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Abstract. The aim of this paper is to introduce the notions of a-(¥, H)-(¢, ¥) and u~(¥, H)-(¢, ) contrac-
tions and present several coupled fixed point theorems for this type of contractions in the set of ordered
metric spaces. Several examples are offered to illustrate the validity of the obtained results. As an applica-
tion, the existence of a solution of Fredholm nonlinear integral equations are also investigated.

1. Introduction and Preliminaries

The existence of fixed points in ordered metric spaces was first investigated by Ran and Reurings [13],
and then by Nieto and Rodriguez-Lépez [10]. Recently, Samet et al. [22] presented the notions of a-1-
contractive and a-admissible mappings and proved some fixed point results for such mappings. Their
results extend and improve many fixed point results in ordered metric spaces. After that, several authors
considered the generalizations of this new approach (see [5, 7, 8, 20]).

One of the interesting and crucial concepts, a coupled fixed point theorem, was introduced and studied
by Opoitsev [11, 12] and then by Guo and Lakhsmikantham [4]. Bhaskar and Lakhsmikantham [3] were
the first to study coupled fixed points in connection to contractive type conditions. They applied their
results to prove the existence and uniqueness of solutions for a periodic boundary value problem. Since
then, coupled fixed point theory have been a subject of interest by many authors regarding the application
potential of it, for example see [1, 6, 9, 14-19, 21] and references therein.

In the present paper, we introduce the notions of a-(¥, H)-(¢, ) and u-(¥, H)-(¢, ) contractions and
prove several coupled fixed point theorems for this type of contractions in ordered metric spaces. We
offer several examples to illustrate the validity of the obtained results. As an application, we also give an
existence of a solution of a Fredholm nonlinear integral equation.

We begin with giving some notation and preliminaries that we shall need to state our results.
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In the sequel, the letters R, R*, and IN will denote the set of all real numbers, the set of all non negative
real numbers and the set of all natural numbers, respectively. Also, the triple (X, <,d) denotes an ordered
metric space where < is a partial order on the set X and d is a metric on X.

The partial order < on X can be induced on X? as follows:

(%, y),(w,v)e X2, (x,y)2Wv)ex=<uandy>ov.

Definition 1.1 ([3]). Let (X, <) be an ordered set and S : X*> — X. We say that S has the mixed monotone property
in X if, forany x,y € X,

x1,% €X, x1 =x2= S(x1,Y) < S(x2, )

and
yi,.2€ X, 1 2 y2 = S(x, 1) = S(x, 12).

Definition 1.2 ([3]). An element (x,y) € X? is said to be a coupled fixed point of the mapping S : X> — X if
x=S5(y) and y=5(y,x).

Definition 1.3. Let (X, <, d) be an ordered metric space. We say that (X, <, d) is reqular,

if (x,) is a nondecreasing sequence with x,, — x then x, < x for all n,
if (yn) is a nonincreasing sequence with y, — y then y, > y for all n.

1)

Definition 1.4 ([2]). We say that the function H : R* x R* — R is a subclass of type I if x > 1 implies that
H(,vy) < H(x,vy), forall y € R*.

Example 1.5 ([2]). Define H: R* x R* — R by:

(@) Hx,y) =+ 1% 1>1;
(b) Hx,y) =x"y,neN;

(c) Hx,y) = 7= (Z?:o xi) y,neN;
forall x,y € R*. Then H is a subclass of type I.

Definition 1.6 ([2]). Let H, ¥ : R* X R* — IR, then we say that the pair (¥, H) is an upper class of type I, if H is a
function of subclass of type I and:

(i) If0 < s < 1implies that F (s, t) < F(1,t),
(i) IfH(1,y) < F (1, t) implies that y < t for all t,y € R*.

Example 1.7 ([2]). Define H, ¥ : R* x R* — R by:

(@) Hx,y) =+ D% 1> 1and F (s, t) = st +1;
(b) H(x,y) = x"y, m € Nand F (s, t) = st;
(c) H(x,y) = -1 (Z?:o xi) y,n € Nand F (s, t) = st;

n+l

forall x,y,s,t € R*. Then the pair (¥, H) is an upper class of type I.
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2. Main Results

Let us give useful definitions and lemmas which will be effectively used in the proof of the our main
results.

Definition 2.1 ([22]). Let S: X* — X and a : X* x X?> — R* be given mappings. We say that S is a-admissible if
a((x,y), (u,v)) = 1implies a ((S(x, y), S(y, x)), (S(u,v), S(v, u))) > 1,
for all (x,y), (u,v) € X2

For simplify, we will use a,yo= a((x, y), (1, 0)).
Let @ denote all functions ¢ : R* — R* which satisfy

i)y @ is continuous and non-decreasing,
(i), @(t)=0ifft =0,
(iii)p, @(t +5) < @(t) + @(s), Vt,s € R*

and following the direction in [23], we denote by W the family of all functions ¢ : R* — R* which
satisfy

(iv)y ¢ is a continuous function with the condition ¢(t) > y(t) for all t > 0.
Note that, by (i), (ii), and (iv), we have that ¢(0) = 0.

Definition 2.2. Let (X, <, d) be an ordered metric space, S : X* — Xand a : X*> x X2 — R* be given mappings. We
say that S is an a-(F, H)-(@, ) contractive mapping if

1
H (@ (), (1,0)), @ (@ (5 (1), S (0, 0) <F (1, 39 (1) + d(w, ), @
forall (x,y), (u,v) € X with (u,v) < (x,y) where € ®, Y € W and the pair (¥, H) is upper class of type L.
First of our main results is the following.

Theorem 2.3. Let (X, <, d) be an ordered complete metric space, S : X*> — X be an a-admissible and a-(F, H)-(¢p, 1)
contractive mapping with mixed monotone property. Assume that following conditions hold:

(a) There exist xo, yo € X such that

1 and
1,

a ((S(X(), ]/O)/ S(yOI XQ)) ’ (Xo, ]/0))
a ((yo, x0) , S (o, X0) , S (X0, Yo))

vV IV

(b) (i) S is continuous, or
(i1) (X, <, d) is regular and, if (x,,) and (y,,) are sequences in X such that

Qs 2 1 and Qy gz, 21, foralln € No
and x, = x, Yy, — Yy forall x,y € X, then
Qeyryye 2 1 and vy, e 2 1.

If there exist xo, yo € X such that xo < S(xo, yo) and yo > S(yo, Xo), then S has a coupled fixed point.
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Proof. Construct the sequences {x,} and {y,} in X by
Xps1 = S(Xn, yn) and yui1 = S(yu, x,), forallm € Ny,
where Ny = IN U {0}. We shall show that
Xy X Xpp1 and Y, = ype1, forallm e INp. 3)

From the hypothesis, since xp < S(xo, o) = x1 and yo > S(yo, x0) = y1, our claim is satisfied for n = 0.
Suppose now that (3) holds for some n € INy. Then, since x,, < x,41 and ¥, > Yu+1, and by the mixed
monotone property of S, we get

Xpe1 = S(Xn, Yn) = S(Xnr1, Yn) X S(Xnr1, Yna1) = Xnao
and
Y1 = SWYn, Xn) = S(Yna1, Xn) Z S(Yns1, Xn1) = Yna2.
This proves our claim. On the other hand, by (a), we have
a ((S(xo, Yo), S(¥o, x0)) , (X0, Y0)) = Axyyrxeyo = 1.
Since S is a-admissible
a(S(x1, y1), S(y1, x1)), S(xo, Y0), S(Yo, X0)) = Ayypriyy = 1.
By induction, we obtain
Qi yneriay, = 1, forall n € No. 4)
Again, since a ((yo, X0), S (Y0, %0) , S (X0, Y0)) = Ayexeyuz, = 1, by a-admissibility of S, we deduce
a((S (o, x0), S (X0, 0)), (S (y1,x1), S (x1, 1)) = Ayxiyor, 2 1.
Continuing this process, we have
Xy = 1, forall n € No. (5)

If for some 1, (Xp41, Yns1) = (Xn, Yn), then S(x,, yu) = x,, and S(yu, x4) = ya, thatis, S has a coupled fixed
point. We now assume that (X,41, Yu+1) # (¥n, yn) for all n € Ny. Since (X, Yn) < (Xnt1, Yns1), by (2) and (4),
we deduce

H (1, () (d (xp42, xn+1)))

H (1, [ (d (S (xn+1r yn+1) ’ S (Xn, yn))))
H (Ozxnﬂymxnyn, o(d (S (xp41, Yn+1), S (Xn, yﬂ))))

T (1, 3 @ st x0) + d (e, )

IA

IA

implies that

¢ (d (xn42, Xn41)) < %l/’ (d (Xns1,%40) +d (yn+1, yn)) . (6)

Similarly, since (Yy+1, Xn+1) < (Yu, X»), from (2) and (5), we have

H(1, @Y1, Yne2))) = HQ, @A (S (Yn, Xn), S (Yns1,Xn11))))
< H (aynxnymxnuf ¢ (d (S (ym xn) ,S (yn+1r xn+1))))
< ? (1/ %¢ (d (]/n/ yn+1) +d (xn/ xn+1))) s
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and so,

9@ Wi, 9252) < 5 (@ W, Yrsr) + (o, Bs). @
From (6) and (7), we obtain

@ (d (a1, Xns2)) + @ (d (Y1, Ynr2)) < PACn, Xn1) + AY, Yna1))- ®)
By property (iii),, we get

P(d (Xns1, Xnv2) + d (Yns1,Yn2)) < YA, Xni1) + AYny Yr))- ©)
Using the properties of ¢ and ¢, we deduce

d (ns1, Xna2) + d (Yner,Yne2) < A, Xns1) + d(Yn, Yne1)-

Set 1y, := d(x, Xps1) + A(Yn, Yn+1), then the sequence {r,} is decreasing. Therefore, there is some r > 0 such
that

limr, = Um [d(x, Xps1) + AW, Yns1)] = 7. (10)
Letting n — oo in (9), we have that ¢ (r) < ¢ () and so r = 0, that is,
limr, = Uim [d(x,, Xp+1) + A(Yn, Yne1)] = 0. 11

We now prove that {x,} and {y,} are Cauchy sequences. Suppose, to the contrary, that at least one of {x;}
or {y,} is not Cauchy sequence. Then, there exists an ¢ > 0 for which we can find subsequences {xX2,}, {x2,,}
of {x2,} and {yom,}, {y2n,} Of {y2,} such that #; is the smallest index for which n; > my > k and

d(xnk/xmk) + d(]/nk/ ]/mk) Z & and d(xnk—lzxmk) + d(]/nk—lr ]/mk) <é&. (12)

Using (12) and the triangle inequality, we have

A

e Ok := d(xXp, X)) + AWYns Yimy)

S d(xnk/ xnk—l) + d(xnk—lz xmk) + d(]/nk/ ]/nk—l) + d(ynk—lz ]/mk)
< d(xyy, Xn—1) + AWYny, Yu—1) + €.

Taking k — oo in the above inequality and using (11), we get
l}imék = ]}im [d(xn, X)) + AW Yimy)] = €. (13)

Again by the triangle inequality, we obtain
Ok

A(Xne, Xme) + AYnes Ymy)

d(xnk/ Xp+1) + d(x‘rlk+lr Xmgr1) + d(xmk+1/ xmk)
+d(Ynes Y1) + A1, Yimger) + A Y1, Yom)
= Iy + T + AX11, Xmys1) + AYnr1, Yier1)-

IN

Using the property of ¢, we have

Y (6k) < P (7nk + Vi + d(xnk+1/ xmk+1) + d(ynk+1/ ]/mk+1))
< @+ 1) + @ (@1, Y1) + @ ([AYer1, Y1) - (14)
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Since ny > my, by (3) we deduce (X, Ym,) < (Xu,, Yn,)- Then by (2) and (4)

H(, ¢ (d (xXn+1, Xm+1))) H (1, (S Cnes Yn) » S Cms Ymy))))
H (axnk Yoy Xy Y, P (@ (S (xner Yn) , S (X, ymk))))

7 (1,39 60).

IA

IA

which implies

% (d (xnk+1/ xmk+1)) p %17[) (Ok) - (15)

Similarly since (v, Xu,) < (Y, Xm,) and using (2) and (5)

H(1, ¢ (dYms1, Ynes1))) H (L@ (d(S Yo Xmg) S Y Xn,))))
H (aymkxmk]/nk/xnk’ @ (d (S (Ymer Xm) S (Y xnk))))

7 (1 59/@ s ) + d i )

= 7:(1/ %Eb(ék)),

IA

IA

and so

@ (d (Y1, Yns1)) < %IP(ék)- (16)
Letting (15) and (16) in (14), we obtain

@ (0) < @ (ru + 1) + 9 (0) -
Taking k — oo in the above inequality and using (11) and (13), we get

pE)<pO)+y(e) =y (e).

From the properties of ¢ and ¢, we get ¢ = 0, which is a contradiction. This shows that {x,} and {y,} are
Cauchy sequences. Since X is a complete metric space, there exist x, y € X such that

limx, =x and limy, =y.
n—oo

H—00
Suppose now assumption (i) holds. Then
= lim it = HmS (5, y) = S (lima, limy,) = 5 (5, )
and
y = lim s = JimS %) = S Ty lim,) = 5 (5,5,
Therefore x = S(x, y) and y = S(y, x).
Suppose that the assumption (i) is satisfied. Since {x,} is a nondecreasing sequence that converges to

x, we have that x, < x for all n. Similarly, y, > y for all n, that is, (x,, y,) < (x,y). Also, by (4) and our
assumption, we deduce ayyy,,, = 1and @,y = 1.
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From (2),
HQ@, ¢ (d (S (x,y),xns1)))

H(L, @@ (S(x, ), S (xn,yn))))
H(axyx,y,, ¢ d(S(x,y),S(xn, yn))))

7 (L 30 %) +dty,5).

IA

IA

and so,

P (61),00) < 5V, 3) + G, 1)

Letting n — oo in the last inequality and using the property of ¢, we have

P@(S @), 1) < 290) =0,

which implies ¢ (d(S (x,y),x)) = 0. Thus d(S(x,y),x) = 0 or equivalently, x = S (x, y). Similarly, one
can easily show that y = S(y, x). This completes the proof. [

For the uniqueness of the coupled fixed point in Theorem 2.3, we consider the following hypothesis:

(K1) for arbitrary points (x,), (1,v) € X? there exists the pair (z,t) € X? which is comparable with both
(%, y) and (1, v) such that

aztxy 2 1/ ayxtz 2 1r Qztyp 2 1 and Qoytz 2 1.

Theorem 2.4. Adding condition (K1) to the hypotheses of Theorem 2.3, we obtain uniqueness of the coupled fixed
point of S.

Proof. From Theorem 2.3, the set of coupled fixed points of S is non-empty. Suppose (x,y) and (u,v) are
coupled fixed points of S. We shall show that x = u and y = v.

By condition (K1), there exists the pair (z, t) € X? that is comparable to (x, y) and (1, v), and we also have
Qztry 2 1, Qyaiz 2 1, Qzpp 2 1 and vy, 2 1.

We define sequences {z,} and {t,} as follows

z0=2, to=1t, zy+1 = S(zy, ty) and t,41 = S(t,,z,) for all n.

Since (z, t) is comparable with (x, i), we may assume that (x, y) < (z,f) = (2o, tp). By using the mathematical
induction, it is easy to prove that (x, y) < (z,, t;) and a,,,xy 2 1 for all n. Then, by (2), we get

HOL 9 @, 0) = HOLg S, t), S (5 )
< H(@ 00 (S ), S (21)
< T, U, ) + dlt, 1),
implies
@ (zri1,2) < 3P 20) + Ay, 1) 17)

Similarly, we have that (t,,z,) < (y,x) and @u,., > 1. Again, from (2)

H1, @Ay, tw)) = HQ,@d(S(y,x),S (tr, z4))))
< H(ayu,z, ¢ (d(S(Y, %), S (tn, z1))))
< T, P, ) +des ),
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and so

1
¢ (d(]// tn+l)) < ilP(d(}/, tn) +d(x, zn)). (18)
From (17), (18) and the property of ¢, we get

2 (d(x/ Zn+1) + d(y, tn+1)) < (P (d(x, Zn+1)) + ®» (d(]// tn+1))
< Pd(x, z) +d(y, ). (19)

This gives us that {d(x, z,) + d(y, t,)} is a nonnegative decreasing sequence, and consequently, there exists
¥ = 0 such that

31_130 [d(x,z,) + d(y, t)] = 7. (20)
Suppose that y > 0. Letting n — oo in (19), we obtain ¢ (y) < ¢ (y) which implies that y = 0. It follows
limd(x, 2,) = limd(y, ;) = 0.
Similarly, one can show
gi_l};d(u, Z,) = ,}ilﬁ‘od(z" t,) = 0.

From the triangle inequality, we have

d(x, u)
d(y,v)

Taking the limit as # — oo in the above inequality, we get

d(x, z,) + d(zy, 1),

<
< d(y, tn) +d(tn, ).

dix,u) =d(y,v) =0
andso,x=uandy=v. [J
We now give an example in order to demonstrate the validity of offered results.

Example 2.5. Let X = R with the usual metric and partial order be defined by x < y & x < y. Then (X, <,d) is
reqular and complete ordered metric space. Let S : X* — X be given by

ﬂ .
S(x,]/)={ 5. frzy

0, otherwise.
Clearly S is mixed monotone. Define a : X* x X*> - R* by

fx>u y=<v
otherwise.

2,

a((x,y), (w,0)= {1

8/

Also, we define the mappings @, : R* — R* by ¢ (t) = £, (t) = Sand H: R*XR* — Rand ¥ : R*xR* - R
by:

st, s>1

s,  otherwise and F(s,t) = st.

H(s,t) = {
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Then, the pair (¥, H) is an upper class of type I. We now prove that S is an a-(F,H)-(p, ) contraction. If
a((x,y),(u,v)) <1, the result is clear. Supposse a ((x,y), (u,v)) > 1. Then

H(a((x,y),(w,0),9@d(S(xy),Sw,0)) = a(xy),w0)e@dS(xy),Swu,0)
Y Y _u-v
8 8
|x —u| + |y - v|
4

7 (130 @)+ dy,0),

forall (u,v) < (x,y). It can be easily proved that all other conditions of Theorems 2.3 and 2.4 is satisfied. Therefore,
S has a unique coupled fixed point which is (0,0).

Remark 2.6. Assume that all hypotheses of Theorems 2.3 and 2.4 are satisfied. If we replace the inequality (2) with
following contractions, then S : X* — X has separately a unique coupled fixed point for each contraction.

(i) Thereexist]>1, ¢ € ® and € W such that for all (x,vy), (u,v) € X* with (u,v) < (x,y)
(¢ (d(S(x, ), S(u, v)) + ) < %lp (d(x, u) + d(y,v)) + L.

(ii) There exist ¢ € @ and ) € V such that for all (x,y), (u,v) € X> with (u,v) < (x,v)

(5, ), (1,00 (@S, ), S(10,0)) < 2 (A, 1) + (3, 9)

(iii) There exist ¥ € V such that for all (x,vy), (u,v) € X* with (u,v) < (x,y)

a((x, y), (u,0)d(S(x, y), S(u,v) < %llf (d(x,u) +d(y,v)).

(iv) There exist k € [0, 1) such that for all (x,y), (u,v) € X? with (u,v) < (x, )

d(S(x,y), S(u,v) < g (d(x, u) +d(y,v)).
Note that all inequalities in Remark 2.6 are obtained from the inequality (2).
Definition 2.7. Let S: X*> — Xand p : X*> x X2 — R* be given mappings. We say that S is p-subadmissible if
(), (u,0)) < Vimplies 1 ((S (%, y), S (y, %)), (S (u,0), S (v,u)) <1,
forall (x,vy), (u,v) € X2
For simplify, we will use o= u((x, ), (1, 0)).

Definition 2.8. Let (X, <,d) be an ordered metric space, S : X*> — X and pu : X> x X* — R* be given mappings.
We say that S is a u-(%, H)-(@, ) contractive mapping if

H (1L (45 (), 0,0) < F (6t ), 00,20, 30 (0 + (), @)

for all (x,y), (u,v) € X? with (u,v) < (x,y) where p € ®, Y € W and the pair (¥, H) is upper class of type L.

Another of our main results is the following.
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Theorem 2.9. Let (X, <,d) be an ordered complete metric space, S : X*> — X be a p-subadmissible and u-(F, H)-
(@, ¥) contractive mapping with mixed monotone property. Assume that following conditions hold:

(a) There exist xo, yo € X such that
1 ((S(x0, Y0), S(Yo, X0)) , (X0, Yo))
1 (o, x0) , S (Yo, Xo0) , S (x0, Yo))

(b) (i) S is continuous, or
(i1) (X, %, d) is regular and, if (x,,) and (y,,) are sequences in X such that

1 and
1,

INIA

Mot pmarnyn < 1 and  py . <1, foralln € No
and x, = x, Y, — Yy forall x,y € X, then
Pyeyy, <1 and  py, ey < 1
If there exist xo, yo € X such that xo < S(xo, yo) and yo = S(yo, Xo), then S has a coupled fixed point.

Proof. We define the sequences {x,} and {y,} in X as in Theorem 2.3. Following the similar procedures in
Theorem 2.3, we can obtain

Hxpyuorriye S 1 and -y .y, 1z, <1, forall 7 € No.
The rest of proof can be completed by following the analogous processes in Theorem 2.3. [

Let us give following condition for the uniqueness of the coupled fixed point in Theorem 2.9:
(K2) for arbitrary points (x,y), (1,v) € X there exists the pair (z,t) € X* which is comparable with both
(%, ) and (1, v) such that
Hztxy < 1, Hyxtz < 1, W <1 and Houtz < 1.
Theorem 2.10. Adding condition (K2) to the hypotheses of Theorem 2.9, we obtain uniqueness of the coupled fixed
point of S.
Proof. Similar to the proof of Theorem 2.4. [J
Example 2.11. In the setting of Example 2.5, replace the mappings o, H and F by the following, besides retaining
the rest:
1

u (e y), (u,0) = {5'

8, otherwise

ifx>u, y<v

and

s<1
otherwise.

H(s,t) =st and ¥F(s, t){ zt,

We now prove that S is a u-(¥,H)-(¢, ) contraction. If u((x,y),(u,v)) > 1, the result is clear. Supposse
[’l ((xl ]/)/ (u/ U)) < 1 Then

H1, (S y),S u,0)

P(S(xy),S(u,0)
X-y u-v
8 8
lx —u| + )y - v‘
- 8
1

T (1 ), 0,00, 39 (@10 + d(y,0),

for all (u,v) < (x,y). It can be easily proved that all other conditions of Theorems 2.9 and 2.10 is satisfied.
Therefore, S has a unique coupled fixed point which is (0, 0) .




A. H. Ansari et al. / Filomat 31:7 (2017), 1893-1907 1903

Remark 2.12. Assume that all hypotheses of Theorems 2.9 and 2.10 are satisfied. If we replace the inequality (21)
with following contractions, then S : X* — X has separately a unique coupled fixed point for each contraction.

(i) There exist ¢ € ® and ¢ € WV such that for all (x,y), (u,v) € X? with (u,v) < (x, )

P (S, ), S(0,0)) < 3 (3, ), (0, ) (s 1) + ().

(ii) There exist € V such that for all (x,y), (u,v) € X> with (u,v) < (x, )

(3, ), S04,0) < (06 ), (0,0 () + (3, 2).

(iii) There exist k € [0, 1) such that for all (x, y), (1, v) € X? with (1,0) < (x,y)

d(S(x,y),S(u,v) < g (d(x,u) + d(y,v)).

3. Application to Integral Equations

In this section, we investigate the existence of solution to a Fredholm nonlinear integral equation, as an
application to the coupled fixed point theorem proved in previous section.
Consider the following integral equation:

b
x(r) = f (Ha(r,8) + Ha(1,9))(f (s, X(5)) + g(s, x(5)))ds + k(r), (22)

forallr el =[a,b].
Define now the mapping S : X5 X by

b
Sy = f Hi(r,5) (f (5,%(5)) + 9 (5, y(s))) ds

b
+f Ha(r,5)(f (s, y(s)) + g (s, x(s)))ds + k(r), Vrel

Assume that the following conditions are satisfied:

(A) Hi(r,s) = 0and Hy(r,s) <0 forallr,s €[;
(B) there exist & : X? x X — R where X := C(I,R) such that if &((x, y), (,v)) > 0 (shortly, &xyuy > 0) for
all (x, ), (u,0) € X*> with (u,v) < (x,y), then for every A, u > 0,

0< f(r,x) = f(r,u) < Aln(x — u] + 1)
and
—uIn(ly - v|+1) < g(r,y) - 9(r,0) < 0;
(Q) if, for all (x, ), (1,0) € X
&((x,y), (u,0)) 2 0 implies & ((S(x, y), S(y, x)), (S(u, v), S(v, 1)) > 0;

(D) there exist xo, 1o € X such that

E((S(x0, o), S(yo, x0)) , (x0, ¥0))
&((vo,x0), S (Yo, x0), S (x0, o))

0 and
0;

A\
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(E) if {x,} and {y,} are sequences in X such that
Expnymrnyn 20 and &y vy, 20, foralln € Ny
and x, — x, y, = yforallx,y € X, then
Expray, 20 and &y x 0 2 0;
(F) 4-max(A, u)llHy — Hallo <1, where
[[H1 — Halloo = sup{(H1(t,s) — Ha(r,5)) : 1,5 € I}.

Definition 3.1 ([9]). A pair (p,q) € X? is called a coupled lower and upper solution of Eq. (22) if, for all v € I,
p(r) < q(r) and

b
) < f H(r,9)(f (5, p(8)) + 9 (5, 4(5)))ds
‘ b
+ f Ha, 9)(f (5, 4(5)) + g5, ps)ds + k()
and
b
o > f H(r,9)(f (5,4(5)) + 9 (5, p(s)))ds

b
" f Ha(r, 9)(f (5, p(s)) + 95, 4())ds + k(r).

Theorem 3.2. Consider the integral equation (22) with
Hi,H, e CUXI,R) and f,g € CUXR,R), and k€ C(,R).
With the conditions (A)-(F), if Eq. (22) has a coupled lower and upper solution then it has a solution in X.

Proof. The functiond : X? — R* defined by

d(x, y) = suplx(r) —y(r), Vx,yeX
rel

Then it is obvious that (X, <, d) is a complete ordered metric space if, for x, y € X
x2yex(r)<yr), Vrel

Suppose that {c,} is a monotone nondecreasing in X that converges to ¢ € X and {d,} is a monotone
nonincreasing sequence in X that converges to d € X, then ¢, < c and d,, > d for all n and hence (X, %, 4d) is
regular. Also, X? is a partially ordered set if we define the following order relation in X? with

(x,y) < (w,v) & x(r) <u(r) and y(r)=o(r), Vrel

It is not difficult to prove, like in [9], that S has the mixed monotone property.
Let (x,y),(u,0) € X? with (u,0) < (x,y) and Exyuo 2 0. Since S has the mixed monotone property, we
have S(u,v) < 5(x, y) and

d(S(x, y), 5(u, 0))
= supl|S(x, y)(r) = S(u, v)(")|

rel
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= sup (S(x, y)(r) — S(u, v)(r))

rel

. s:g)( [ Hir 95, x(5)) — £, 1)) — (95, 0(6)) — 9(s, y(s))ds

- fab Ha (7, s)[(f(s,0(s)) = f(s, y(s))) = (g(s, x(s5)) = g(slu(S)))]dS)

< Sup( A " Hy(r,$)[A In (jx(s) — u(s)] + 1)) + yln(|y(s) —o(s)| + 1))]ds

rel

+ fﬂb (=Hx(r,s)) [A ln(|v(s) - y(s)| + 1)) + uIn(|x(s) — u(s)| + 1))]ds)

< max(A, y)sup( fab(Hl(r,s) — Hy(r,8)) In (|x(s) — u(s)| + 1) ds
rel

b
" f (Ha(r,s) -

Defining

Ha(r,9) In (|y(s) = o(6)] + 1)ds).

b
0 = f (Ha(r,) - Ha(r,$)) In (x(s)  u(s)] + 1) s,

and

b
(D) = f (Hi(r,s) — Ha(r,9)) In (|y(s) — v(s)| + 1) ds,

and using the Cauchy-Schwartz inequality in (I) we obtain

(1)

IA

IA

b 3 b
( f <H1<r,s>—Hz<r,s>>2ds) ( f (In ((s) — ()] + 1))ds
1H — Halleo - (In (b — 1 + 1)) = [Hy — Halle - (In (4 (x, ) + 1)).

1
2

Similarly, we can obtain the following estimate for (II) :
(D) < IH1 = Holloo - (In(d (y,0) + 1)) .
By (23)-(25) and assumption (G) , we get

d(S(x, y), S(u, v))

IAIA

<

max(A, p) [|H1 — Holloo [In(d (x, 1) + 1) + In(d (y, v) + 1)]
max(A, u) [H1 = Halle [In(d (x, u) +d (y,0) + 1)
+In(d(y,v) +d(x,u) +1)]

2max(A, p) [|[H1 — Hallo [In(d (x, 1) + d (y,v) + 1)]

%ln(d(x,u)+d(y,v)+1).

Now, define a : X* x X* - R* by

a((x,y),(u,0) = {

Also, define ¢, : R* - R* by ¢ () =t and ¢ (t) = In(1 + t). Therefore, using (26), we obtain

1 if&((x,y),(u,v)) =0wherex,y,u,veX
0 otherwise.

a((x,y), wm,v) @S, y),S(u,0)) < %I,D(d(x, u) +d(y, v)).

It easily shows that all the hypotheses of Remark 2.6 (ii) are satisfied. Therefore S has a coupled fixed point,
that is, integral equation (22) has a solution. [J

1905

(23)

(24)

(25)

(26)
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We now consider following assumptions:

(B") there exist C : X* X X? — R such that if C((x, y), (u,v)) < 0 (shortly, Cxyup < 0) for all (x,y), (u,v) € X?
with (4,v) < (x,y), then for every A, u > 0,

0< f(r,x) = f(r,u) < Aln(jx — u| +1)
and
—uIn(|y - o + 1) < g(r,y) - 9(r,0) < 0;
(C") if, for all (v, ), (1, v) € X?
C((x, ), (u,0)) < 0 implies C((S(x, ), S(y, x), (S(,v), S(v,u))) < 0;

(D") there exist xg, yg € X such that

C ((S(x0, Y0), S(Yo, x0)) , (x0, Yo))
C((yo,x0), S (Yo, %0) , S (x0, Yo))

(E") if {x,} and {y,} are sequences in X such that

IA

0 and
0;

IN

Coryurays =0 and Gy xy,x,, <0, forallm € No
and x, — x, y, — yforall x, y € X, then
Coyrayy <0 and  Cyx, e < 0.

Theorem 3.3. With the conditions (A), (B')-(E"), and (F), if Eq. (22) has a coupled lower and upper solution then, it
has a solution in X.

Proof. Following the same lines in Theorem 3.2 and using Remark 2.12 (i), we obtain the desired result. [
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