (right-right) partial n-entwining structure and is denoted by (A, C);—y. The
map 1 is called a partial -entwining map. For ¢ € C, and a € Ag,, we adopt the notation

— af — IP; — l/)(’t/)’ —
Yaplc®a) =ay,, ® Ve = Ay, @CTF =ayy @creb =

Example 3.1. Let H be a Hopf m-coalgebra. Assume that there exsits a family of idempotents p = {pa}aer in H such
that Ay g(Pap)(Pa ® 1) = pa ® pg and (p.) = 1. Let A = {Ay = klaen. Then we have a partial r-entwined structure
(A, H)—y, where Y = {ap : Ho ® k = k ® Holaen, Yap(h ® x) = x ® hp,.

Example 3.2. Let H be a Hopf ri-coalgebra. Assume that there exsits a family of idempotents p = {pa}aern in H such
that Aa g(Pap)(Pa ® 1g) = pa ® pp and e(p.) = 1. Let A = H. Then we have a partial m-entwined structure (A, H)x—y,
where P = {Pap : Hy ® Hpgo — Hp ® Halaen, Yap(h ® 9) = 91,5 ® hg(2,0)€0-

Given a (right-right) partial 7-entwining structure (A, C)z_y. Then one can form the category U5 (1))

of right (A, C)r—y-modules. The objects of (LIZ_C(I]D) are a family of vector spaces M = {M,}ser together with
a family of k-linear maps
¢ = {(,ba My ®Ay — Ma/¢a(m®a) =m 'a}aen

and a family of k-linear maps pM = { pfl/fﬂ : Mg — My ® Cglapen(called a partial m-C-coaction on M) such that

(PM1) For any «a € 1, (Mq, ¢,) is a right A,-module,
(PM2) Forany a,f € m,m € Mygand a € Ay,

P - a) = o) - ay,, ®mp g ¥,
(PM3) Forall a,f,y € 11, m € Mag,,
10,0001 B M0,0010181 B M1Ly1 = 10,1 * LAyt @ MELpyILP) P @112 ) V1,

(PM4) For all m € M, e(myy,¢)myo,a = m.

Here we use the following notation for the map pyﬁ(m) = myo,a) ® My p), for all a, f € mand m € Myg.

Proposition 3.3. For any a € m, the forgetful functor F© : UTC() — Ma, has a right adjoint G : My, —
UL
A
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Proof. For M € My,, we define GY(M) = M ® Ca1plgen, where M ® C,-15 is defined as the image of the

idempotent map
(¢0¢ ® Ca’lﬁ) o (M ® ll)a—ll;,a) o (M ® Ca’lﬁ ® T]’g) M® Caflﬁ — M® Caflﬁ.

Explicitly,
M®Cp1p=<m- 1A§%_1M ®c‘/’“‘1ﬁra|m €EM,ceCpip>.

Now, we define the A-action and partial t-C-coaction as follows: forall B,y € 7, a € Ag, c € Caips deCy By
and m € M,

(m . 1Aﬁ4} g ® C‘Pn—lﬁ,u) a=m- at,b lp ® Clptrlﬁ,a,
0 GO M)
Pey
With A-action and partial 7t-C-coaction defined as above, we shall check that (PM2)and (PM3) hold for a
partial m-entwined module. First, we shall check Condition (PM2). Foralla, 8,y € m,m € Mand ¢ € Cy By
a € Agy,, we make a direct calculation as follows:

(1 Lagyp @A) =0Ty g @ g P @dgy) VP,

r GO (M)
ﬁ Y

= pﬁ’y(m . awa_lﬁ%a ® Cd)n‘lb%a)

((m-1agy, 1M@c“’ “lpra) . q)

IPUL 1 VO."D
pﬁy(m ay 1ﬁ;a1Aﬁ;¢ ®c e e pa)

a 1/%; a
= . , lpa’] Bra ll)(,v’] Ba lpa’] Br.a 4’743
- m al/}n’l By 1Aﬁ‘r’lp%/5 wa’lﬁ,a ® ¢ ' (La—lﬁ) ® ¢ (2’)/)

(E3.1) ¥

a 1/ia

. ” , Va1, a”lp, Pa1py, Vg
m Ll,_‘[,[rlﬁw 1A"’4’mlm1Aﬁylp”’5¢a‘1ﬁa R cra pra 1La-1p) e @ Y2 (2,)

(E3.2) Vatpal 1y, vy,
= meay g 1Aﬁy¢,y'ﬂw;’1ﬁ,a ® C(1,a-1p) Patalpe @ g,y T BT

(E3.1) _ .
= m- a,l,%wa_lm ® C(l,(x’lﬁ) Ya g Q C(2/)/) ¥

and
(m . 1Aﬁywlrlﬁyﬁ ® Cw”lﬁw)[o,mlﬁ] . aw%ﬁ ® ((m . 1ﬁ)’¢071ﬁ},/a ® Cwirlﬂ‘/ﬁ)[lly])d))’rﬁ

= (m . 1A/3Y¢;/,ﬁlf,}a‘1/3,a [ C(l/ﬂflﬁ) lpa—lﬁ,a) . al/)”g ® C(Z,y) lP,,,;;%,ﬁ

(E31) Va1pa¥i1g, V98

(- Lan gt oo Lpwr ® Canip) )y, ®C@y)

_ lp(v alpa o l,[)/, ]r,)’/
= e Ly, B ®Caay T By T

(E3.1) _ Yy

= m - a‘l’%tf%-lﬁ,a ® C(l,a’lﬁ) Y, 1ga ® C(Z,)’)

Hence Condition(PM2) is proved. For all 8,7, € m,m € Myand c € Ca—llg),c, one has

(1 Lo age ® ) 0 0 gy 001

R0 - Lagyep, 10, ® 70 pyi1 0 @ (7~ Lag oy ® cPemia)

a1 BrCa

bepy

= (mTagepey ® C1,a-1py) L/}‘r]ﬁ%a)[O,a‘lﬁl ® (1 Lagcpepy ® C1,a-1py) me]ﬁm)[l'?/] ®cey

(PM2)

a~1gya a~1pya

((m . 1AFV‘/’M1;;V,H ® C1a-1py) w"’”‘*"“)[o,a—lﬁ]) . 1A/€yilpc,ﬁylp;,ﬁ ® ((Wl . 1Aﬁ;’¢¢r1ﬁ},,a ® C(l,a‘lﬁ)/) ‘Pa—lﬁm)[l,y])q"y,ﬁ ® C2,0) Yepy

= 1 Lagy0,,, ®Caaippatp ) Lo, ® Caappon U ®con Y
Yipy

lpa” Q Vol
M LA i, ® Cappaty | H ®Cuappey ¥ @
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and

lpa‘_ vC,a
(- 1Aﬁ>’ll’”a-1ma ® o )[Ola’lﬁllAmw:,ﬁy%,ﬁ

®(m - 1a,, Yotpen ® Cl’b"_l’g”g’“)[l,yc] ) Yrb @ (m -1 Aoty n ® Cwa—lﬁr(,ﬂ)[l/}’q 2.0 Yepy

= gy, ®Caap ") Lt Lagain s ® €2y0 U 4 P @ cyo U g Y
= L, B0 ") Lt U, Lt @000 Uy Y @ gy U g Yo
- Lag, 1 @ Ctatp) Y7  Lageur v Lapcvesvy, ® C2r00 ¥ 78 @ o000 Yot
V- g1, ® iy ") Lageveins ® Caronn 7 ® capoen ¥

= - Lagcpen st @ Caap Vatha) @ oy, V17 @ C 00 Y

= m- ]‘AIS,‘/CLp[rﬁ)’w?’rﬁlpa’]ﬁ,a ® C(1,a-1py)(1,a-1p) Lﬁburlﬁ,t\C(l,a—lﬁy)(2,y) Vs ® 20 Vepy

So Condition (PM4) is proved. For A,-linear map u: M — M’, we put

GO ={GYup =pue idc,,, - M® Cyrig = M’ ® Coiglpen,

Standard computations show that G(y) is right Ag-linear and partial 7-C-colinear. Let us describe the
unit 7 and the counit 6 of the adjunction. The unit is described by the partial coaction: for M € UT“(y),
we define M = {172/1},367T : M — {M, ® Cyr14)pen, Where 1];3” : Mg = M, ® Cyg is defined as the composition
of the maps

Pa alp idMa ®idcw’1ﬂ ®ng
M,g -— Ma ® Ca’lﬁ — Ma ® Ca’lﬁ ®Aﬁ

idMO! ®1/}4x’1 B
—>

M, ®A,® Ca—lﬁ

(P“@idca—l/;
— Ma ® Caflﬁ

i.e., forall m € Mg,
T]QA(W) = mpo,a] - 1agy, 1y, ® (171,01 ;s])w”l”/"-

We can check that ny € ’LIX‘C(lp). For any N € My, we definedy : N®C, = N, foralln e Nand c € C,,
On(n - 14y, ® V) = e(0)n,

On is Ay-linear. We can check that n and 6 defined above are all natural transformations and they satisfy
G®(on) o Newny = lewny,
Sraq © FOMM) = Trw),

forallM e UL C(p)and N € My,. O

Theorem 3.4. Fix an o € m. Consider a partial r-entwining structure (A, C, ) and a partial entwining structure
(A, C’, ") and suppose that we have two linear maps u® : Ay — A’ and v : C, — C’" which are respectively algebra
and coalgebra map satisfying, foralla € A, and c € C,,

1 @y, )iy ® V() = p* @)y @ 1),

Then we have a functor
FO - U7C(g) - US, )
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defined as follows: For M = {Ma}aex € UT (),
FOYM) =M, ®4, A’ =M,
where A’ is a left A-module via p* and with structure maps defined by
(m®a, a )b’ =meu, a't’,

Pivy (1 ®a, ') = 110,01 ®4, 4, ® V()Y

v

forallm e My, a',b' € A. F® is called the induction functor associated to a from UL () to US, ().

Proof. Let us show that M, ®4, A’ is an object of Wg:(w’). Here, we only check (PM3). In fact, for all m € M,
and a’ € A’, we have
, w "
Mo,al[0,a] @4, Ayrgr @ V(M0,al[1e]) © V(1M[1,e])

= 1001 - LAupens, @A, Gy ® V(0110 V)Y @ V(6100 V)Y

= m[ola] ®Aa llla(l/iall}e,alfbé,a )a:p,\l,, ® V(m[ole](lle) 1/}:&)\11' ® V(m[l,e](z,e) lpe,n)llz'/

= 1mo,a] ®, (1 (1A, ) © V(o era,e)” ® V(e )Y

= M0,a] ®4, Ay ® V(Mpoel1,0)" O V(H[1e100)Y

= {01 ®4, Ay @ V(o)) © @ V(mpa)e) ¥
and

(10,01 ®a, @) - Largrwr @ W) 1 ® W(mpe)” ) ¥
= Mo,a) ®a, Ay Laryrw @ (mpea)? 0 Y ® vimpea)? e ¥
= 1m0, ®a, Ay Larwr Laryrer ® (mpe)? 1 VY @ Wimp ) )e) ¥
= M10.0] @4, Ty Largrwr @ V(i ¥ @ V(g ) VY
= 110,01 ®, Wy @ V(M1 * ® V() V-
By comparing the equations above, we can get the desired (PM3). O

’

Theorem 3.5. Fix an a € 7. Under the assumptions of Theorem 3.4, we have a functor G : (L{g, W) - ’LIZ‘C(yb)
which is right adjoint to F®. G is defined by G@W(M’) = {(M'Oc:C)glgen, its component is given by

(M'BcClp =< m’ - p*(Lagy, ,, ) ® ' in >,

where m’ ® c € M’ ® C,-1 satisfies the following condition:

mEO] . ‘l“(lAﬁ¢('7]ﬁra)w, ® mEl] 4)’ ® C‘P(FUWX = m’ . f’la(lAﬁl/)”qﬁyalPe,a) ® V(C(l,e) lxz}f,a) ® C(2,a‘1ﬁ) 1/’”71/;,1:/ (1)
forall M’ € US, ("), and with structure maps
(a) _ _
Py ('t (Uagg 1y, )@ Py = i’ u® (L0, ) ® a0 @y 97, 0

(- 1 (Layy,, Y@ ) b= - by, )@ e
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Proof. In order to prove that G(M’) is a right A-module, i.e., each (M’Oc C)g is a right Ag-module, we need
to show that
-y (by,,,) @ e € (MBcO)p,

forallm’ € M, b € Ag and ¢ € C,15. Indeed,

(m’ - [u“(b\pa,w))m] . ““(1‘4/*%—1,;,&)1/}' ® (m’ - P‘a(btﬁaqm»[l] V @ cYortpabap
- mEO] H a(b‘ya—lﬁ,av)W’#a(lAﬁ%,l M)d‘/ ® mfl] WY o (Vatpataripa

- mEO] H a(bw“flﬂ/a 11“51#«*1;;/&)\1/' ® mfl] V' @ cVatpabaipa

=y - u (bw v ® mpy V' & cYalpa

= Mgy~ a(l"‘ﬁ%—lﬁ,a)lP’Pa(b‘ya—lw)\w ® myy, PV @ cYatpaVatpa

=m' -y (lagy,, rs,a‘/’m)#a(b‘l’a—1ﬁ,ﬂ)‘l” ®v(cay ¥)¥ ® Conp) YuotpaVartpn
=1 - 1 (Lagg, 1y, 0 Gy ) ®V(Eg VorVee) @ o iy Vortoe e

=m'- #a(b\vtrlm\y’ ) ® V(e V) ® C2,a-1p) Yalga

ea

This is exactly what we have to show. Let us finally show that G is a right adjoint to F@). Take M € U7 “(y)),
we define a family of linear maps

1 = (i pen - M > GOFIOM) = (M, 84, A)8cC,

where

s My — (Ma ®4, A0 C)g
7724(171) = (mj0,a1 ®4, #a(lAﬂ%—lﬁ,a)) ® M1,4-1p] Vartpa

’

We can check that 7™ is a homomorphism in U7~“()) in a straightforward way. For any M’ € U, (y'), we
define § : FWG@ — ( (where ¢ is the identity functor) as follows:

Mt (M'OcC) @4, A — M, M ((m' ®@c) @4, a') =m’ -a’(c).

This ends the proof. [J

4. Partial Group Coactions

Let H be a Hopf m-coalgebra and A = {A,, M, 14, }aer a family of algebras. Consider a family of maps
p* = 1{p} slaper, where
Pl Aag = Aa ® Hp, pl4(a) = a0,0) @ ap ).

To pA, we associate a family of maps 1) = {{,p : Hy ® Aga — Ap ® Hy}a pern, Where
Eba,ﬁ(h ® ll) = o] ® ha[l,a] =ay,, ® h¥es,

Proposition 4.1. (A, H, Y) is a partial entwining structure if and only if

a[0,ya[0,,1 ® A[0,yal(1,a] ® A1) = A[0,114,,[0,71 ® A1,ap110) 14,001,01 ® 11,0812,/ (E4.1)
({llb)[o,ﬁ] ® (a’b)[l,a] = aEO,ﬁ]b[o,ﬁ] ® aEl,a]b[L“]’ (E4.2)
UL (E4.3)

orany a,B,y € M, a € Ayup, 4',b € Agpand b’ € A,.
Y )4 yap B
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Proof. Straightforward. [

Definition 4.2. Let H be a Hopf mt-coalgebra and A = {Ay, My, 14, }aer a family of algebras. A is called a right partial
n-H-comodule algebra, if there exists a family of k-linear maps p* = {piﬁ}a,ﬁeﬂ such that (E4.1)-(E4.3) hold.

Let C = ({Cataern, A = {Aup}, €c) be a m-coalgebra. Consider a family of k-linear maps
K ={ka: Ca®Hy = Co, Ka(c®h) = ¢ Mlaer,
and define 1 = {43 : Co ® Hpy — Hp ® Cpla per by the formula
Yaplc®h) = hap ®c-hoa-

Proposition 4.3. (H, C, ) is a partial entwining structure if and only if
(1) Foralla,p e, h,W € Hyand c € C,,

c- (W)= (c-h)-I, (F4.1)
(2) Forall a,p € m, h € Hyg and d € Cyp,

@ -h)aa 1a®@ Mg =daw  hea ®deg hep (F4.2)
(3) Foralla € mand c € C,,h € H,,

ec(d-h) = ec(d)e(h). (F4.3)

Definition 4.4. Let H be a Hopf ri-coalgebra and C = ({Calaern, A = {Aap}, €c) a m-coalgebra. We call C a right
partial m-H-module coalgebra, if there exists a family of k-linear maps

K ={Kka: Ca ® Hy = Cq, k4(c®h) = ¢ Maer,
such that (F4.1)-(F4.3) hold.
We are now able to define partial Doi-Hopf n-data.

Proposition 4.5. Let H be a semi-Hopf r-coalgebra, A a right partial r-H-comodule algebra, and C a right partial
ni-H-module coalgebra. Consider the family of k-linear maps = {{) glapen, where

Yap: Ca®Apy = Ag® Cp, Paplc®a) = ajpp ®C - apia)-

Then (A, C, ) is a partial entwining structure. We will say the (H, A, C) is a (right-right) partial Doi-Hopf -
structure.

Proof. We have to show that the 1) = {{), g}a ger satisfies the conditions (E3.1)-(E3.3). Notice that (E3.3) is
easily implied from (F4.3). For all a, € 71, a,b € Ag, and c € C,, we compute that

(ab)lmj Q cVas = (ab)op ® ¢ - (ab)(1,a1

(E4.2),(F4.1)
= apo,p1bpo,p ® (¢ - apap) - biag

— Yapl,
= tlw%ﬁb%‘vﬁ ® T ap,

So (E3.1) is checked. it is left to show that (E3.2) holds. Forall a, 8,y € ,a € A, g and d € C,p, we have

Yap,y ( Vay & dVapy

Wi, LAty ® AT (1) @)

= 10,114,071 ® (@ - A1,ap1)1,0) - 14,4[1,01 ® (@ - A[1,08D) 2,9)

(FA.1),(F4.2)
= 410,114,001 ® A1) * A1,ap1(1,0)14,001,0] ® A(2,p) * A[1,0p)(2,8)

(E4.1)
= a10,yali0,1 ® A(1,a) * A[0,yali1,a1 ® d2,p) - 41,1

By ® A1y P @) V0.
This ends the proof. O
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Definition 4.6. Let (H, A, C) be a (right-right) partial Doi-Hopf mt-structure. A partial Doi-Hopf -module M is a
family of k-vector spaces{My}aer together with a family of k-linear maps

(P = {(;Z)a My ®Ay — M,, Qba(m ®a) =m- a}aen
and a family of k-linear maps pM = {pﬁfﬁ : Mag = My ® Cgla per such that

(DM1) Forany a € 7, (M, ¢o) is a right A,-module,
(DM2) Forany a,f € m,m e Myganda € Aug,

P - a) = My, - ago.a) @ mp1 gy - ap 1,
(DM3) Forall a,B,y € i, m € Magy,
110,a6110,a] © M[0,ap1[1,6] B 111,51 = M[0,0] * 1A, [0,08100,01 @ M[1LEILH) * LAusy (0,081,681 B T1,8y12) * LAugy 1,91,
(DM4) For all m € My, e(mp,q)mjo,a = M.

U7 will denote the category of all partial Doi-Hopf -modules.

5. Separable Functors For The Category of the Partial m-Entwining Modules

In the section, for a fixed a € 7, we shall give necessary and sufficient conditions for the functor F® to
be separable.

Definition 5.1. Let (A, C),—y be a partial m-entwining structure. For any a € 7, a k-linear map
0@ = {0 : Clarrpyr ® Carrp = Aplpen

is called a partial normalised integral, if O satisfies the following conditions:
(1)Forallpem, beC,

9;@(1?(1,(“-1,3)-1) ®bpaip) = 1a,(b), (E5.1)
Eq.(E5.1) is equivalent to the following commutative diagram,

Agtpy-1 o
Ce & C(a—lﬁ)—l ® Ca‘lﬁ

i (@)
idc, ®np 0 ﬁa

C. ®Aﬁ Aﬁ

6®l‘dAﬁ

(2) Forall B,y € 1, c € Cprpy, and d € Cpipy,
Vys¥, (@) Y11y
da,y) V7 @ 1A”Y¢(1r’]ﬁ)/)’l,ﬂylpl’rﬁ Qﬁy (d(zr(a—lﬁy)_l) @iy @ C)EU;,,; (E5.2)

= ’ ( ) a=p)” a~ 1B
= C(sz) Yyp 024 1Aﬁ7/4’}9ﬂ'ﬁbmlﬂ,alrz’(grlﬁ)*l/ﬁ Qﬁa (d(aq}g)q l’l)( bl ® C(l,a’lﬁ) ¥ Lp, ),
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Eq.(E5.2) means that the following diagram is commutative,

C(a—lﬁ)—l ® Ca—lﬁ}; id® A“_lﬁr?’ - C(a—lﬁ)—l ® Ca—lﬁ ® Cy
Ay/y—l(a—lﬁ)fl ®id id®ideid® Mgy
\
Gy ®Cyiaipt ® Cartpy Claipy1 ® Coig ® C, ® Ay,
lid@id@q{,@id id®id®y,,
\
C}’ ® C},—l(mlﬁ)q ®A,® Ca—lﬁy C(a—lﬁ)—l ® Ca—lﬁ ® Alg ® C),
id® ll/),—l(a—lﬁ)—llﬁy ® id id® ljljoflﬁ,a ® id
v \
C,®Ap ® Cyfl(a—lﬁ)fl ® Caflﬁy C(oflﬁ)*l ®A® Ca—l‘; ®C,
Yy ® id®id lpﬁ—la,ﬁ ®idQid
v \
Ap®C, ® C)ﬁl(a—lﬁ)—l ® Ca—lﬁ)/ Ap® C(a—l}g)q ® Ca—lﬁ ®C,
; (@)
' id®0,
Ay ®C, ® Ag, (mp ®id) o (id ® eg” ® id)
id® l’b),/ﬁ ¥
Aﬁ ® Aﬂ ® Cy mp ® i - Aﬁ ® Cy

(3) Foralla € Ag,b € Cprpgand d € Ciprpy1.

@ (g¥a1g- w1pa) = 9@
@1y V1,0 (@770 @ b¥ene) = 0 (d @ ba, (E5.3)
Eq.(E5.3) is equivalent to the following commutative diagram,

0 ®id
C(a—lﬁ)—l ® Ca—lﬁ ®Ap —— Ap® Ag

(a1py1 @)Y, 1) m

Ap®Cy 1g)1 ®C, 18 WA[;
Theorem 5.2. For a partial m-entwining structure ¢ = {{g, : Cy ® Ayg = Ay ® Cglpyen , for any a € 1, the
following assertions are equivalent.
(1) The unit n of the adjunction in Prop. 3.3 is a split natural monomorphism.
(2) The left adjoint F@ in Prop. 3.3 is separable.
(3) There exists a partial normalised integral

oW = {9(;) : C(a—lﬁ)—l ® Caflﬁ - Aﬁ}ﬁen-

Proof. In view of Prop. 3.3, (1) & (2) follows by Rafael’s Theorem.
(3) = (1). We construct a natural transformation v : G&F® — lqgr-c(y) For any partial m-entwined
module M = {Mg}ger, we consider a family of maps

W= {ng M, ®Ca*1ﬁ g Mﬁ}ﬁem
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M

g 1S the composition of the following maps,

where v

pﬁ,ﬂ’1a®id
M, ® Ca—lﬂ —>M,® Ca—l)g — M,g ® Cﬂ—la ® Ca—lﬂ

Ppolida0y”)
—

That is, for allm € M, and c € C Br

= (@) o W
= 0p Ty, O (M priag 700 @ Vo)

(E5.3)
= ™M[o,p) * Géa)(m[l,ﬁ‘la] ® C).

For all § € m, it is a morphism of Ag-modules, in fact, for all m € M,, c € Cy 8 and a € Ag, we have

V;;A((m . 1Aﬁlpa_1m ® C%’lﬁ”) -a)
= vlmeay @)
= (m-ay . dop 9?)((”1 Ay, 1) © cVatpa)
= Mg Ay e, G(ﬁ“)(mu,ﬁ,la] Vitap @ cValpa)
mop) - 9;‘)‘)(111[1/540‘] ®c)a

- Vg/l(m Lagy,,, ® cVatia) - a,

So vM is A-linear. Also, vM = {vg‘}ﬁm constitutes a morphism of partial -comodules over {Cg}ger. For this,
we shall check that the following diagram commutes: for all 5,y € 7,

v
M, ® Ca—lﬁy B Mﬁ)/
(a)
"oy oM
My ®Ch130C M:;®C,
—a F v V?@l’dcy P !

Forall m € M,, c € C, pys We have

pg/’ly © V%[/(m ) 1A/‘7’Lﬁba’1ﬁy,¢v ® Clpa*lﬁ}/ru)
= Py (mop) - foy) (mp1,,-1p141 ® ©))

= (mpogy1 - Oy, (71,1510 ® iog) ® (o1 - 65 (11115107 ® ity

_ (@) y
= mogyop - Op) (11510 ® Oy ® Moy V77

s 9;;) ({1 10121510 ©7 108 @ €) v, © ML E1a1y) Vrs¥yp

Yyp

= mjop 1A, 15,

= ( ) a" p)” a B
= Mg " 1AﬁVw?’rﬁwmlﬂ,alp(mlﬁrl,5 Qﬁa (m[llﬁ’la] Via1p1p (2] C(l,a’lﬁ) Va1, ) ® C2,9)
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and
. G@(M B
(v ®idc,)(py, MYam 14,4, e ® cPatpra)
- (VQA ® idcl’)(m ’ 1Aﬁ‘r’4}%ﬁwa*1[5,¢x ® C1,a1p) Vit @ cy) ¥rt)
(E3.1) v

. Lv’l wtl//,— v,
(1/2/I ® ch},)(m . 1A57’w7'ﬁ¢11’15,n 1A/’7L’b;71[m ® C(l,uflﬁ) BaTalga @ c2,y) 12 ,ﬁ)

Yyp

(Wl . 1Aﬁ}'¢,‘/ﬂ'7ba*1ﬁ,a)[0rﬁ] Qg")((m : 1Aﬂ;'lp,v,ﬂwmlﬁ,a)[lrﬁ’la] ® C(l,aﬂ}g) wa—lﬂ,q) ® C(Z,y)

( ) L, a” s Vil
1001 Uiyt 051,, 0 1,101 V78 © Caamigy P00) @ oy 0.

Hence the diagram above is commutative.
Now, we shall check that v splits the unit of the adjunction in Prop.3.3, i.e.,, v o 7 = I. For any partial
ni-entwined module M = {Mg}ger, for all f € 1, m € My, we make a direct computation as follows:

M M M )
e Tl (m) Vg (o) - 1Aﬁ%-1ﬁ,a ® M[1,4-1p] i 1)

= mpag - 0 (Mo pa ® M)

= TH[O,’B] . 1Aﬁl!)z\'1/:’,a¢ﬁ_la,ﬁ Gé’a)(m[lre](l,ﬂ’la) lpb”la,ﬁ ® m[lle](zraflﬁ) lPa*l/i,ur)

= mpg: 9}(9“)(m[1,e1(1,ﬁ-1a> ® M1 el2a-1))
(E5.1)
= mpe(mnp,e) = m.
It is evidently natural in U7C(y)).
(1) = (3). For any B € nt, we consider the following partial -entwined module R® = {Rg,ﬁ )}yen, where
R(Vﬁ )= Ap ® Cg1y,. Evaluating at this object, the retraction v of the unit of the adjunction in Prop.3.3. yields

) ) ®
a morphism vR” = {vl;ﬁ byen, forall B,y €m,

®
Véj tAp® Cﬂ—la ® Ca—ly - Ap® Cﬁ—l),,

where
A}g ® Cﬁ—la ® Ca—ly

a”tya

=< (alAalJ//;—lz.,ﬁ ®Cl’bﬁ’1“rﬁ) . 1A},4, L® d¥etya la € Aﬁ,C S C’B—la,d € Ca—l)/ >
=< ”11‘\}'%—1%4%—1&,/; Q Vs @ o tya la € Ag,c € Cgp,d € Cpry > .

In particular, we also have
® . - .
VI @iy 1w, ®Capia) P ® Coay V) =aly g @, (E5.4)

foralla € Ag,c € Cﬁ—ly.
It can be used to construct 6;“) as

id®n,®id
—

C(a—lﬁ)—l ® Ca‘lﬁ C(a‘lﬁ)‘l ® Aa ® Ca‘lﬁ

V11,5204
— Aﬁ ® C(aflﬁ)—l ® Ca—lﬁ

vg(ﬂ) oP
— A g ® C.

id®e
—

Ap
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where P : Ag ® Cipipy1 ® Cprip = Ap ® Cpipy1 ® Co1p is the natural projection.  Explicitly, for all ¢ €

C(a—lﬁ)—l, de Ca—lﬁ,
0 (c®d) = (ida, ® VK" (1 ® c¥rles @ dValie)
B = A B Apta-1gaPp-tag :

Now, we shall check 6@ is a partial normalize integral, that is, 0 satisfies the conditions (E5.1)-(E5.3).
As to Condition (E5.1), we make the following calculation: forallf € m, b € C,,

0 (0 w19 ) ® baip)
. ®) — -
= (ldAﬁ ® 8)1/;;2 (1,4/5%_1#&%_1“,‘; ® (b(l,(aflﬁ)fl))% lap @ (b(Z,aﬂﬁ))l’U“ 1ﬁ,a)
(E5.4) .
=7 (ida, ® €)(Aayp,, @ bY?) = 1ayy,, e(bY%) = 14,6(D).

So Condition (E5.1) holds.
For a € Ag, let f* be the map

fu - {f; . Aﬁ ® Cﬁ’l)/ - A[g ® Cﬁ*ly}yem

where
f;(blAy%’l,v/ﬁ ® Clpﬁ_l%ﬁ) = ablAy%fl,v,,e ® Cl’bﬁ’lyﬁl

forall B,y € m, b € Agand ¢ € Cg1,,. Notice that f* is a morphism in the category U7 (). By naturality of
v, we have the following commutative diagram

C®;;A

i Aﬁ ® Cﬁ—l),

V.

(Ap® Cy10) ® Cry

faoid f{f

(Alg ® Cﬁ—la) ® Ca—ly — Ap® Cﬁ—l),
VR -

. . . CpA .
The commutative diagram above means that, for all § € 7, then, for all y € n, the morphism v),®" is

Apg-linear. So foralla € Ag, b € Cppand d € Cipoipyr.

(alﬁba’l‘ﬁ,u )L’b(“’lﬁrl,ﬁ le) (dlp(aflﬁ)*l,ﬁ ® bll’“—lm)

, ® Vartp15¥,- Verga¥ -

= (“%—w,a)Eb(a—lw-l,;s(ldAps ® S)Vﬁ (1Aﬁ¢’/715 IP;H 8 @d s @ b e
. ® Via-1p1 50 Vortpal -

= (idg, ®5)V§ ((“wa—l,;,a)w(a—lw—l,,;l A Vo ®d P ap @ b e a1pa)

(idy, ® )5 @y, 1) 1y, @A77 @ DYt
. ®)

= (ida, ®€)v§ (

= eg”(d ®b)a.

lA/ij“_lﬁyal/)(n_w)_l,ﬁ ® dlp(a—lﬁ)‘lylg ® blpa—l/ﬂ,a)a

Hence Condition(5.3)holds.

The verification of Condition (5.2) is more difficult. For the sake of completion, we proceed the proof
as follows. For any m-comodule M = {Mg}ger, we consider the partial m-entwined module M ®; A =
{Mg-1, ® Ay },en. The A-action and partial 7i-C-coaction are induced by the respective maps

id®m,
Mg, ® Ay ® A, — Mg1, ®A,,
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Pp-1¢,c- /® id®y - 1yc

Mﬁ—1V®A iy Mﬁ 1C®CC1 ®Ay —> Mﬁ 1C®AC®CC1
That s, for all m € Mg-1,,a, beA,
(m®a)-b=m®ab, forallm e Mﬁ_ly,a,b €A,
?}AQ‘;A(TI’Z ® ﬂ) Mo,-1y] ® ﬂww ® myi, 4":0’, forallm e Mﬂ—lyc, ae A)/C'

In particular, there is a partial m-entwined module C ® A and

¢(ﬁ) = {gbg,ﬁ) :Cp1y, @A) > Ag® Cpoay, ljz(y’g)(c ®a) = Ay, ® cwﬂ’li/rﬂ}yen.

Standard computations show that ¢ is a morphism of partial n-entwined modules C & A — R®.

by naturality of v, the following diagram commutes, for all 5,y € 7,

C®‘BA

(Cﬁ 1gq ®Aa) ® CD( 1)/ % Cﬁ y ®Ay
ot o0

(Aﬁ ® Cﬁ—la) ® Ca—ly — A[g ® C‘g—l),
VR -

y

From the commutative diagram above, we have the following equation:

(B), Co®pA W R® Vgm105¥, P,
® QRd«elra) =y , BT g 1ap a=1y,0
y Vy (c alAylPa—ly,a i) 14 (“l#,rm,;;1Ay¢é\4vlulpﬁ,lalﬁ ®c # @),

forall c € Cg1y,a € Ay, d € Cory,.

145

Thus

(E5.5)

We consider next the following partial -comodule D® = {D(ﬁ)}yeﬂ, where D(y’g ) = Cg ® Cg1,, with

Y
ni-C-coaction given by comultiplication in the second factor. Then

A(/S) — {A;ﬁ) . Cﬁ—l)/ ®A)/ N Dﬁﬁl 0 ®Ay}yenr

®
A}/ﬁ (C ® a) = C(Lﬁfla 024 C(Z,C’l)’) ®a.

Standard computations show that A®) is a morphism a morphism of partial -entwined modules C®; A —

D70 ®; A . Thus by naturality of v, the following diagram commutes, for all 8,7, € 7,

CagA
2
(C}g—la ®An)® C“—Iy S Cﬁ—ly ® Ay
APgid AP

-1
(D;ﬁltf) ®A,)® le — D(ﬁ Q ®A,
— ¥ 19ega

So we have the following equation: for all ¢ € Cg-14,a € Ay, d € Cy1y,

ﬁ C)@ﬁA

C®, _
A(ﬁ) A (C ® ﬂ].A nre -1, ® dlp" 1“') = 1/ (C(l,ﬁ’]C) ® C(Z,C’]a) ® alA;’¢L¥71}’,Ll ® dlp" 17/'“).

(E5.6)
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Finally, for any ¢ € Cg, the map
Cf(?/ﬁ) = {Cfé)’ﬁ) :Coprc ®Ac — Diﬁ)lC A, d®ar c®dQalern

is a morphism of partial 7-entwined modules C ®,3 A — D) ®, A. Hence by naturality of v,

D(ﬁ)@)

C®1 lgA
v
C

—C‘3®

as maps Cs ® (C(p)-14 ® An) ® Cpig = Df_)l ¢ ® A. So we obtain the following commutative diagram, for all
By.Cem,
C®ﬁA

! Cﬁ”y ® Ay

V.

(Cﬁ—la ®A)® Ca—ly
APid AP

0 e
(Df, ®A0) ® Cory —————DF V@4,

idev,, "
ie., forallce Cp1a,0 € Ay de Caflj,,
APV c@alny, ,  ®d¥ ) = g @V Cpiin ®alay, ,  @dVIe). (E5.7)
From vR” being a partial 1i-C-colinear, It follows that

R® Rﬁ)

U1,y @A BC( oy Y@ Y = PV @y, @4 @), (E58)

(alAYU‘pC Y lpa 1y alyca

for alla € Ag, d € Cgrpand ¢ € Cpoiy i
Forall B,y € m, c € Cor1p, and d € Ciyr1py1,

., o@ w a1pa
C2y) i @ lAﬁV‘/’Vﬁ‘/’“ pa¥a-1p-1p ﬁa C Vet @ Caap) Vs )

_ y . . R® IP(a*]ﬁ)*],ﬁlP/— N 1/)”—1/;'&1//;, N
= cey) Vs @ 1A57’lﬁb%f;#}a’l[i,ﬂw(a’lﬁ)’lﬁ (ldAﬂ ® 6)1//3 (1Aﬁ¢:x’1/€,a1/)[;’la,ﬁ ®d plap @ C(1,a-1p) Tpar)

s @d Ve g C(1,a-1p) Vatpactpy

= C@2,y) Ve @ (l'dA;3 ® e)v (1A5 Vrpla1pa¥a-1p1, 1A!;1/; 1o

L

a 1ﬁa
. ®) 1= _
C2y) Yrs ® (ldAﬂ ® 5)1/;; (1Aﬂ)"p}’,ﬂ'vl’a*l/;,aw(mlﬂ)fl/ﬁ ®d Ve1pLp (2] C(La’]ﬁ) Va lﬁrﬂ)

. . ®) 1 - )
= TAﬁ,CV(ldAﬁ Re® ldcy)vR (1A57'¢‘4ﬁlpa_lﬁ,alp(a—lg)—l,;; ®d Pa-1p1g ® C1,0-1p) Py ) ® c@y) %,ﬁ)

RE  R® _ —
TAsC, (ldA‘6 ReR ldc )(pﬁ)/ /153)/ (1Aﬂw4’a—1fg;r,a%-1a,ﬁ ® AV lap ® C%‘ 1pra))

= TA/),,C), (Vﬂ/y (]‘A[ﬁyl//'a*l/;y,a lpﬁ*q ap ® dd}[sﬂ o @ Cl/)(r1 Bra ))
and

day " @1 2 dp @y Ve @ Ay,

aPa-1py)- 1,@1%5 ﬁy
- Uy, Pty
= day e el Aalatgyy gy Y 6,8)/ (o a-1py)n) Ve @ C)‘P,//,;;

= d(l,y) P ® (14, Ve Qg/)(d @ 1py) ) Pty ® C))%//;

“1py)~Lpy
_ v . R®) w(mlﬂ;)*l/ﬁr#” “1apy Y-,
= day P ® (awg g, (g, © )V, (1Aﬁr¢mlw‘Péﬁm—lﬂ,ﬁy ®dp gy e @cT )y,
a RED Pt LYty g Vaclpa
= day ¥ (ida,, ® ), (1*‘““”«*-1»@)4-145»/1Aﬁ>'H”mlm,«wz;sn—lam ®dp gy e @cTe)y,
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(E3.1) , ) @) o )
=7 day Y @ iday, 8 W (Ui, 1,01, @ Forpyy "o @)y,
_ § . RBY) a=1gy)-1 6y a1gya
= d(lf)/) Vb ® (ldA;;,/ ® €)Vﬁy (1Aﬂ?’wa’lﬁ)/,tvw(ﬂ}')’la,ﬁ)/ ® d(2,(a*1ﬁy)*1) Vetp Ly @ Ve lpr, ))‘Pr,ﬁ
(t55) ). Con,

. A _
= (d(l,)’))%'ﬁ ® ((ldAﬁV ® é‘)l/)ﬁy Vﬁy (d(z,y*l(a’lﬁ)’l) ® 1A;;y%—1ﬂ),/a ®cts 1ﬂ%a))¢'yﬁ

(Let V;f ’ A(d ®lasy,0y,, ® Velma) = ¥ e;® fi, where e; € C,, fi € Agy)

(E5.7) .
= Z(ei(l,y))%'ﬁ ® ((ida,, ® E)ll’gi (€ie) ® fi))y,,
7
= i(eiay)?”? ® (({day, ® €)(fips, ® €i2,0) )y,
— IPM
- Z i ! ®fi1/’yfﬁ
3
CopA _
= TA,C, llléﬁy) (Vﬁy b de 1Aﬁ)’¢a-1ﬁy,a ® cYa lpra))
(E5.5)

R® Vi-lap @ Yalpy
= TA/)’:Cyvﬁy (1Aﬁ}’lpa’1[3;/,alp/ﬂ’1zv,[s [y d Brap @ e /,,w).

So we get (E5.2). O

6. Applications

6.1. Maschke-type Theorems for Partial Group Entwined Modules
From Theorem 5.2, we shall prove the Maschke-type theorems for partial i-entwined modules.
Corollary 6.1. Let (A, C)n—y be a partial m-entwining structure and M = {Mpglpen, N = {Nplper € (L(Z‘C(zp).

For any a € T, suppose that there exists a partial normalized integral 6@ = {9}(3“) : Clamipy1 ® Corip = Aplpen

Then a monomorphism (resp. epimorphism) f = (fg : Mg — Np) splits in UT"C() if the monomorphism (resp.
epimorphism) f, splits as an A,-module morphism.

If = {e} is a trivial group, partial m-entwined structures (modules) are just partial entwined structures
(modules) in sense of [5], so we have the following conclusion.

Theorem 6.2. For a partial entwining structure (A, C)y, the following assertions are equivalent:
(1) The forgetful functor F : US(p) — Ma is separable,
(2) There exists a k-linear map 0 : C® C — A such that
(i) Forall c,d € C,

d(l) v ® 1A¢/¢9(d(2) 4 ®C)y = c©) ¥’ ® 1A¢/¢\y9(d A ® cq) 1/”)’

(ii)Forall b € C,
O(bay ® bz)) = 14¢(b),

(iii) For all a € A, b € Cpgand d € Cip-1p)1,
(ap)w0(@d” ® b¥) = 0(d ® b)a.

Corollary 6.3. Let (A, C)y be a partial m-entwining structure and M, N € ‘L(g(lp). Suppose that there exists a partial
normalized integral 0 : C® C — A. Then a monomorphism (resp. epimorphism) f : M — N splits in US() if the
monomorphism (resp. epimorphism) f splits as an A-module morphism.
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6.2. Partial Doi-Hopf Group Modules

Let (H, A, C) be a (right-right) partial Doi-Hopf m-structure, where H be a Hopf m-coalgebra, A a right
partial i-H-comodule algebra and C aright partial 7-H-module coalgebra. From Definition 5.1 and Theorem
5.2, we have

Theorem 6.4. For a partial Doi-Hopf m-structure (H, A, C) and o € m, the following assertions are equivalent:
(1) The forgetful functor F®) : UT~C — My, is separable.
(2) There exists a family of k-linear maps

0@ = {0 : Clarrpyr ® Carrp = Aplpen

such that
(i) Forall B,y € mt, c € leﬁ}, and d € Ca1py1

d(Ly) . 1A“[0,ﬁy][1,’,/] 61(3‘;) (d(zl(a—ll[g}/)—l) . 1A”[1,(a‘1[§y)‘1] ®C)[1,y] ® 1Az.[0,ﬁy][0,ﬁ] 6/(9‘;) (d(Z,(a—lﬁy)—l) . 1A”[1,(a‘1[§y)‘1] ®C)[0“3] (E6.1)
- (@)
= @y Lag 101 ® Ly 0100104105 @amipr - Lag g0 1911 @ Ctatp) - Lag 0 pltt,a1p1)s
(ii)Forall e, b € C,,
05 (b 1py1) ® ba-ip) = 1a,€(D), (E6.2)
(iii) For alla € Ag,b € Cpgand d € Ciy1p)1,
at0.10165 (@ - ap0.a111 o1y ® b - A a1gy) = 657 (d @ ba. (E6.3)
We call that a family of k-linear maps
6(0() = {6}(:‘) : C(Oflﬁ)?] ® Ca*ﬁ — Aﬁ}ﬁeﬂ
which satisfies (E6.1)-(E6.3) is the partial nomalised integral for the Doi-Hopf m-structure.

6.3. Partial Relative Group Modules
Let H be a Hopf m-coalgebra and A a partial n-H-comodule algebra. Then the threetupe (H, A, H) is a
partial Doi-Hopf n-data. From Theorem 6.4, we have

Theorem 6.5. Let H be a Hopf mi-coalgebra, A a right partial m-H-comodule algebra. For a fixed a € 1, the following
assertions are equivalent:

(1) The forgetful functor F© : UTH — My, is separable.

(2) There exists a family of k-linear maps

9((%) — {9;;1) . H(gflﬁ)’l ®Ha"1ﬁ — Aﬁ}ﬁén

such that
(i) Forall B,y € , h € Hy1p), and d € Hg-1p)1,

A a0 1710 @y HLaune 151 W ® Laosioa 0 @ pyy Lade gy @ Miog (F6.1)

_ (@
= hay) a1 ® Lagiopioanopfy (@ap 101001007571 ® Ko lay, 0110181,
(ii)Forall e m, b € H,,
05 (b @19y @ be.aip) = 1a,e(b), (F6.2)
(iii) For alla € Ag,b € Hy-gand d € Hig1p1,

a10,a][0,6] 9?) (a1 (a-1p)11 © bap a-1p7) = 9;“)(61 ®b)a. (F6.3)
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We will now introduce the partial total integral for the partial right 7-comodule algebra, and investigate
the difference between the partial total integral and the total integral in sense of Doi.

Proposition 6.6. Let H be a Hopf mt-coalgebra and A a right partial -H-comodule algebra. For a fixed o € 1. If
0 = (0" : Hixrpy1 ® Hyrt = Aplger
is the partial normalised integral for (H, A, H), the family of k-linear map

¢ = (9" : Hyng = Ag, (1) = 057 (1510 ® )ger,

satisfies the following relations:

0 (ht.ap)Lag 01 ® hizyLag 1,1 = 0l (Do © @) () (G6.1)

forany B,y € mand h € Hy-p, and

(p(ﬁ“)(la4 g) =1a,. (G6.2)

Proof. Notice first that

(F6.2)
P8 (Lap) = 05 (1ga @ 1) "= 1,

Since
2 Ly 111 ® 9 (1 o) Lag 01

= h(z,y)lAm,[l,y] ® e(ﬁa)(lﬁqa ® h(l,aflﬁ))lAﬁy[O,ﬁ]

(Fe.2) (a)
=" heylaying @ lagopoanosfs Lay,opoans1a ® haap La, opia-p)

(Fe.) (a) (a)
=" Lapopn s Qangyia ® My ® Laosnomby, Qa ey ® Mg

= (LaiopnO) Langy e © Myt ® o165 Lay o © D)o
= 05)(la, ® ),y @O (1a, ® )0 -
So we get the desired result. [

Definition 6.7. Fix an o € 1. A family of k-linear maps
(p("‘) = {(P;a) : Hcrlﬁ - Aﬁ}ﬁen

is called a partial total integral integral for partial group comodule algebra associated to a, if ) satisfies the conditions
(G6.1) and (G6.2).

Remark 6.8. If r is a trivial group and 1410} ® 1ap1) = 14 ® 1y, the partial total integral reduces to the form in sense
of Doi ([13]).

6.4. Partial m-entwining Structure in Example 3.1
Corollary 6.9. Under the assumptions of Example 3.1. Then the following statements are equivalent:

(1) The forgetful functor F© : U™H — My(the category of all vector spaces) is separable.

(2) There exist a family of k-linear maps 6 = {6p : Hg+ ® Hg — klgen such that the following conditions are
satisfied

(i) Forall B,y € ,c € Hpy and d € Hg-1,

Oy (Pgyy1d,py)1) ® OPyda,y) = Op(d ® cap)pyCey), (G6.3)
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(ii)Forall e m, b € H,,
Op(ba,g1) ® b)) = &(b), (G6.4)
(iii) For allb € Hg and d € Hg-+.
Op(pp-1d ® pgb) = O5(d ® b). (G6.5)

Take p = {1,}aer- Then partial m-entwining structure in Example 3.1 is just the m-entwining structure in
sense of Wang in [26]. Recall from [24] that a left(resp. right) m-integral for H is a family of k-linear forms
A = {Alaen € [lper H, such that, forall o, e,

(idHa ® /\ﬁ) o Aa,ﬁ = /\0(‘310(/ (T’ESP. Aa® l'dHﬁ) o Aa,ﬁ = /\aﬁlﬁ)-

Note that A, is a usual left (resp. right) integral for the Hopf algebra H;. Suppose that A = {A,}4er is a right
ni-integral, a family of k-linear maps 6 = {0, : H,-» ® H, — kl4er are defined by

0u(h®g) = Ao(gS; (h)), h € Hya, g € H,.

Lemma 6.10. Forany a,f € m, g € Hy, h € Hag, we have

(Aa, Fhawlhep = (Aag, Ja.aph)S; G p)-

Proof. Foralla,f € 1, g € Hy, h € Hag, we have
(Aa, ghaa)hep = €@ee)(Aa, ga.0han)hep
= 55 Geors)Ieonn A ganhanhes
= 55 (9a5)900p0H Aas .apiaaliamicp
= 551w Nap Ga.aph):

The proof of the lemma is completed. [
By Lemma 6.10, we can check that 0 satisfies (G6.3)-(G6.5). So we have

Corollary 6.11. Let H be a cosemisimple Hopf m-coalgebra. Then the forgetful functor F© : U™H — M is
separable.

Proof. Since H is cosemisimple, it follows that there exists a right m-integral A = {A,}qer such that A,(1,) = 1.
The desired partial normalised integral 6 can be constructed by using A as above. [J
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