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Some Symmetry Identities for the Unified Apostol-Type
Polynomials and Multiple Power Sums

Veli Kurt?

® Akdeniz University, Faculty of Sciences Department of Mathematics, Antalya, TR-07058, Turkey

Abstract. The purpose of this paper is to introduce and investigate a new unification of unified family of
Apostol-type polynomials and numbers.We obtain some symmetry identities between these polynomials

and the generalized sum of integer powers.We give explicit relations for these polynomials and recurrence
relations related to multiple power sums.

1. Introduction, Definitions and Notations

The generalized Apostol-Bernoulli polynomials Bjj(x, A) of order a in x are defined by Luo and Srivastava
in [10, 11] through the generating relation

t a ; ) X t" )
(/\et—l) etZZSBn(x,A)a, (|t+log/\|<2n, 1%:=1),

where @ and A are arbitrary real or complex parameters and x € R. The Apostol-Bernoulli polynomials and
the Apostol-Bernoulli numbers can be obtained from the generalized Apostol-Bernoulli polynomials by

Bu(x,A) = By(x,A), Bu(A) = By(0,A) n €N,

respectively. The case A = 1 in the above relations gives the classical Bernoulli polynomials B,(x) and the
Bernoulli numbers B,,. Recently for the arbitrary real or complex parameters @ and A and x € R. Luo in
[9, 11] and Liu et al. [8] generalized the Apostol-Euler polynomials E§(x, A) by the generating relation

2 )“ R
(— e =Y B, ), (|t+logA| <7 1%:=1).
Aet+1 nZ:()
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The Apostol-Euler polynomials and the Apostol-Euler numbers are given by
Eu(x,A) = E5(x, A), Ex(A) = Ex(1, 1),

respectively. The above relations give the classical Euler polynomials E,(x) and the Euler members E, when
A=1

Let x € R. For arbitrary real or complex parameters a and A, the Apostol-Genocchi polynomials G,(x, A)
of order « are defined by [8, 11, 17]

2t (@ > . n X
(—/\et " 1) = ZO‘ Gy(x, A)H' ((t + log/\| m,1% := 1).

The Apostol-Genocchi polynomials and the Apostol-Genocchi numbers are given by

Gu(x, 1) =GP, A),  Gu(A) = G,(0, 1),

respectively. When A = 1, the above relation give the classical Genocchi polynomials G,(x) and the
classical Genocchi numbers G,,. We should note that the above polynomials have recently been studied
and investigated in the papers [7, 11, 17, 20, 22, 23]. A unified Apostol-Bernoulli, Apostol-Euler, Apostal-
Genocchi polynomials are defined by Simsek et al. [2] as:

t+ blog(ﬁ)

a

21—ttkext ad m
faplx;t,a,b) = = Z Yup(x:k,a, b)ﬁ’ ( < 2n)

ﬁbet_”b 0
n=|
(x € RkeNp a,beR",Be0),

where the associated numbers are given by

Y, 5(0:k,a,b) = Yo, 5(k,a, b).

The following unified Apostol-Bernoulli, Euler and Genocchi polynomials are defined by Ozarslan in
[13] as

(a) 0
Zl—ttk tn
(@) (.. _ xt _ (@) ... v
fa/b (x;t,a,b) = (ﬁhef - ab] er = ngzo Pn,ﬁ(x, k,a, b)n.'
k € No,abeR\{0},a peC. (@)

For the convergence of the series involved in (1) we have

i. Ifa* > 0and k € N, then ’t+blog(§)‘ <2m,1:=1,xeR,BeC;

ii. Ifa’ > 0 and k = 0, then 0 <Im(t + blog (£)) <27, 1% =1, x e R, p € C;

iii. If 2 < 0, then ‘t +blog (g)' <m,1*:=1,x€R, k €Ny, p € C (for details on this subject see [13]).

Remark 1.1. Settingk=a=>b=1and = Ain (1), we get
PO (x;1,1,A) = B (x, A),

where B®(x, 1) are the generalized Apostol-Bernoulli polynomials of order a.
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Remark 1.2. Choosingk+1=-a=b=1andp = Ain (1), we get

(‘” )(%;0,-1,1) = EQ(x, 1),

where E®(x, ) are the generalized Apostol-Euler polynomials of order a.

Remark 1.3. Lettingk = -2a =b =1and 26 = A in (1), we get

-1
P (61, 551) = G ),
/2

where G (x, A) are the generalized Apostol-Genocchi polynomials of order a.

585

Recently, Garg et al. in [5, 19]) introduced the following generalization of the Hurwitz-Lerch zeta

function ®O(z, s; a):

(H)pn z"

(PU)
P G50 = L), tnay

(meC,a,veC\Za,p,oe]R,p<owhens,zeC(|z|:1);p:aandR(s—m+v)>0,when |z|:1).

It is obvious that

.u)n z"
n! (n+a)

11 o
CD( 1)(2 s;a) = u(z,s a Z
n=0

(for details on this subject, see [5, 19]).
The multiple power sums are defined by Luo in [10, 11] as follows:

I l
§O(m, A) = 2 AV (L Dy bt vy
0<V1< <y, =] V1, VZ/ L4 Vm
VIt Vot V=1

From (3), we have

1— Ament\® = [0 (n t"
_ D —kg()
( T ) =AY’ Z(k)(_z)n Spm, ) p —
n=0 \ k=0
From (4), for [ = 1, we have

R n
|

_ Ammt n
11 _/\A; _ %Z {Z( )( 1) *S(m, )\)} t
n=0 \ k=

)

The generalized Stirling numbers of second kinds S(1,v,a, b, §) of order v are defined in [16] as follows:

ZS(nvabﬁ)tn B —dy _”)

(6)
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By using (1), we easily have the following relations

- plartar) _ - (n (a1) (... (a2) (... .
L POty ke )= ) (k)Pk,ﬁ (xk, 0, BYPC) (3,0,

k=0

ii. P (x,k,a,b) = ; (’Z)ng;)(o; ka, )P (x,ka,b).

In last ten years many mathematicians studied the Apostol-type Bernoulli polynomials. Srivastava in
[17] and Srivastava et al. in [18, 19, 23] investigated and proved some relations and theorems for Bernoulli-
type polynomials and Apostol-Bernoulli-type polynomials. Luo in [10, 11] proved the multiplication
theorems for the Apostol-Bernoulli and Apostol-Euler polynomials of higher order and multiple alternating
sums. Luo etal. in [9] and Liu et al. in [8] gave some symmetry relations between for the Apostol-Bernoulli
polynomials and Apostol-Euler polynomials.

Firstly, Karende et al. in [6] introduced the unification of the Bernoulli and Euler polynomials. Ozden et
al. in [13-15] introduced and investigated the unified Apostol-Bernoulli, Apostol-Euler, Apostol-Genocchi
polynomials.

They applied the Mellin transformation to this unified polynomial Y, g(x; k, a, b) and obtained the unified
zeta function Jz(n;k,a,b). Ozarslan in [13] defined uniform form of the Apostol-Bernoulli, Euler and

Genocchi polynomials Pff;(x, k,a,b) of order a. He gave the explicit representation of this unified family
in terms of a Gaussian hypergeometric function. Also, he gave the recurrence relations and symmetry
properties for the unified Apostol-type polynomials. At most, B.S. H-Desouky et al. in [3, 4] defined
and investigated the unified family MS)(x, k,a,) of generalized Apostol-Bernoulli, Euler and Genocchi
polynomials. They proved some recurrence relations and the addition formula for this unified family
MY (x,k, ay).

This paper is organized as follows. In Section 2, we give some explicit relation for the Unified Apostol
type polynomials. In section 3, we prove the relation between Hurwitz-Lerch zeta function and the unified
Apostol-type polynomials and give some symetry relations for these unified Apostol-type polynomials.

2. Some Explicit Relations for the Unified Family of Generalized Apostol-Type Polynomials

In this section, we aim to obtain the explicit relations of the polynomials P:X; (x,k,a,b). By the motivation

of the M.El-Mikkay and F.Altan’s article [12], we prove some relations for these polynomials and give the
relations between the unified family of generalized Apostol-type polynomials and the Stirling numbers of
second kind S(n, v, a, b, B) of order v.

For a = 1, we write again the equation (1) as

. _y ) 2
F(x;k,a,b,B,t) = ZSPn,ﬁ(x,k,a, b = S 7)
n=

We can obtain the following equation easily from (7)

F(x +1;k,a,b,B,t) = e'F(x;k,a,b,5,t), (2.1.a)

(ﬁbet + ab)F(x; k,a,2b,B,2t) = F2x;k,a,b,,t), (2.1.b)
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(B%e' — a")F(x; k,a,2b, B,2t) = F(2x;k, —a,2b + 1, B, 1),
F(x;k,a,b, B, t)F(y; k,a,b, B, t) = F(Z)(O,‘ k,a,b, B, t)e(x+y)t,

(B%e' +a") F(x;k,a%, b, f, ) = 2XF(2x;k,a, b, B, 1)

and

F(x;k,a,b,B8,)F(y; k,a,b,B,t) = F(k;a,b, B, t)F(x + y;k,a,b, B, 1).

Proposition 2.1. The unified Apostol-type Bernoulli polynomials satisfy the following relation

b (@) . _ bp@).. ok M ey,
ﬁPn’ﬁ(x+l,k,a,b) aPn,ﬁ(x,k,a,b)—Z (n_k)!Pnfk/ﬁ(x,k,a,b).

Proof. From (1), we have

(@) (@) 00
21_ktk 21_ktk 8 o
ﬁb . Dt _ b . ot = pl-kk P](;xﬂ 1)(96, k,a, b)—'
pre = e = 2" C

Y B P+ 1k b) — a P b))
n=0

t}’H—k

e R
2 ZkTPn’ﬂ (x,k,ﬂ,b)(nTk)!.

Comparing of the coefficient of £ of both sides, we have (8).

Corollary 2.2. The following relation is true

n
Pug(x+1,k,a,b) = Z (7)1’1,5(96, k,a, b).

1=0
Proof. This corollary can be proved by using (2.1.a). O

Corollary 2.3. The following relation holds true:

Y (Z)Pp,ﬁ (x,k,a,28)2" + a"P, 5(x, k,a,2b)2" = 2P, 5(2x, k, a, b).
p=0

Proof. By using (2.1.b), we have the result. [

587

(2.1.0)

2.1.d)

(2.1.e)

2.1.6)
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Corollary 2.4. The following relation holds true

o (Z)Pq'ﬁ (x,k,a,26)27 = a"Py 5(x, k,a,2b)2" = Py (2%, k,~a,2b + 1),
q=0
Proof. From (2.1.c), we obtain the corollary. [

Corollary 2.5. There is the following relation

n

Z (Z)an,ﬁ (x/ k/ a, b)Pq,ﬁ(yr k/ a, b)

9=0

n

n n-r
(r)Pi?gac, a,b)(x+ )",

r=0

S|

_ 1\ 52) (-1)
= 3 (q)Pq,ﬁ(x +y,k,a, b)Pn_q’ﬁ(k, a,b).

=

Proof. From (2.1.d), we have the result. [J
Corollary 2.6. The following relation holds true
5 (n
B Z (q) {P, o5k, a®, 0)2" +a'P, o (x;k %, b)} 2" = 2°P, 5(2x, k, a,b).
q=0
Proof. By using (2.1.e), we have the result. ]

Corollary 2.7. The unified Apostol-type Bernoulli polynomials satisfy the following relation

n n

n n
Z (q)Pq,,g(x, k,a,b)P,_q4(y,k,a,b) = Z (q)Pq,,g(k, a,b)Py_gp(x + y;k,a,b).
q=0 q=0

Proof. By using (2.1.f), we prove easily the corollary. O

Theorem 2.8. There is the following relation between the A-Stirling numbers of second kinds and the unified Apostol-
type polynomials Pff[); (x;k,a,b):

n b |
ala® Z (t)Pff')nﬁ(x; k,a,b)S [r, a, (g) ] = p(1-ka ﬁx”‘ka. )

r=0

Proof. The A-Stirling numbers of second kinds is defined by Simsek in [16] as

(et = 1F & n
= Z:S Sk, A) . (10)

By using equation (1) and (10), we write
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) (@)
# Zl—ktk
E Pi,a;(x,' kab)— = (—b - et
n=0 | n ﬁ el —a

2(1*1{)0( tka 2(1*k)a tkaext

Xt _

) aba ((S)b et — 1)a ) abeal Y70 S (n, @, (g)b) %,

00 0 b )

(@) (.. ﬂ ba . E ﬂ _ n(1-k)aka nﬂ
ZOPn,ﬁ(x,k,a,b)n!u a.ZS n,a, 2 o =2 t Zx i
n=

n=0 n=0

n!’

By using Cauchy product, comparing the coefficient of L, we have (9). O

Theorem 2.9. There is the following relation between the generalized Stirling numbers of second kind S(n,v,a, b, B)
of order v and the unified Apostol-type Bernoulli polynomials P;“;(x; k,a,b):

_ 26Dy — ky)! &
@) (.. - Y 4 Z Mp@ (.
Pn_k%}g(x/ k/ ﬂ, b) - 7’1! — (,,)Pn—r,ﬁ(x’ kr ﬂ, b)s(?’, 7// ﬂ, b/ ﬁ) (11)

Proof. By using (1) and (6), we have

sl @), ﬁ B Zl_ki’k (@) o ‘Bbet _ llb v
P (xkab)— = e
B n! ‘Bbef _ ab 21—ktk

n=0

v a-) gnky R 1 %
Z Pn[fﬁy (x;k,a, b)T = o(k=1)y Z Pil",‘;(x;k,a, b)m Z S(r,y,a,b, ﬁ)m.
n=0 n=0 n=0

Using the Cauchy product, comparing the coefficient of £, we have (11). O

n!’

3. Some Symmetry Identities for the Unified Generalized Apostol-Type Polynomials

Kurt in [7] proved some symmetry identities for the Apostol-Bernoulli and Apostol-Euler polynomials.
Ozarslan in [13] proved some symmetry identities for the unified Apostol-type polynomials. In this section,
we give new one symmetry identities for the unified Apostol-type polynomials. Also we prove the relation
between for the unified Apostol-type polynomials and Hurwitz-Lerch Zeta Function.

Theorem 3.1. The following symmetry relations for the unified Apostol-type polynomials hold true:

bm n
) Z (7)Pn_1ﬁ (dx; k, a,b).c" ! (dm)

SN —
S
N

T =

o

—_——

’;)Pn_l,ﬁ (cx;k, a, b).d" " (cm). (12)
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Proof. We have

1k ¢k bd cdt
2 t cd. xtﬁ a

f(t) ﬁbedt —ab ﬁbect —gb
_ _ E bd dct
1 (M]ecdnuwn 1(”—e
75 | 2o _ b b
ﬁ e a 1-—- (g) ect

|
=
-
3
N
-
o
o>
S—
i~
3
o
2
3

AN k)ZPnﬁ cx;k,a, b)

m=0
d-1 bm o
) drtr B t
— -1 g(-k) . £ = IZ
a d Zng(cx,k,a,b) o mzo(ﬂ) ;(cm) i
oo d-1 n
= gb@-140-h Z Z( ) {Z (l) n—l,ﬁ(cx; k,a, b)dn—l(cm)l} E
n=0 m=0

In a similar manner

2(1_k)tk bdecdt —gbd
ecdxt
‘Bbecf —gb ﬁbedt —gb

_ B\bd d
1 217K (ct)f ptdxt gb(d-=1) 1—(3)"e
ck | plect —at 1— (Bt

b(d 1) & fn c—1 bm
Z‘Prﬁ(dx k,a,b)c" —Z(g) efmt

m=0

f)

bm oo

b(d—1) (—k) P - I
a c z(a) ZPrﬁ(dx k,a,b)c Z(dm) 7

o -1 bm n o
gb@=1) (k) Z Z( ) {Z( ) -1p(dx;k,a, b)c”_l(dm)l} o

n=0 m=0

Comparing the coefficient of £, we have result. [J

Theorem 3.2. The unified Apostol-type numbers satisfy the following relation:

d-1

c Z —ymb Z ( ) Py ip(k,a, b)d"'c! (dx + m) }
= (n
=Y (g)bm Z ( l) {P_iplle,a, b)c"d! (xc + m)'}. (13)
m=0 1=0
Proof. Let
f(t) _ 21—ktk ecdxt ﬁbdecdt _ abd
ﬁbe‘“ —ab ﬁbect —gb
= ab(d?l) (21 k(dt)kJ (‘1) Cdxt
dk b dt .
=l
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b1 & nn bm
= i L Putin Ho 2(5 ) gl

g1 & d=1 ;o\ bm n
= Z Z ( )(p,,_,,ﬁ(k, a,byd" ¢! Z (5) (m + dx)l] t—,
n=0 s= m=0 a n
In a similar manner
fity = 2O B = o
‘Bbect _ b ﬁhedt _
-1 & -1 bm "
Z Z ( ) {Pn_llﬁ(k, o Z (g) (m + cx)’} :7
n=0 =0 m=0 ’

From here, we obtain (13). O

Theorem 3.3. Forallc,d, r € N, s, p € Ny, we have the following symmmetry relation between Hurwitz-Lerch
zeta function and unified Apostol-type polynomials:

n—ka —k P I ,B ’
B SRS o o] e

n—ka n—k p Ly ﬁ b
) P

p=0 s=0 =0
ﬁ a
D7, ((E) ,p+ka—mn, dy)}, (14)
Proof. Let
tk(a+1)2(1—k)(a+1)ecdxt(‘8bdecdt _ abd)aecdyt
f =

(ﬁbedt _ ab)aJrl(‘Bbect — gb)a+1
pkan(1-ka pedxt bd pedt _ bd \* (Ct)kzl—k
Ck(‘gbedt — gb)a+1 ( ﬁbect —ab ) ‘Bhect —ab
By using (1), (2) and (4)

2(1_k)aabda—ha—bﬁ*“btka i m+«w dt(m+cx i Y (_a)n—s
Ck(_l)a+1 m

m=0

. ‘8 b rtr el nt
@{d;CﬁZﬂ%W%””a
0 al 20-Ragb(da-a- 1)‘3—“}’ —ka\ Y - (r
n—ka—p —a)
é (n — ka)! ck(-1)a+1 ;5 ( )d Z( ) 0 (s)( Y

yct.

S=l S

a b "
o 2 ot (£ e .
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In a similar manner

tk(a+1)2(1—k)(a+1)ecdyt(ﬁbdecdt _ abd)aecxdt

f

(ﬁbed _ ab)‘“'l(ﬁbe"” _ ab)a+1

) n—ka 4
n! n—ka
— 2 (1-k)a ,b(da—a—1) p—ab 2 n—ka—p 2 p
(n — ka)! 2 P ( P )d (5)

n=ka p=0 5=0

r b b "
(:)(—a)"55§“) [C, (ﬂ) ]d”Pp_,,ﬁ(cx, k,a,b)d, ((‘B) ,p—ka—n, dy] %

e a a

Comparing the coefficients of L, we have (14). O

n!’
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