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On Properties of Multiplication Conditional Type
Operators between L/-Space
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?Department of mathematics, Payame Noor university , P. O. Box: 19395-3697, Tehran, Iran

Abstract. In this paper, first we give some necessary and sufficient conditions for multiplication conditional
type operators between two L?-spaces to have closed range. Then we investigate Fredholm ones when the
underlying measure space is non-atomic. Finally we give some examples.

1. Introduction and Preliminaries

Let (X, X, 1) be a complete o-finite measure space. For any o-finite subalgebra A € X with 1 < p < oo, the
LP-space LF(X, A, p|a) is abbreviated by LP(A), and its norm is denoted by |.|[,. All comparisons between
two functions or two sets are to be interpreted as holding up to a p-null set. The support of a measurable
function f is defined as S(f) = {x € X; f(x) # 0}. We denote the vector space of all equivalence classes of
almost everywhere finite valued measurable functions on X by L°(X).

For a o-finite subalgebra A C L, the conditional expectation operator associated with (A is the mapping
f — E7'f, defined for all non-negative function f as well as for all f € LP(X), 1 < p < oo, where E”'f, by the
Radon-Nikodym theorem, is the unique A-measurable function satisfying

ffdy:fEﬂfdy, YA e A
A A

As an operator on LP(X), E™ is an idempotent and EA(LP(X)) = LP(A). If there is no possibility of confusion
we write E(f) in place of E(f). Let f € L%(X). Then f is said to be conditionable with respect to E if
f € D(E) :={g € L%Z) : E(lgl) € L°(A)}. Throughout this paper we take 1 and w in D(E). This operator will
play a major role in our discussion and we list here some of its useful properties:

e If gis A-measurable, then E(fg) = E(f)g.

o [E(H)P < E(fP).

o If f >0, then E(f) > 0;if f > 0, then E(f) > 0.

o [E(fg)l < E(IfIP)I%E(lglp')Iﬂi', where % + 7% =1 (Holder inequality).

e Foreach f > 0, S(E(f)) is the smallest A-measurable set such that S(f) € S(E(f)).
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A detailed discussion and verification of most of these properties may be found in [11]. We recall that
an A-atom of the measure y is an element A € A with u(A) > 0 such that for each F € A, if F C A then
either u(F) = 0 or u(F) = u(A). A measure space (X, L, u) with no atoms is called non-atomic measure
space. It is well-known fact that every o-finite measure space (X, A, ,) can be partitioned uniquely as
X = (U, en An)UB, where {A, }1eN is a countable collection of pairwise disjoint A-atoms and B, being disjoint
from each A,, is non-atomic (see [14]).

Compositions of conditional expectation operators and multiplication operators appear often in the
study of other operators such as multiplication operators and weighted composition operators. Specifi-
cally, in [10], S.-T. C. Moy characterized all operators on L? of the form f — E(fg) for g in L7 with E(|g])
bounded. Eleven years later, R. G. Douglas, [5], analyzed positive projections on L! and many of his charac-
terizations are in terms of combinations of multiplications and conditional expectations. P.G. Dodds, C.B.
Huijsmans and B. De Pagter, [1], extended these characterizations to the setting of function ideals and vector
lattices. J. Herron presented some assertions about the operator EM,, on L¥ spaces in [7]. Also, some results
about multiplication conditional type operators can be found in [6, 8]. In [2-4] we investigated some classic
properties of multiplication conditional type operators M, EM,, on L7 spaces. In this paper, some necessary
and sufficient conditions for closeness of range of multiplication conditional type operators between two L?-
spaces are given. Also, Fredholm ones are characterized when the underlying measure space is non-atomic.

Now we give a definition of multiplication conditional type operators on LP-spaces.

Definition 1.1. Let (X, X, u) be a o-finite measure space and let A be a o-subalgebra of ¥ such that
(X, A, uz) is also o-finite. Let E be the conditional expectation operator relative to A. If 1 < p,g < co and
u,w € L°(Z) (the spaces of L-measurable functions on X) such that uf is conditionable and wE(uf) € L1(X)
forall f € O C L¥(X), where D is a linear subspace, then the corresponding multiplication conditional type
operator is the linear transformation M,EM,, : © — L1(X) defined by f — wE(uf).

The results of [1] state that our results are valid for a large class of linear operators, since for finite
measure space (X, Z, 1), we have L*(Z) C LF(X) C L(Z) and LP(X) is an order ideal of measurable functions
on (X, X, u).

2. Closed Range and Fredholm Multiplication Conditional Type Operators

In this section first we describe closed range multiplication conditional type operators M, EM,, between
two LP-spaces. Let 1 < p,q < oo and f € L? such that wE(uf) € L. Then it is easily seen that

”MwEMu(f)“q = ”EMv(f)”q/

where v = u(E(lw|? ))% . Thus without loss of generality we can consider the operator EM, instead of M,,EM,,
in our discussion about closedness of range. Also, we recall that for any operator T on a Banach space X,
N(T) ={x € X: T(x) = 0} and R(T) = {T(x) : x € X} are called null space and range of T, respectively. Now
in the next theorem we consider multiplication conditional type operator EM,, on L?.

Theorem 2.1. Let 1 < p < co and let p’ be conjugate component to p. Then

(a) If the operator EM,, from LP(X) into itself is injective and has closed range, then there exists 6 > 0
such that v = (E(Iulp'))%’i' >0da.e.,onS, where S = S(v).

(b) If S(E(u)) = S(E(ju["")) and there exists 6 > 0 such that E(u) > 6 a.e. On S = S(E(|ul")), then the
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operator EM,, has closed range on L*(Z).
Proof. (a) Let f € LP(Z). Then

M, = [ P
< fx E(uP')? EQfP)du

- f I fPdy = Mo I
X

Since EM,, is injective and has closed range, then there exists 6 > 0 such that for f € LP(X), [EM, f|l, >
Ollfllp- Thus

1Mo fllers) = 1Mo fllrx)
> ||EMyfll,
> Ol fllrx
> Ol fllrrs)

and so [|[My fllrrs) = Ollfllre(s), for all f € LP(X). This mean’s that M, has closed range on L”(X). Thus there
exists § > O such thatv > fa.e. on S.
(b) Let f,;, g € LP(X) such that ||[E(uf,) — gll, — 0, when n — co. Since E(u) > 0 a.e., on S, then L < % a.e.,

E(u) —
on S. This implies that %){5 € LP(S) and E(u%xS) =gelP’(X A u). Hence

9w Crf
IE1f:) ~ Eugis )l = fX R

_ g
- fs (1)~ ECu P

- fs E(ufy) - gPdu
< IEGuf,) - glf, — 0,

when 1 — oo. So the operator EM,, has closed range on L*(X).
If u > 0, then easily we have S(E(u)) = S(E(lulP")). Hence in the part (b) of Theorem 2.1, the condition
E(u) = 6 on S, is a sufficient condition for closedness of range of EM,,. In the next theorem we consider
bounded operator EM,, : LV — L7, when1 < g <p < o0.

Theorem 2.2. Let 1 < g < p < oo and let p’, ¢’ be conjugate component to p and g respectively. Then
(a) If the operator EM,, from LP(X) into L7(X) is injective and has closed range, then we have

1. v =0a.e. On B and the set {n € IN : v(A,) # 0} is finite.

2. M, from L?(X) into L7(X) has finite rank.

Where v = (Ejul)7 and S = {x € X : v(x) # 0.
(b) Let

1. The operator EM,, has closed range.
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2. The operator EM,, has finite rank.
3. v=0a.e. On B and the set N, = {n € IN : v(A,) # 0} is finite.

4. E(u) = 0a.e. On B and the set Ny = {n € IN : E(u)(A,) # 0} is finite.

Then
B—->2)->Q1Q)—.

(c) If u > 0, then in part (b) the cases (1), (2), (3) and (4) are equivalent.
Proof. (a) Let f € LP(Z). Then

IEM, 1 = [ 1By
< fx (E(ul))7 E(f19)du

= qu|f|qdﬂ
X

_ q
= M I

Since EM,, is injective and closed range, then there exists 6 > 0 such that for f € LF(Z), [[EM,fll; = 6l|fll,-
Thus (M, fll; > IEM.fll, = Ollfll, and so [|[M,fll; > 6llfll,, for all f € LP(Z). This mean’s that M, from LF(X)
into L9(X) has closed range. Thus by [13] we have v = 0 a.e. On B and the set {n € IN : v(A,) # 0} is finite.
Also, M, from L?(X) into L7(X) has finite rank.

(b) If u(S) = 0, then EM,, is the zero operator. So we assume that u(S) > 0. (3) — (2). If (3) holds, then
S = Upen,An = US| Ay, for some integer k > 0. Hence

EMu (LP(X/ Z'/ M)) g LP (Sl ﬂ/ [J)/
since for any f € LF(X, Z, u), o(E(uf)) € S. This implies that EM,, has finite rank.
(2) = (1) is trivial.

(1) — (4). Suppose that EM,, has closed range. First we show that E(u) = 0 a.e. On B. Suppose on the
contrary that u({x € B : E(u)(x) # 0}) > 0. Then we have u({x € B : E(u)(x) > 6}) > 0 for some 6 > 0. Set
G = {x € B : E(u)(x) > 0} and define a function v on G by v(x) = m for x € G. For every f € L*(G) and
g € L1(G),

MvEMu(f) = U(E(u)lG)f = f/ ME(u)IGMU(g) =g

Thus M, is the inverse operator of EM,|i»(c) = Mgy, and EM,li»c) = MEw),; is a bounded operator from
LP(G) into L(G) that has closed rang.

Forany E € Az = {ANG : A € A} with pu(E) < oo, put f = m)(g(x). Then f € LP(G). More-
over, Mgu)f = xe and so xg € Mgu)(LP(G)). Hence, Mg, (L(G)) contains all linear combinations of such
Xe’s. Since Mg, has closed range and all linear combinations of such xg’s are dense in LI(G), then
MEgw(LP(G)) = L1(G). This implies that M, maps L7(G) into LP(G), that is M, is bounded from L7(G) into
LP(G). Since G is non-atomic, by theorem 1.4 of [13] we have v = 0 a.e on G. But this is a contradiction.
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Now, we show that N, is finite. Since p(S) > 0, it follows that Nk, # 0. Put w(x) = m forx e Sand

consider the operator M,,. put f = m Xa,(x), then f € [¥(G), by the same method of preceding paragraph

we see that M, maps L(S) into LF(S) that is M,, is bounded from L(S) into L?(S). So by theorem 1.4 of [13]
we have

b= sup . sup oAl < o0
1n€NEQ) [E(u)(An)I" u(An) 1n€NEQ) U(An) ’

where ’1—7 + % = % Since Ngq) # 0, then b > 0 and |E(u)(A)I"u(A,) > % While Theorem 1.3 of [13] says
E(u) € L'(X, A, ). So,

< [E@)l; < co.

S| =

Z‘HENE(u)

This implies that N, is finite.
(c) If u > 0, then by some properties of E we get that S(E(1)) = S(v) and so N, = Ngy). So (4) — (3) holds.
This completes the proof.

It is clear that (by Theorem 2.2), there is no non-zero closed range multiplication conditional type oper-

ators EM,, with u > 0 from L? into L9, when 1 < g < p < co and the underlying measure space is non-atomic.
In the next theorem we consider bounded operator EM,, : LV — L, when 1 <p < g < co.

Theorem 2.3. Let 1 < p < g < oo and let p’, 4’ be conjugate component to p and g respectively.

(a) If the operator EM,, from LF(X) into L7(X) is injective and has closed range, then

1. The set {n € N : v(A,) # 0} is finite.

2. M, from [7(X) into L7(X) has finite rank,

where v = (E[u?)7 and S = {x € X : v(x) # 0.

(b) Let

1. The operator EM,, has closed range.
2. The operator EM,, has finite rank.
3. Theset N, = {n € N : v(A,) # 0} is finite.

4. The set Ny = {n € N : E(u)(A,) # 0} is finite.

Then
B—-2->©0—-@.

(c) If u > 0, then in part (b) the cases (1), (2), (3) and (4) are equivalent.

Proof. (a) Let f € LF(X). Then |[EM, fI] < Mo f1[}.
Since T is injective and closed range, then there exists 6 > 0 such that for f € LF(X), |[EM,fll; = 6l|fll-
Thus (M, fll; 2 IEM.fll, = Ollfll, and so [[Myfll; > 6l|fllp, for all f € LF(Z). This mean’s that M, from LF(X)
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into L7(X) has closed range. Thus by [13] the set {n € IN : v(A,) # 0} is finite. Also, M, from LF(X) into L1(X)
has finite rank.

(b) Theorem 2.3 of [4] tells us that v = 0 a.e on B and so E(u) = 0 a.e on B. By the same method that
we used in last theorem, it is easy to see that (3) — (2) — (1). Now, we show that (1) — (4). Suppose that
Nnw # 0. If we put S = 6(E(u)), then we can write S = Uyen,,,Ay- Define a function w on S by w(x) = m
for x € S. By the same method that is used in the proof of last L(S). Hence by Theorem 1.3 of [13] we have

w € L¥(A), where % + % = rl_)' While Theorem 1.4 of [13] says that b = SUP,eny) % < 00. Since Ny, # 0

implies b > 0 and since [w(A,)Iu(An) = IE(P;()% > % for all n € Ny, it follows that
1 S
ZHENE(,,)E S ||w||s <o

this implies that N, is finite.

In the sequel we consider the function u is A-measurable. In this case E(u) = u and EM,, = M, |-
Therefore we get the following results.

Corollary 2.4. Let 1 < p < co and let p’ be conjugate component to p. If u € L°(A) and EM,, is injective
on L7(X). Then the operator EM,, has closed range if and only if there exists 6 > 0 such that [u| > 6 a.e., on
S. Where S = {x € X : u(x) # 0}.

Corollary 2.5. Let1 < g < p < o and let p’, 4’ be conjugate component to p and g respectively. If
u € L°(A) and EM,, is injective from LF(X) into L7(X). Then the followings are equivalent:

1. The operator M, has closed range.
2. The operator M, has finite rank.

3. u=0a.e. onBand theset N, = {n € N : u(A,) # 0} is finite.

Corollary 2.6. Let1 < p < g < oo and let p’, 4’ be conjugate component to p and g respectively. If
u € L%(A) and EM,, is injective from LP(L) into L7(L), then the followings are equivalent:

1. The operator EM, has closed range.
2. The operator EM,, has finite rank.

3. Theset N, = {n € N : u(A,) # 0} is finite.

If the multiplication conditional type operator EM,, is bounded from LP(X) onto LF(A), then u(Z(E(JulP)) =
{x € X : E(ul"")(x) = 0}) = 0. Suppose that F C Z(E(|ul"")) with F € A and u(F) < co. Then xr € LP(A) =
R(EM,) and there exists f € LF(X) such that EM,, f = xr. So by conditional-type Holder inequality we have

ue) = [ IEeppa
< | a7 1fPdu = 0.
<fF< (') I fPdp
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Hence p(Z(E(julP'))) = 0.
In the next theorem we characterize Fredholm multiplication conditional type operators on LP-spaces
when the underlying measure space is non-atomic.

Theorem 2.7. Let 1 < p < o0 and (X, L, u) be a non-atomic measure space. If EM,, is a bounded operator
from LF(X) into LP(A), then EM,, is Fredholm if and only if EM,, is invertible.

Proof. Let EM,, be Fredholm, then EM,, has closed range. First we show that EM,, is surjective. Suppose
on the contrary. Let fy € LV(A) \ R(EM,)). Then there exists a bounded linear functional L, on L (A) for
some g € LV (A) (p! + p’~! = 1), which is defined as

Lo(f) = fx faodu,  fe LA,

such that
Lgo(fO) = 1/ Lgo(ﬂ(EMu)) =0.

Then there exists a positive constant 6 such that
U(Es = {x € X : fo(x)go(x) > 0}) > 0.

Since the underlying measure space is non-atomic, then we can find a disjoint sequences {E,}, such that
E, CEsand 0 < u(E,) < co. Let g, = go.xE, Clearly g, € LV (A) and for every f € LP(A) we have

f SEML) (gn)du = f FaE(g,)du
X X

= fX goE(af . xe,)du
= Lyy(EM, ) = 0.

This implies that g, € N((EM,)*) and so N((EM,)") is infinite dimensional. Therefore the codimension
of R(EM,) is not finite. This is a contradiction, therefore T is surjective. Let 0 # f € LP(X) such that
EM,(f) = 0. Since S5(f) € S(E(If])), u(S(f)) > 0 and S(E(|f])) is A-measurable, then there exists A € A with
0 < u(A) < oo and u(S(f) N A) > 0. Also since the underlying measure space is non-atomic, we can find a
disjoint sequence of A-measurable subsets {A,}, of A with u(S(f) N A,) > 0. Clearly f, = f.xs()na, € LF(X)
and EM,(f,) = xa,-EM,(f) = 0. This means N(EM,) is infinite dimensional, that is a contradiction. Thus
EM,, should be injective and so is invertible. The converse is obvious.

Finally, in the next proposition we show that if there exists a non-zero function in the null space of EM,,
such that it's support is non-atomic set, then EM,, can not be Fredholm.

Proposition 2.8. Let EM,, be bounded from L*(X) into L1(X). If N(EM,,) N L*(B) # 0, then EM,, can not
be Fredholm.

Proof. By the methods that we used in the proof of Theorem 2.7, it is easy to prove.
In the sequel we present some examples of conditional expectations and corresponding multiplication
conditional type operators.

Examples. (a) This example deals with a weighted conditional expectation operator which is in the form
of an integral operator. Let X = (0,1] X (0, 1], du = dxdy, L the Lebesgue measurable subsets of X and let A
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be the o-algebra generated by the family of the sets of the form A x (0, 1] where A is a Lebesgue measurable
subset of (0,1]. For f in L2((0, 1]%), we have (E"f)(x, y) = fol f(x,t)dt. Then for every non-zero measurable

function u such that fol u(t)dt # 0, the by Theorem 2.2 the operator EM,, has not closed range as an operator
from L*(X) into L9(X) when 1 < g < p < o0.

Let X = (0, 0) x (0, 0) and A be the o-algebra generated by the family of the sets of the form A X (0, o)

where A is a Lebesgue measurable subset of (0, ). Then

T ) = EMANE) = [ ute 0t
0
Hence for every function f : (0, 0) — R we can define the function f’ on X as f’(x, y) = f(y). So,

Tf(x,y) = (E"M.()(x, y)
= (E"M.(f"))(x, y)
:f u(x, t) f(t)dt
0
=T'(f)x).

This implies that T is an integral transform and specially by taking u(x, y) = e™¥ we obtain one of the
most important classical integral transforms that is widely used in analysis, namely the Laplace integral
transform. We refer to [9] for some applications of integral transforms, especially Laplace integral trans-
forms.

(b)LetX =[-1,1],du = %dx and A = ({(—a,a) : 0 < a < 1}) (0-algebra generated by symmetric intervals).

Then
Eﬂ(f)(x) — f(X) +2f(—X),

whenever E/(f) is defined. If u(x) = x* for -1 < 1 and u(x) = 0 elsewhere. Then the operator EM, is not
Fredholm on LP(X).

xeX
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