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On the Unified Family of Generalized Apostol-type Polynomials of
Higher order and Multiple Power Sums

Veli Kurt

Akdeniz University, Faculty of Sciences Department of Mathematics, Antalya, TR-07058, Turkey

Abstract. In last last decade, many mathematicians studied the unification of the Bernoulli and Euler
polynomials. Firstly Karande B. K. and Thakare N. K. in [6] introduced and generalized the multiplication
formula. Ozden et. al. in [14] defined the unified Apostol-Bernoulli, Euler and Genocchi polynomials
and proved some relations. M. A. Ozarslan in [13] proved the explicit relations, symmetry identities and
multiplication formula. El-Desouky et. al. in ([3], [4]) defined a new unified family of the generalized
Apostol-Euler, Apostol-Bernoulli and Apostol-Genocchi polynomials and gave some relations for the uni-
fication of multiparameter Apostol-type polynomials and numbers. In this study, we give some symmetry

identities and recurrence relations for the unified Apostol-type polynomials related to multiple alternating
sums.

1. Introduction, Definitions and Notations
Apostol-Bernoulli polynomials of higher order 8% (x, 1), Apostol-Euler polynomials & (x, 1) and
Apostol-Genocchi polynomials Q,(f) (x, A) are defined following equations, in Luo [11] respectively:

Y 87, A);—n! = ) e, (|t +1ogA| < 2m, 1% := 1),
n=0

( -
( ! )Tl' Aet +1 ! ’ ’
n=0

and

Zg(na)(x/ /\):l—n' = (%)a EXt, (|t + IOgA’ <T, 19 .= 1),
n=0

where a and A are arbitrary real or complex parameters and x € IR. When A = 1in the above relations gives

the classical Bernoulli polynomials B, (x), the classical Euler polynomials E,(x) and the classical Genocchi
polynomials G, (x) .
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The following unified Apostol-Bernoulli, Euler and Genocchi polynomials are defined by Ozarslan and
Ozden in ([13], [14]) as

Zlfktk a o 0 @ #
T ah) = Z Pup Wk a,b) -, (1)

f;,’z)(x; t,ab) = (
k € INp,a,beR\{0 L,O,BEC
(for details on this subject, see Ozarslan [13]).
Remark 1.1. Settingk=a=b=1andp = Ain (1), we get
PO (x,1,1,4) = B (x,1)

where B (x, A) are Apostol-Bernoulli polynomials of higher order.
Remark 1.2. Choosingk+1=—-a=b=1and = Ain (1), we get

P (x,0,-1,1) = & (x, 1)

where 8 (x, A) are Apostol-Euler polynomials of higher order.

Remark 1.3. Lettingk = -2a=b=1and 2 = A in (1), we get

1
P,(qai\ (xr 1r _El 1) = (0() (x /\)
72

where G (x, A) are Apostol-Genocchi polynomials of higher order.

Recently, Garg et. al. in ([5] and [20]) introduced the following generalization of the Hurwitz-Lerch zeta
functions ®(z, s, a);

= (u)pn Zn

(PG) -
P C )= L, Gy

peCavelC\Z,,poeR,p<owhens,zeC, (z]<1)
p =ocand Res(s — u +v) > 0when |z] =1

It is obvious that

1,1) . _ - (W), 2
1 (z,5,0) = O (z,5,0) = ZO R @
(for details on this subject, see ([5], [20]).
The multiple power sums and A-multiple power sum are defined by Luo in [12] as follows:
l
U] _ V142V 44y, . k
sVm =Y (VWL . /Vm)/\ 1420, (V1 + 200 + -+ + my). 3)

0<r <<y =l
vy+etvm=m

From (3), we have

— \memt n B n
( 1-2¢ ) A ])Z{ (Z) (Iys om, A)} ot 4)
k=0
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where the radius of convergence (Aet| <1
From (4); for [ = 1, we have

m gt ks
5 6o

where the radius of convergence ()\et| <L
The generalized Stirling numbers S(n,v,a,b,8) of the second kinds of order v are defined in [21] by
follows:

V!

oo " bot _ gb)
Y. St v,a6,p): = (e -a) (6)
n=0 :

2. Explicit Relations for the Unified Family of Generalized Apostol-type Polynomials
In this section, we aim to obtain the explicit relations of the polynomials Pfqa; (x,k,a,b) and give the
relation between the unified family of generalized Apostol-type polynomials and the Stirling numbers of

second kind S(n,v, 4, b, B) of order v.

Theorem 2.1. The following relation is true for the unified Apostol-type polynomials:

v
(a=7) ey RN (1) ) T (VN obp (6P el
Pt (x,k,a,b) = 2 )T;{ 1P (x,k,a,b)ZO‘ pﬁ’”(—a) P 7)
= p=
where y > 0.

Proof. From (1), we write as

n - (‘)‘_7)
Zp(a 7’)( ,k,a,b)% _ ( 21-kgk ) o

‘Bbet —ab
21—ktk a Y ety x
e e ®
On the other hand,
Y oo Y
bt b\ _ Y \ob t _ Y n b
T T 3
p=0 n=0 p=0

Substituting this equation in the right-hand side of (8), we write as

. a "
Y ntn = 1).n—ky + 1P (v k)
n=0
n
2<k 1)0(2?(01 (xkab)_ZZ() yppnﬁ'
n=0 p=0 ’

By using the Cauchy product and comparing the coefficients of £; on the above equation. We have (7). [
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Theorem 2.2. There is the following recurrence relation for the unified Apostol-type polynomials Pff; (x,k,a,b);

P?I,ﬂ (x/ k/ a, b)
b n—-1
— n—1
R — f — {Z ( ] )Pn_s,ﬁ (1,1,a,b) Psg (x, k,a, b)} . ©)
s=0

Proof. By using (1), we take the derivative according to t for &« = 1. We write as

d R m d 21—ktk€xt
N n /k/ 7 — =T\ 5=
dt;ap’ﬁ(x a,b) n!  dt (‘Bbef—ab)

= pl-k (ktk_l + th) e’ ('Bbet B ab) ﬁbettkeﬂ
)

In the above equality, making the necessary operations, we have (9). [

3. Some Symmetry Identities for the Unified Generalized Apostol-type Polynomials

W. Wang et. al. in [23] and Z. Zhang ef. al. in [24] proved some symmetry identities and recurrence
relations for the Apostol-type polynomials. Kurtin ([7], [8]) gave some symmetry identities for the Apostol-
type polynomials related to multiple alternating sums.

In this section, we give some symmetry identities for the unified Apostol-type polynomials.

Theorem 3.1. There is the following relation between the unified Apostol-type polynomials and the Hurwitz-Lerch
zeta functions O*(z, s, a);

R T

s=0 r=0 q=0

b
x?"ﬁ,”;_l) (dy,k,a,b)d"D}, ((E) ,s+kn—n, cx)

a

- AL EOZ Jors )

s=0 r=0 q=0
p

b
ng’;—l) (cx, k,a, b) drcn—sq); [(E) ,S+kn—n, dy] (10)

Proof. Using the generalized binomials theorem, we get

0o

Q+w) =Y (“ " : - 1) (-w)", | < 1.

r=0
Using (1), (2) and (4) in above equation:
pa(2k=1)9 (1-k)(2a~1) pedxt (ﬁbdecdt _ abd)“ eyt

(ﬁbedt _ ab)“ (‘BbECt _ ab)“

f) =
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) mb p . P
(A-a)kn(l-a)k bd—a+1) [ 1\& ska m+a—1 ﬁ ot cdxta _1\—q
((1-akpi-akg (1)t Z( I 5 2 (-1)

m=0 p=0 =0

[ ()] 2:¢“”W%kmwa%

After taking the Cauchy product, we have

) 1 n—ka k s s—r _
ft) = ; {(n_”_;{a), (1-a)kp(1-a)kg=bbld-a) (_q ) Z (n oc) O (i) (s q r)

s=0 q=0

BY B\ £
_1)s—7q r (a—1) r gn—ka-sey* | | £ _ -
X (=1) Sq[d,(a) ]Pr’ﬁ (dy,k,a,b)c’d q)“((a) ,S+kn n,cx]} rt

We also set
pa(2k=1)9(1-k)2a-1) pedyt (ﬁbdecdt _ abd)a eLdat

(ﬁbect _ ab)“ (ﬁbedt _ ub)“
Using (1), (2) and (4) in above equation, we get;

) mb b o p
d(l—a)kz(l—a)kab(d—a+1) (_1)04 tku Z (Wl +a— 1) (E) emctecdyt (%) Z Z (p) (_1)p—q
m a q

f) =

m=0 p=0 g=0
B\ V¥ i) At
XS, (c,(; ;T!;Pnﬁ (cx,k,a,b)d' .
Therefore we have
00 n—ka s 5—r
_ (1=a)kg(1-ak g Hi-a) (1) n—ka s s—r
f® ZLmMW 2L " )M@M(q)

b
—r— p (a-1) —ka—s p t"
_1ys—rq P 43 r n—ka—s gy* = _
X (-1) Sy (C'(a Pr,[ﬁ (cx, k,a,b)d ¢ D7, p ,s+kn—mn,cdy i

Comparing the coefficients of L; o - in both sides of the above equation, we have (10). O

933

Remark 3.2. Letc,d € N, m,r,5,g € Ng. Fork =a="b =1, = A in (10), we have the following symmetry

identities for Apostol-Bernoulli polynomials of higher order:

o\ s\ S (s -y o - s

c ;—0 ( 5 )Zr—o (r);)a( q )(—1) 18, d, 1) 8@ (dy; A) d" D7, (A, s, cx)

= d E (7’1 0() Z: ( ) 2 (; ( ; I’) (_1)S—r—q Sq (c, /\) ‘Bgllx—l) (CX,' /\) drcn—scD; (/\’ s, dy) .
q=

Remark 3.3. Letc,d € N, m,r,s,q € Ng. Fork=0,a=-1,b=1, = Ain (10), we have the following symmetry

identities for Apostol-Euler polynomials of higher order:

Z(’Z)Z(ﬁ)Z (S ; r) (=178, (d,=A) &7V (dy; 1) d" D], (A, 5 =, cx)
r=0

s=0 q=0

= Z (Z) Z (i) Z (S ; 7’) (=1)""4 Sq (c, M) 8;04—1) (cx; N d' @7 (A, s —n, dy) '

s=0 r=0 q=0
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Remark 3.4. Letc,d € N, m,v,5,g € Ng. Fork=1,a = —%, b=18= % in (10), we have the following symmetry
identities for the generalized Apostol-Genocchi polynomials of higher order:

L[ ) ELE( Jersa-vgt @y ereosm
S=i r= q=

S0 ()6 o g e R R
5= r=i q=

Theorem 3.5. The unified Apostol-type polynomials satisfy the following symmetry identities:

n 14 b
Z (Z)Pff‘_)p,ﬁ (cx, k,a,b)d"Pacp Z (7:) (—a)P™" S (d, (g) ]

p=0 r=0
n n p ﬁ b
P |
p=0 p r=0
Proof. Let
1k k\* cdxt (@bd edt _ bd\* o B\ et “
oo G e et )y (zl-k<dt>k) st aena | (5) @771
g - (ﬁbedt _ ab)a (ﬁbect _ ab)“ - dka ‘Bbedt — ab (E)b ect _ 1 .
a

By using same method in Theorem 3.4, we get the proof of Theorem 3.5. We omit the proof. [J

Remark 3.6. Letc,d € N, m,r,5,9g € Ng. Fork=a="b =1, = A in (11), we have the following symmetry
identities for Apostol-Bernoulli polynomials of higher order and the multiple alternating sums:

n p
) () n—2p—a p )
Z (p)Bn—P(Cx//\)d e ;:0 (r)(—a)” S (d, M)

p=0
- P
= g n-2p-agp P (— 7 c@

Theorem 3.7. Forallc,d, m,y € N, n, p, v € Ny, there is the following symmetry identity:

n Y
k k(m+1) n (m+1) n—y V4
d*c E y ()/) {Pn_m (cx,k,a,b)d E (P)
y=

p=0
p

b
X Z (;:) (—-m)P~" ng) (d, (‘g) ]7’3,_,,,5 (dy, k,a,b) c”_p}

r=0

n vy
— dek(m+1) (7’1) P(m+1) dy, ka,b Y (7/)
V4 n=y,p ( Y ) Z p

y=0 p=0

p b
x Y (’j ) (=)~ 5" (c, (§) ]Pyp,ﬁ (cx, k,a,b) W} : (12)

r=0
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Proof. Let

ph(m+2) 0 (1-k)(m+2) pedxt (ﬁbdecdt _ abd)m ooyt
h(t) =

(Bbett — ab)"*! (Bbect — abt)"™"!

By using same calculations in Theorem 3.4, we get the desired result. Because this is straightforward
calculations of the algebric results. [
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