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On the Digitally Quasi Comultiplications of Digital Images
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Abstract. In this article we study the digitally quasi comultiplications of the digital wedge products of
pointed digital images. After defining a digitally quasi co-H-space and a digital Whitehead product, we
develop a method of how to calculate the cardinal number of digital homotopy classes based on the digitally
quasi comultiplications of a pointed digital image as a particular case. We also construct a digitally quasi
co-H-space as a digital retract of a given digitally quasi co-H-space.

1. Introduction

Kong [16] introduced the digital fundamental group of a discrete object. Boxer [6] showed how classical
methods of basic algebraic topology might be used to construct the digital fundamental group based on
the notions of digitally continuous functions and digital homotopy. Boxer’s digital fundamental groups
are defined for digital images of all dimensions with arbitrary adjacency relations, while the Kong’s digital
fundamental groups are defined only in dimension 2 and 3, and only for certain choices of adjacency
relations. The digital fundamental group is basically derived from a classical notion of homotopy classes
of based loops in the pointed homotopy category of pointed topological spaces or pointed CW-spaces.

The fundamental idea of algebraic topology is to associate to each topological space Y a group F(Y) and
to each continuous function f : Y — Z a homomorphism F(f) : F(Y) — F(Z) such that if Y and Z have the
same homotopy type, then F(Y) is isomorphic to F(Z); F is called a functor from the category of topological
spaces and continuous functions to the one of groups and homomorphisms. The characteristic of modern
mathematics is to find out the properties of the covariant (or contravariant) functors. The covariant functor
it 1 D — G from the category D of pointed digital images and pointed digitally continuous functions to
the category G of (not necessarily abelian) groups and homomorphisms is one of them (see [6, Theorem
4.14]). Recently, the use of the whole-sample symmetric boundary conditions in image restoration was
considered in [19], and the foundations of a homology-based heuristic for finding optimal discrete gradient
vector fields on a general finite cell complex were introduced in [21] based on classification of cycles,
cohomology algebra, homology A(co)-coalgebra, cohomology operations, homotopy groups and so on
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(see also [17]). The paper [12] presents cohomology in the context of structural pattern recognition and
introduces an algorithm to compute efficiently representative cocycles (dual of cycles in homology) using
a graph pyramid. Moreover, a set of tools to compute topological information of simplicial complexes, and
tools that are applicable to extract topological information from digital pictures were presented in [13].

The co-H-spaces [1], also called spaces with a comultiplication, play a fundamental role in algebraic
topology. One reason for this is that any two homotopy classes of maps from a co-H-space Z to a space Z’
can be added. One then obtains a natural binary operation with identity on the set of homotopy classes.
If the comultiplication is homotopy associative, then the set with this operation is a group, with the group
operation depending on the comultiplication of Z. An important class of co-H-spaces consists of all n-
spheres, n > 1. It is the associative comultiplication on the n-sphere S” that induces group structure on the
set of homotopy classes of S” into a space Z’, the nth homotopy group of Z’.

It is easily seen that the wedge of two co-H-spaces is a co-H-space, and therefore it is natural to ask about
the comultiplications on a wedge of spheres. It turns out that the set of comultiplications is complicated -
there are usually many comultiplications (sometimes infinitely many) with many different properties. Some
indication of this complexity appeared in an early paper of Ganea [11, pp. 194-196] who gave an intricate
argument to show that S® v S' has at least 72 associative comultiplications and at most 56 homotopy
classes of suspension comultiplications. We can find the results for the calculations of the cardinality of
comultiplications, associative comultiplications and commutative comultiplications based on the wedge
of two spheres in [3] (see also [2] and [18]). For example, S* v S° has infinitely many homotopy classes
of comultiplications and commutative comultiplications. However, it has only 2 homotopy associative
comultiplications.

Motivated from the statement above, it is desirable for us to reformulate the digital version of co-H-
spaces in a fashion that parallels the important approach of pointed homotopy category for the realm of
computer science.

In this paper we work on the category of (pointed) digital images and (pointed) digitally continuous
functions. We sometimes omit the base point of a digital image. The paper is organized as follows: In
Section 2 we introduce the general notions of digital images. In Section 3 we define certain digitally quasi
comultiplications and the digital Whitehead products on a wedge product of digital images, and then
compute the cardinality of the set of digital homotopy classes based on digitally quasi comultiplications of
the wedge products of pointed digital images. We also investigate a method to construct a digitally quasi
co-H-space as a digital retract of a given digital image. In Section 4 a summary and a further work will be
made. The list of notations will be described at the end of this paper.

2. Preliminaries

Let Z be the set of integers and Z" the set of lattice points in the n-dimensional Euclidean space R". A
(binary) digital image is a pair (Y, k), where Y is a finite subset of Z" and k = k(u, n) indicates some adjacency
relation for the members of Y. The k-adjacency relations are used in the study of digital images in Z". For
a positive integer # with 1 < u < n, we define an adjacency relation of a digital image in Z" as follows. Two
distinct points p = (p1,p2, ..., pn) and q = (91,92, . . ., qu) in Z" are k(u, n)-adjacent [8, 9] if

o there are at most u distinct indices i such that |p; — g/ = 1; and
e for all indices j, if [p; — q;| # 1, then p; = g;.

A k(u,n)-adjacency relation on Z" may be denoted by the number of points that are k(u, n)-adjacent to a
point p € Z"". Moreover,

e the k(1, 1)-adjacent points of Z are called 2-adjacent;

e the k(1,2)-adjacent points of Z? are called 4-adjacent, and the k(2, 2)-adjacent points in Z? are called
8-adjacent;
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e the k(1,3)-adjacent points of Z3 are called 6-adjacent, the k(2,3)-adjacent points of Z> are called
18-adjacent, and the k(3, 3)-adjacent points of Z3 are called 26-adjacent;

o thek(1,4),k(2,4),k(3,4), and k(4, 4)-adjacent points of Z* are called 8-adjacent, 32-adjacent, 64-adjacent,
and 80-adjacent, respectively; and so on.

We note that the number above is just the cardinality of the set of lattice points which have the k(u, n)-
adjacency relations centered at p in Z". A k(u, n)-neighbor of a lattice point p € Z" is a point of Z" that is
k(u, n)-adjacent to p. The above number k(u, 1) is the number of points g € Z" that are adjacent to a given
point p € Z" according to the above relationship. For example, k(1,1) = 2,k(1,2) = 4,k(2,2) = 8,k(1,3) =
6,k(2,3) = 18,k(3,3) = 26,k(1,4) = 8,k(2,4) = 32,k(3,4) = 64,k(4,4) = 80,k(2,6) = 72,k(2,12) = 288, and so
on.

Definition 2.1. ([23]) Let k be an adjacency relation defined on Z". A digital image Y C Z" is said to be
k-connected if and only if for every pair of points {x, y} C Y with x # y, there existsaset P = {xg,x1,...,%} CY
of s + 1 distinct points such that x = xg, x; = y, and x; and x;; are k-adjacent fori = 0,1,...,s — 1. The length
of the set P is the number s.

The following generalizes an earlier definition of digital continuity given in [23].

Definition 2.2. ([6]) Let Y ¢ Z™ and Z C Z™ be the digital images with k;-adjacency and k;-adjacency,
respectively. A function f : Y — Z is said to be (ki, ky)-continuous if the image under f of every k;-connected
subset of Y is a kp-connected subset of Z.

The following is a consequence of the definition above: Let Y and Z be digital images with k;-adjacency
and ky-adjacency, respectively. Then the function f : Y — Z is a (kj, k»)-continuous function if and only
if for every {x1,x2} C Y such that x; and x; are kj-adjacent in Y, either f(x1) = f(x2) or f(x;) and f(x;) are
kr-adjacent in Z.

It is easy to see thatif f : Y1 — Y5 is (k1, ko)-continuous and if g : Y, — Y3 is (k, k3)-continuous, then the
composite go f : Y1 — Y3 is (ki, k3)-continuous (see [5]).

Definition 2.3. ([5]) Two digital images (Y, k1) and (Z, k;) with adjacency relations k; and k;, respectively,
are (kq, kp)-homeomorphic if there is a bijective function f : Y — Z that is (k;, k)-continuous such that the
inverse function f 1. Z — Yis (ky, k1)-continuous. In this case, we call the function f Y — Z adigital
(k1, ko)-homeomorphism, and denote it by Y =, 4,) Z.

Definition 2.4. Leta,b € Z,a < b. A digital interval [5] is a set of the form
[a,blz ={z€ Z|a <z <Db}
in which 2-adjacency is assumed.

Definition 2.5. ([6,7]) Let Y C Z" have an adjacency relation k. We say Y is a digital simple closed k-curve if
there is an integer m > 3 and a (2,k)-continuous function f : [0,m — 1]z — Y such that

e fis abijective function;
e f(0) and f(m — 1) are k-adjacent; and
e forallt € [0,m—1]z, the only k-neighbors of f() in f([0, m—1]z) are f((t—1) mod m) and f((t+1) mod m).

There is a fundamental difference between a Euclidean simple closed curve in topology and a digital
simple closed k-curve in digital image in that all Euclidean simple closed curves are homeomorphic, but
digital simple closed k-curves of different cardinalities are not even of the same digital homotopy types (see
[7] and below for digital homotopy).
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Definition 2.6. ([6, 7, 15]) A digital k-path in a digital image Y is a (2,k)-continuous function f : [0,m]z — Y.
If f(0) = f(m), we call f a digital k-loop. If f is a constant function, it is called a trivial loop.

Definition 2.7. ([6, 8]) Let Y and Z be digital images with k;-adjacency and k»-adjacency, respectively, and
let f,g : Y — Z be (ki, kz)-continuous functions. Suppose that there is a positive integer m and a function
F:Y x[0,m]z — Z such that

e forall y € Y, F(y,0) = f(y) and F(y, m) = g(y);

e for all y € Y, the induced function F, : [0,m]z — Z defined by F,(t) = F(y,t) for all t € [0, m]z is
(2, kp)-continuous; and

e for all t € [0, m]z, the induced function F; : Y — Z defined by Fi(y) = F(y,t) for all y € Y is (ky, k»)-
continuous.

Then F is called a digital (ki, k,)-homotopy between f and g, written f =~ «,) g, and f and g are said to be
digitally (ki, kp)-homotopic in Z.

We use [ f] to denote the digital homotopy class of a (k1, k2)-continuous function f : Y — Z, i.e,,
[fl1=1{g:Y — Z|gis (ki,k2) — continuous, and f =~ ,) g}.

Similarly, we denote by [f] the k-loop class of a digital k-loop f : [0,m]z — Y in a digital image Y with
k-adjacency.

A pointed digital image is a pair (Y, o), where Y is a digital image and yo € Y; vy is called the base point
of (Y, y0). A pointed digitally continuous function f : (Y, yo) — (Z,zp) is a digitally continuous function from
Y to Z such that f(1o) = zo. A digital homotopy F : Y X [0,m]z — Z between f and g is said to be pointed
digital homotopy between f and g if for all ¢ € [0, m]z, F(yo,t) = zo. If a pointed digital homotopy between f
and g exists, we say f and g belong to the same pointed digital homotopy class. It is not difficult to see that
the (pointed) digital homotopy is an equivalence relation among the (pointed) digital homotopy classes of
digitally continuous functions (see [6] and [7]). We sometimes omit the base point for convenience.

We now consider the digital version of products just as in the case of products of paths (or loops) of
homotopy classes in homotopy theory. If f : [0,m1]z — Yand g : [0, my]z — Y are digital k-paths in Y with
f(my) = g(0), the product (f + g) : [0,m1 + ma]z — Y (see [15], [6] and [8]) of f and g is the digital k-path in Y
defined by

f(®) if t € [0,m1]z;
g(t - ml) ifte [Wl1,1’l’ll + mz]z.

U*m®={

The following result will be used to show that the product operation of digital loop classes is well-
defined.

Proposition 2.8. ([6, 15]) Suppose f1, fo, g1 and g, are digital loops in a pointed digital image (Y, yo) with f, € [fi]
and g, € [g1]. Then fo+ g2 € [f1 * g1].

We now discuss the digital k-fundamental group originally derived from a classical notion of homotopy
theory (see [24, 26]). Let (Y, o) be a pointed digital image with k-adjacency. Consider the set 75(Y, yo) of
k-loop classes [ f] in (Y, yo) with base point yo. By Proposition 2.8, the product operation

[f1+[g] = [f * 9]

is well-defined on 75(Y; ). One can see that 7t (Y, yo) becomes a group under the * product operation which
is called the digital k-fundamental group of (Y, yo). As in the case of basic notions in algebraic topology;, it is
well known in [6, Theorem 4.14] that 7% is a covariant functor from the category of pointed digital images
and pointed digitally continuous functions to the category of groups and group homomorphisms.

We now describe the notion of trivial extension which is used to allow a loop to stretch and remain in
the same pointed homotopy class.
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Definition 2.9. ([10]) Let f and f’ be digital k-loops in a pointed digital image (Y, o). We say that f’ is a
trivial extension of f if there are sets of k-paths {fi, f>,..., fs} and {F1, Fy, ..., F:} in Y such that

1. s<t

2. f=fxfarnfs
3. f’=F1*F2*-~-*Ft;and
4. there are indices 1 < i} < i < --- < i; < t such that

e Fi, = f;,1<j<s;and

o i ¢ (i1, i, ..., 1} implies F; is a trivial loop.
Example 2.10. If f1, f>, f3 : [0,1]z — Y are digital k-paths defined by
fl(o) = Yo,
A@) =y1 = £(0);

f2(1) = y2 = f3(0);
(1) = yo;

and if Fy, Fy, F3, F4 : [0,1]z — Y are digital k-paths defined by

F1(0) = yo = F1(1) = F2(0);
F(1) = y1 = F3(0);

F3(1) = y2 = F4(0);

F4(1) = yo,

then the digital k-loop f” : [0,4]z — Y defined by
f’ :Fl *Fz*F3 *F4

is a trivial extension (see Figure 1) of the digital k-loop f : [0,3]z — Y defined by

f=hxfxfs
In a homotopical point of view,
[f'1 =1[F1#FyxFs3%F4]
= [F1] + [F2] + [F3] + [F4]
= le] + [A] + [f2] + [f5]
=[]+ [fi* fo* f3]
= [e1] + [f],
where e; : [0,1]z — Y is a constant function at yp.
LD)=£0)=y, F3(1)=F4(0)=y
HAO)=f(1)=yo AD=£0)=y F1(0)=F1(1)=F2(0)=F4(1) F>(1)=F;(0)=y
=1o

Figure 1: The image of f on the left, and the image of f” on the right
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We end this section with digital notions of homotopy equivalence and nullhomotopy just like those of
classical homotopy theory: Let f : Y — Z be a (ki, kz)-continuous function and g : Z — Y be a (ky, k1)-
continuous function such that

gof =i ly and fog =g, 1z

Then f : Y — Z is said to be a (ki, ko)-homotopy equivalence [7]. Moreover, we say Y and Z have the
same (ki, ko)-homotopy type and that Y and Z are (ky, k2)-homotopy equivalent. A digital continuous function
f Y — Zis digitally nullhomotopic in Z if f is digitally homotopic in Z to a constant function [6]. We can
also consider the pointed digital homotopy equivalences between pointed digitally continuous functions.

It is well known that if f : (Y, y0) — (Z,z0) is a (ki, k2)-homotopy equivalence between pointed digital
images with k;- and k,-adjacency relations, respectively, then f induces an isomorphism 771 (f) : nlf Y, y0) —
nliz (Z,zp) between digital fundamental groups (see [6, Theorem 4.14] and [7, Theorem 4.1]).

3. Digital Wedges and Digitally Quasi Comultiplications

Let Z,,a € T be a collection of (disjoint) spaces with base point z, € Z,. The wedge product (or one-point
union) \/ ,er Zo is defined to be the quotient space Z/Zy, where Z is the disjoint union of the spaces Z,, and
Z, is the subspace consisting of all the base points z,; the base point of \/ - Z, is the point corresponding
to Zo. In other words, \/ ,cr Z, is the space obtained from Z by identifying together the base points z,, a € T
in algebraic topology.

A graph product is a certain kind of binary operation on graphs such as the cartesian product, tensor
product, lexicographical product, normal product, conormal product and rooted product. Recall that the
cartesian product [4] of simple graphs G and H is the graph GOH whose vertex set is V(G) X V(H) and whose
edge set is the set of all pairs (i1, v1)(u, v2) such that either u;u, € E(G) and v = vy, or v1v, € E(H) and
w1 = up. In this section we use the cartesian product as graph products.

We now consider the digital version of the wedge product of digital images with adjacency relations as
follows (see [9] and [24, 26] for the original definition):

Definition 3.1. Let (Y, y) and (Z, z9) be the pointed digital images with k(u, n)-adjacency relations in Z".
The digital wedge product Y V Z is defined by

YVZ=YX{z}U{yo} XZCYXZ

which is the pointed digital image with k(u, 2n1)-adjacency and base point (o, z9) in Z*". Here the cartesian
product in graph theory is assumed.

Let (Y, o), (Y1, o) and (Y2, o) be the pointed digital images with k(u, n)-adjacency relations in Z" such
that

(1) Y1 NY> = {ijo}, a single point set; and

(2) any element of Y; — {fjo} is not a k(u, n)-neighbor of any element of Y, — {fo}.
If Y1 : (YL yo) = (Y1,%0) and 2 : (Y, y0) — (Y2, 7o) are the base point preserving digital (k(u, n), k(u, n))-
homeomorphisms in Z”, then the function ¢ : Y VY — Y; VY, defined by ¢ = Y1 V ¢, explicitly,

Yy, vo) = (Y1 V 2) (W, yo) = W1(y), Yo) € Y1 X {}jo}; and
Yo, y) = (1 V Y2)(vo, y) = (Ho, P2(y)) € {Fo} X Y2,

are (k(u,2n), k(u,2n))-homeomorphism. Since the functions n; : Y1 X {fjo} = Y1 and 12 : {fo} X Yo = Y»
defined by

my1, #o) = y1; and
M2(Ho, Y2) = Y2
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are a (k(u, 2n), k(u, n))-homeomorphisms, the function n: Y7 V Y, — Y; U Y, defined by

n(y1, o) = m(y1, Jo) = y1; and
n(Ho, ¥2) = m(Ho, y2) = Y2

is well-defined and a (k(u, 2n), k(u, n))-homeomorphism. By using those homeomorphisms, we can identify
the digital wedge product Y vV Y with Y; U Y; as the digital image with k(u, n)-adjacency and base point
in Z".

We now give examples of the digital simple closed 18-curves in Z> and the digital homeomorphisms
which will be used in this paper.

Example 3.2. The following are some examples of the digital simple closed 18-curves in Z°.

(1) X1 ={xf |i=0,12,...,7) € Z? where x; = (0,0,0),x] = (1,1,0),x) = (2,2,0),x; = (1,3,0),x; =
0,4,0), 2} = (-1,3,0),x! = (-2,2,0), } = (1,1, 0) (see Figure 2);

(@) Xo =2 ]i=0,12,...,7} € Z°, where 2 = (0,0,0),22 = (-1,-1,0), 22 = (~2,-2,0),22 = (-1,-3,0),
22 = (0,-4,0),22 = (1,-3,0),22 = (2,-2,0), 22 = (1,-1,0);

@) Xs = (i =0,1,2,...,7) ¢ Z3, where ¥ = (0,0,0),% = (1,0,1),2 = (2,0,2),3 = (1,0,3), =
0,0,4),2 = (-1,0,3), % = (-2,0,2),23 = (-1,0, 1); and

(4) Xy =1{x}1i=0,1,2,...,7) € Z°, where xj = (0,0,0),x] = (-1,0,-1), x; = (=2,0,-2),x; = (-1,0,-3),
= (0,0,-4), x4 = (1,0,-3),x! = (2,0,-2), % = (1,0,-1).

L
Figure 2: Digital simple closed 18-curve Xj in Z3

Convention We work on the digital images with 4-adjacency relation on Z? and the 18-adjacency relation
on Z? in the rest of the paper. The point x, = (0,0, 0) of Z* in Example 3.2 will be denoted by x as the base
point of X; fori =1,2,3,4. And we will make use of the notations listed at the end of the article.

We remark that X; ~(1518) X for each i, j =1,2,3,4. We also note that
Xu V Xy = Xy X {x0} U {xo} X Xy, = {(x}, x0), (x0,x}) |i=0,1,...,7}
with k(2, 6)-adjacency for u = 1,2,3,4.
Example 3.3. Let
a: X, VX, - XsVX;, (s,t,u=1,2,734);

B: X VX =X, UX;, (5,t6=1,2,3,4); and
]/IX1VX2\/X3\/X4—>X1UX2UX3UX4
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be the functions defined by

a(xt, xo) = (x5, x0); alxo,x¥) = (xo,x});
B(x3, x0) = x3; Plxo, X)) = xi;
y(x}, X0, X0, %0) = X};

V(xofx,z,xorxo) = xf;

3 — 43
‘)/(x()/ xO/ xi ’ xO) - xi 7 and

(X0, Xo, Xo, X?,) = X?'

Then it is easy to see that o, and y are well-defined and that they are bijective functions. Further-
more, « is a (k(2,6),k(2, 6))-homeomorphism, § is a (k(2, 6), 18)-homeomorphism, and y is a (k(2,12), 18)-
homeomorphism. Similarly

(X1 VX))V (X1VX2) 2preiiei2) X1V X2 VX3V Xy.

We now describe the basic notions in algebraic topology. In the category of pointed and connected
CW-spaces, a pair ((Z, z), ¢) consisting of a pointed space (Z, zp) and a function ¢ : Z — Z V Z is called a
co-H-space if p1p = 1 and po¢ = 1, where p; and p; are the projections Z V Z — Z onto the first and second
summands of the wedge product and 1 is the identity map of Z. In this case, themap ¢ : Z —» Z Vv Z'is
called a comultiplication. Equivalently, (Z, @) is a co-H-space if Jo = A : Z — Z X Z, where A is the diagonal
map and ] : ZV Z — Z X Z is the inclusion.

It is well known that the Whitehead products in algebraic topology have the properties of biadditivity
and anticommutativity. Inaddition, there is the Jacobi identity for the Whitehead products (see [14, Theorem
5.3] and [26, pp. 472-478]) as follows: If a € 1,(Y), b € 7,(Y) and c € 7,(Y), then

(=17 Vla, [b, ]l + (=)™ P[b, [c, a]] + (=1) V¢, [4, b]] = 0.

Ifa,b,c € my(Y), then
[4,[D,c]] + [b, [c,all + [, [a, b]] = O.

Can we construct the digital versions of the notions above? The following gives an answer to this
question.

Definition 3.4. A pair ((Y,y0), ¢y) consisting of a pointed digital image (Y, o) with k-adjacency and a
(k, k)-continuous function ¢y : Y — Y V Y is called a digitally quasi co-H-space if for a given digital k-loop
f:10,mlz = (Y, yo), there exists a digital k-loop f* : [0, 1]z — (Y, yo) such that

® p1 o @y o f is the trivial extension of f; or
® p o @y o f is the trivial extension of f.

Here,p1 : YVY = Yand p, : Y VY — Y are the first and second projections, respectively. The above
(k, k)-continuous function @y : Y — Y V Y is called a digitally quasi comultiplication of Y.

Example 3.5. The (18, 18)-continuous functions
1 X(= X1v2) = XV X(= Xivavava)

and
1 X(= X1v2) = XV X(= X1vavava)

defined by L1(x1],' ) = x{ and lz(x{ ) = x{+2, respectively, are the digitally quasi comultiplications of X, where
i=0,1,...,7and j = 1,2 (see the list of notations at the end of this paper).

Let f1, f> : [0,8]z — Xiv2 be the (2,18)-continuous functions defined by
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L4 fl({ol 8}) =Xo = fZ({O/S})/
e fii)=x] fori=1,2,...,7;and
e fo(iy=x?fori=1,2,...,7;

thatis, f; and f, are digital 18-loops going around X; and X, just once, respectively. We note that T(%S(lez, X0)
is a free group on two generators [fi] and [f,] (cf. [9] and see also [22, Theorem 71.1] for detail in the case
of algebraic topology).

Definition 3.6. ([6]) Let f : [0,m]z — Y be the digital k-loop in the digital image Y with the k-adjacency.
Then the digital k-loop f : [0,m]z — Y defined by f(i) = f(m — i) is called the reverse of f

The k-loop class [f] of the reverse f plays a role of the inverse of [f] in the digital fundamental group
just like the classical homotopy theory.

Let (S,s0) = {si 11 =0,1,2,...,32} C Z? be the pointed digital image with the 4-adjacency relation and
base point sy as a digital simple closed 4-curve, where sy = (0,0),51 = (1,0),52 = (2,0),s3 = (3,0),54 =
(4,0),85 = (5,0),56 = (6,0),57 = (7,0),58 = (8,0),59 = (8,1),510 = (8,2),511 = (8,3),512 = (8,4),513 = (8,5),514
(8,6),515 = (8,7),516 = (8,8),517 = (7,8),518 = (6,8),519 = (5,8),%20 = (4,8),521 = (3,8),822 = (2,8),83 =
(1,8),504 = (0,8),525 = (0,7),526 = (0,6),507 = (0,5),528 = (0,4),529 = (0,3),530 = (0,2),831 = (0,1),532 = (0,0).
Then we can think of this finite sequence in set theory as the image of the the digital 4-loop s :[0,32]z — S
defined by s(i) = s; fori = 0,1, 2,...,32, where 5(32) = 53 = sp. We now define the following:

Definition 3.7. The digital Whitehead product (see Figure 3) denoted by [fi, f2]aw of fi and f; is the (4, 18)-
continuous map

[fi, folaw : S = Xiv2

defined by
AG) if0<i<8;
Ui ol (s = |21 mod 8) (8 <i<16,
1, J21awisi) = § =7 . . .
’ fi(imod 8) if16 <i<?24;
fa(imod 8) if24 <i<32.
im(f7)
Y y
\
8524 523 %32 %sp1 ®s20 ®s19 %sig %517 ®si6 nE
71525 515 ! 1
D I im(f})
6 1526 *s14 im(f;) ;\
1 J 1
L 5527 513 ) 6 2’-\ 2
im(fy) — — im(fp) Kl 1
4 512 7o 1 L6
3 s11 T 5 3 4 P 1T 2 5 & =X
2 510 Fe o7 i)
o, im(f)
: \ 2N 2 N
070 171 2°2 373 4% 5% 6% 77 g8 X 2. 41 .2
5 3 5
im(fp) 44

Figure 3: Images of the digital Whitehead product [f1,f2]sw: The digital interval [0, 8]z gets wrapped by f; and f (or f; and f) in a
counterclockwise (or clockwise) fashion around X; and Xj, respectively.

Indeed, [ f1, f2]aw is well-defined and it is not difficult to see that it is a pointed digitally (4, 18)-continuous
function.
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We note that the notion of Whitehead products, an Eckmann-Hilton dual of the Samelson products, of
homotopy classes in homotopy groups plays an important role in algebraic topology in that the graded
homotopy groups with the Whitehead products has the graded quasi-Lie algebra structure which is called
the Whitehead algebra [26]. Moreover, the digital Whitehead product [fi, f2]law is the commutator of the
digital k-loops f1 and f, in the pointed digital images (X1v2, x0), i-e., [f1, folaw = fi * f2 * f_l * f_z Explicitly,

o ifi=0,816,24,32;
xt o ifl1<i<7;
[fi, folaw(si) = qx7 ¢ if9<i<15

X if17 <i <23;

x%, . if25<i<3L

Given pointed digital images (Y1, y1) and (Y3, y2) with k-adjacency relations and base points y; and 5,
respectively, in Z", we denote by [(Y1, 1), (Y2, y2)] the set of pointed digital homotopy classes of pointed
(k, k)-continuous functions f : (Y1, y1) = (Y2, y2) with f(y1) = 1.

Definition 3.8. The pointed digitally continuous function V : (Y, yo) V (Y, y0) = (Y, yo) defined by

V(. y0) =y = V(yo, y)
is said to be the digital folding map.

We note that the digital folding map has a cross section. We also remark that if U and V are digital
images with k-adjacency relations in Z" such that U =g U’ and V =¢r V' with U’ NV’ = {i1}, a single
point set, and such that any element of U’ — {ii} is not a k-neighbor of any element of V' — {ii}, then UV V can
be considered as the pointed digital image (U’ U V’, 1) with k-adjacency and base point i in Z" via digital
homeomorphism, as described earlier. We need the following lemma to prove Theorem 3.10.

Lemma 3.9. For any pointed digital images (U, up), (V, vo) and (W, wy) with k-adjacency relations in Z",n > 1, the
inclusionsi: U <— UV Vand j: V < UV V as pointed (k, k)-continuous functions induce a bijection of [U V V, W]
with the cartesian product [U, W] x [V, W].

Proof. Define a map
T [UVV,W] = [U W] X[V, W]

by
w([fD) = ({foil [fejD

for [f] € [UV V,W]. To prove 7 is a bijection, we define
o [UW]X[V,W]—[UV VW]

by

a([gl. [h]) = [V e (g Vv h)],
where V: WV W — W is the digital folding map. We note thatif g: U - Wand h : V — W are pointed
digitally (k, k)-continuous functions, then the function

gvVh:UVV ->WVW

defined by

(g V h)(u, vo) = (g(u), wo),
(g V h)(uo, v) = (wo, h(v))
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is also a pointed digitally (k, k)-continuous function via digital homeomorphisms. Thus, we have

got(lf) =o(lfeil[fo]
=[Vo(foiV foj)]
=/

The last equality is obtained from the following facts:

Vo(foiV foj)uv) =Vo(fVf)o(iVju, v)
= Vo (fV f)((u,v0), (uo,v0))
= V(f(u/ UO)/ wO)
= f(u/ U()),

and
Vo(foiV foj)up,v) =Vo(fV )o@V j)uy,v)
= Vo (fV f)((uo,v0), (o, v))
= V(wo, f(uo,v))
= f(uO/ ZJ).
On the other hand, since
(Vo(gVvhyoi)u) =Vol(gVh)(uuv)
= V(g(u), h(vo))
= V(g(u), wo)
= g(u),
and
(Vo(gVh)oj)v) =Vol(gVh)(u,v)
= V(g(uo), h(v))
= V(wo, h(v))
= h(v),

we get
too(lgl[r]) =1(Vo(gVvml)
=([Vo(gVvh)yoil[Vo(gVhojl
= (g1, [nD).

Thus 7 is a bijection as required. [

Even though algebraic or topological devices have been incredibly developed since the 1930s (originally
H. Poincaré in the 1890s), there are no general solutions for computing the unstable (even stable) homotopy
groups of a space [25]. As previously mentioned in the introduction, it is worth noting how the cardinality
of the set of homotopy classes satisfying certain conditions could be calculated. Itis, however, difficult for us
to compute the cardinality of homotopy groups of a pointed topological space (or a pointed digital image)
except for very special cases. Indeed, only a few results have been known so far. Motivated by this, we now
calculate the cardinality of the set of digital homotopy classes based on digitally quasi comultiplications of
the digital wedge products as follows:

Let ¢ : X — X V X be a digitally quasi comultiplication of X. Then for a given digital 18-loop
w : [0,m]z — (X, x0), there exists at least one digital 18-loop w’ : [0,n]z — (X, xo) such that the composite
of ¢ o w” with the first projection or the second projection is a trivial extension of w. It raises the following
question. How many digital homotopy classes [ o '] € ©¥(X V X, x0) making ¢ : X — X V X into the
digitally quasi comultiplication are there? We are mainly interested in these digital homotopy classes [pow’]
because we can construct a digitally quasi co-H-space ((X, x¢), ¢) depending on the digital homotopy class.
So we let

HDC, ={[pow’] € nis(X V X, x0)|Tt1v2 © @ 0 @’ Or Tizvs © @ 0 @’ is a trivial extension of w}.

Then we have an answer to this query in a particular case as follows:
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Theorem 3.10. Lef @ : X — XV X bean (18, 18)-continuous function, and let fi : [0,8]z — Xand f, : [0,8]z — X
be the digital 18-loops defined by fi(i) = x} and f(i) = x? for i = 0,1,2,...,8 in the pointed digital images (X1, xo)
and (X3, xo), respectively. Let N(HDC), i = 1,2 be the cardinal number of the set HDCy,,i = 1,2 of digital homotopy
classes [p o f/],i =1,2. Then N(HDCp,) = 8 fori = 1,2.

Proof. Since X = Xiv2 =asiee) X1 V X2, by Lemma 3.9, there is a bijection of [X, X V X] with [X;, X V X] x
[X2, X Vv X], i.e., any map defined on the wedge X(~us@6) X1 V X2) can be expressed by each factor as a
kind of coordinate functions. Thus, by considering

XV X = Xivavava ®asgkei2) X1V Xz V X3 V Xy,

we now consider the composite functions ¢ o f; of f;,i = 1,2 and the (18, 18)-continuous function ¢ : X —
X V X defined by

pof
pof,
Here

(1) f{:10,16 +32n]z — X and f, : [0,16 + 32m]z — X are digital 18-loops;

(2) a, : [0,32n]z — S and by, : [0,32m]z — S are the digital 18-loops in the pointed digital image
(S,50) C Z* based at so = (0,0), i.e., [a,], [bu] € 7}(S, 50); and

(3) the composite functions are obtained, via digital homeomorphisms, as follows:

nofi *pofix (hVh)olfi, falaw o ay;and
1nofr*pofyx (hiVh)olfi, falaw o by (x)

an [fl er Jaw
(2,4)—conti (4,18)—conti

[0,32n]z Xiva =asree) X1V Xo

h1Vhy
(K(2,6),K(2,6))—conti

Xiva2 V Xava ®(k26),18) X1vavave = X V X,

and similarly for the second equation.
From the constructions above, the followings are straightforward:

(1) mva o = 1x,,;

(2) m3va 0 11 = Cy, (a constant function at xy);

(3) miv2 0 1z = ¢y, (a constant function at x);

(4) (340 12)(x}) = x7 fori=0,1,2,...,7; and

(5) (mava 0 12)(x?) = x} fori=0,1,2,...,7.
Moreover, by using the same notations of digitally continuous functions, via digital homeomorphisms,
Xiv2 =askee) X1V Xo, Xava Raskee) X3 V Xg, and Xivovava *askei2) X1 V X V X3 V Xy, we have the
following commutative diagrams:

[0, 8]z (X1 V Xy, x0)

jfl lhl th

(X1 V Xa, x0) —— (X1 V X2 V X3 V X4, X0)

and

f
[0,8]z —————— (X1 V X2, %))

sz lhthz

(X1 V X, %) ——= (X1 V X5 V X3 V X4, X0).
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Since the digital fundamental group construction induces a covariant functor, it can be seen that if F :
(A,a0) — (B, by) is a pointed digitally (k, k)-continuous function, then the map 7'(’{ (F) : T(’l‘ (A,a9) — n’lf (B, bo),
defined by 7t (F)([f]) = [F o f], where [f] € ¥(A, o) is a group homomorphism. Indeed,

m([f+gl) =I[Fo(f=g)]
=[(Fo f)*(Fog)]
=[(Fo Ol +[(Fog)]
=y ([f1) + 7 ([9])-

Thus, by applying the projection 7t1y2 on the above equation (*), we have

Tlv2 0110 f1 * Tv2 01 0 fi * Tva © (M V hp) o [f1, folaw © ax
= fi * ¢y, 0 fi * vao[t10 fi,120 frlaw o ay,

= fi * eg * [Mv2a 0110 f, va 0 12 © folaw © ay

= fi * eg * [Ix,, © fi,Cx © folaw 0 4

= fi + eg * [fi,eglaw o an

= f1 * €3 * €321,

Tva o g o f]

that is,
filx) for0<i<8;
Tiiv2 © @ o f(x) = {xo for8 <i < 16;
X0 for 16 <i < 32n.

Thus t1v2 o @ o f] is a trivial extension of f;. Indeed, the composite

L2, TUv2,
18(X, x0) —= 13 (X V X, x0) — 1}*(X, x0)

is trivial, where 5, and 715, are the induced homomorphisms induced by i, and 71y, respectively, between
digital 18-fundamental groups, X = Xjv, and X V X = Xjyavav4 with 18-adjacency and base point x
considered in Z3 via digital homeomorphisms. The constant function ez, in the above equation is derived
from the fact that the digital Whitehead product [f1, eg]aw of fi and es is also a constant function, because

[fi,eslaw =[fi *eg *ﬁ * Eg]
=[fi* Al

= [CXO]/
SO Cy, © a4, = €3y,. Similarly, we have

(1) 7tav4 0 @ o f] is a trivial extension of fi;
(2) myv2o@o fz’ is a trivial extension of f»; and
(3) mava 0 @ o f; is a trivial extension of f;.

In order to calculate the cardinality of the set of digital homotopy classes [¢ o f{] € T¥(X V X, x¢) making
¢ : X = XV X into a digitally quasi comultiplication, it suffices to check that the conditions of digitally
quasi comultiplications are satisfied only for the free generators, [f1] and [f,], of the digital fundamental
group 7113(X, xo) which is the free product of two infinite cyclic groups; that is, a free group on these two
generators. Indeed, the digital wedge product X = X, V X; (s, = 1,2,3,4) plays a role of the figure-eight
space, i.e., a bouquet of two circles (see [20, pp. 123-124]).

Let f : [0,32]z — (S, o) be a digital 4-loop in the pointed digital image (S, sp) with 4-adjacency in Z2

defined by
N |so fori=0,32;
f(l)_{si for1 <i<3l.
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Then by using the same methods as in [22, p. 345], we can see that the digital 4-fundamental group of (S, so)
becomes the infinite cyclic group generated by the digital 4-loop class [f] (see also [8]), i.e.,

m(S,s0) = <[fl> = 32Z.

We note that

(1) the identity [e] of n‘f(S, Sp) is the class of a constant function;

(2) the inverse [f]™! of the digi’Eal 4-loop class [f] in 71‘11(5, so) is the class [f] of the digital 4-loop f :
[0,32]z — (S, s0) defined by f(i) = f(32 — i) = s32-;; and

(3) the digital 4-loop class n[f] means the class of the (2, 4)-continuous function

nf= fxfx---xf :[0,32n]z — (S, 50)

—e
(n times)

defined by (nf)(i mod 32) = f(i).

Finally, we also note that the set of digitally quasi comultiplications of X(= Xjv») is nonempty and finite,
and we can identify a, with nf, and b,, with mf from 7'(‘1*(5, sp) = 327 so that the cardinal number of a set
of digital homotopy classes [¢ o f]] based on the digitally quasi comultiplication ¢ : X — X V X has the
cardinality 8o, and similarly for [¢ o f,], as required. [

We remark that the digital image (S, so) with 4-adjacency in Z? plays a role of the unit circle (S, (1,0))
in the 2-dimensional Euclidean space. Indeed, the fundamental group 111(S', (1,0)) of the unit circle S' is
isomorphic to the additive group of integers Z, but for n > 2, n1(5%,(1,0,...,0)) is the trivial group.

Let (Y, yo) be a digital image with k-adjacency in Z". Let A € Y and letr : Y — A be a digitally
(k, k)-continuous function such that #(a) = a for all a € A, i.e., the following diagram commutes:

Y 4 A
14
A,

where 14 : A — A is the identity map on A. Suchamap r: Y — A is called a digital retraction [5], and A is
said to be a digital retract of Y.

Example 3.11. Let A = X; and Y = A U {u} with the 18-adjacency relation on 73, where u = (-1,0,0) € Z3.
We define a (18, 18)-continuous functionr : Y — A by

)y fory € A;
) = {xo =(0,0,0) fory=u.

Thenr:Y — Ais a digital retraction (see Figure 4).
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Figure 4: Image of the digital retraction 7 : Y — A in the xy-plane with z = 0: The point u goes to xo = (0,0,0) under the digital
retraction 7 : Y — A, and the elements of A are the fixed points of r.

It is well known that the (digital) retraction induces an epimorphism between (digital) fundamental
groups [7], as well as many kinds of algebraic tools in algebraic topology such as higher homotopy groups,
homology groups and more generally all homology theories. This raises the basic question concerning with
a digital homotopical viewpoint: For a given digitally quasi co-H-space ((Y, yo), py) with yo € A & Y, can
we construct a digitally quasi comultiplication of A? The following answers to this question.

Theorem 3.12. Let (Y, yo), @y) be a digitally quasi co-H-space consisting of a pointed digital image (Y, yo) with
k-adjacency and a (k, k)-continuous function oy : Y = Y VY. Ifr: Y — A is a digital retraction, then (A, @4) is a
digital quasi co-H-space with a (k, k)-continuous function g4 : A — AV A as a digitally quasi comultiplication of A.

Proof. Let f : [0,m]z — (Y, yo) be any digital k-loop in (Y, yg). Since ¢y : Y — Y VY is a digitally quasi
comultiplication, there is a digital k-loop f’ : [0, 1]z — (Y, yo) such that p1 o @y o f” or pp o @y o f’ is a trivial
extension of f, wherep; : YVY — Yand p,: Y VY — Y are the first and second projections, respectively.
Thus we have the following commutative diagrams

0,1y ——~Y—">yvy or 0,0y ——v-—">yvy
p1opy P20y
pP1 P2
[0,m]z —=Y [0,m]y; — Y.

Let g : [0,m]z — A be a digital k-loop in A, and letg; : AVA — Aand g : AV A — A be the first
and second projections, respectively. Then by restricting the digital image Y to A with the k-adjacency
and by considering the hypotheses, we have the following commutative diagram (similarly, for the second
projectionsp, : YVY - Yand g, : AVA — A)

Y Ay P yvy M AvA
Ny
loactley T oA
Indeed,

(1) g1 0 (r V)Y, yo) = q1(r(y), yo) = r(y) = r o p1(Y, Yo);
2 q1o(rV1Wo,v) =q1(yo, 7(Y)) = yo = (o) = 1 o p1(yo, v);

[O/ n]Z

[0/ m]Z
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(B) g2 0 (rV1)(y, yo) = q2(r(y), Yo)) = yo = 1(yo) =1 © p2(y, Yo);

@) q20(rV 1Yo, y) = q2(yo, () = 1(y) = 7 o p2(yo, y); and

(5) the existence of a digital k-loop ¢’ : [0, n]z — A can be guaranteed because @y : Y — YV Yis a digitally
quasi comultiplication of Y with A C Y.

Since ((Y, yo), v) is a digitally quasi co-H-space, the composite p; o gy o i o g’, via the inclusioni: A = Y,
is a trivial extension of i 0 g, or p, o @y o i o g’ is a trivial extension of i o g.
We now define o4 : A = AV Aby

@a=(rVr)opyol.

Then the following diagrams are commutative:

A2 ava—" A and A2 AavAa—" A
I: r\/r[ r[ \[: r\/r] r[
Yy yvy 2oy Yy yvy—2oy

Moreover, we have
fiopacyg =qo(rvrogpycioy
=ropjopyociog.
Since p; o @y oio g’ is a trivial extension of i 0 g, we can see that q; o p4 0 ¢’ is a trivial extension of g(= roiog)

which shows that ¢4 : A = AV A is a digitally quasi comultiplication of A. Similarly for the projections
p2:YVY —>Yandg,: AVA — A, asrequired. [

Example 3.13. Let ¢ : X — X V X be a digitally quasi comultiplication of X = X;, and let7: X — X; bea
digital retraction (see Figure 5) defined by

xt fors=0,1,...,7and t = 1;
) =1
xo =(0,0,0) fors=0,1,...,7and t = 2.

Then px, = (rVr)opoi:X; — X; V X; becomes a digitally quasi comultiplication of X;, wherei : X; — X
is the inclusion.

1 1 <

2 3 y

Figure 5: Image of the digital retraction r : X — X;: The points x?, §=0,1,2,...,7 gotoxp = (0,0,0), and the points xg,s =0,1,2,...,7
have remained fixed under the digital retraction 7 : X — Xj.
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4. Summary and further work

By using the basic properties of digital images and the digital Whitehead products, we have constructed
the fundamental concepts of digitally quasi co-H-spaces and developed a method of calculating the cardinal
number of digital homotopy classes based on the digitally quasi comultiplications of the digital wedge
products of pointed digital images as a particular case. We have also introduced a new method for
constructing a digitally quasi co-H-space as a digital retract of a given digitally quasi co-H-space.

As a further work and a subsequent paper, using the singular (or simplicial) homology in algebraic
topology, we can consider a matter in all its aspects of the corresponding digital versions of homology
theory and (rational) homotopy theory from the computer science theoretical and digital topological points
of view.

List of Notations

We finally present some of the basic notations used in this paper as follows:

Fors,t =1,2,3,4 with s # t, we denote X,y by the digital image X; U X; with 18-adjacency and base
point xp in 72 which is (18,k(2, 6))-homeomorphic to X, V X;, and similarly denote Xjv2vav4 by the
digital image X; U X, U X3 U X4 with 18-adjacency and base point x; in Z* (see Example 3.2).

Tlevt © X1vavava — Xsvt is the projection to the (s, t)th factor among digital wedge products for s, t =
1,2,3,4.

hy : X1 — Xiv2 is the (18, 18)-continuous function defined by hi(x}) = x] fori =0,1,2,...,7.

hy : X5 — Xayy is the (18, 18)-continuous function defined by hy(x?) = x} fori = 0,1,2,...,7.

11 @ Xiva = Xivavava is the (18, 18)-continuous function defined by Ll(x{) = x{ fori =0,1,...,7 and
i=1,2.

1+ X1v2 = Xivavava is the (18, 18)-continuous function defined by Lg(xf) = x{+2 fori=0,1,...,7 and
ji=1,2.

e, : [0,n]z — Xjv2 is a constant function at xy = (0,0, 0).

Since Xovt ®agkee) Xs V X; fors,t =1,2,3,4, we denote any one of them by X as the digital image with
18—adjacency and base point Xp in Z3. Since X1vXovXivX, R (k(2,12),k(2,12)) X1vXovX3 VX, ~(k(2,12),18)
Xivavava, we denote any one of them by X Vv X as the digital image with 18-adjacency and base point
Xo in Z3.

More generally, the digital wedge product Y V Y denotes the pointed digital image (Y7 U Y>, 7o) with
k(u, n)-adjacency in Z". Here, as previously mentioned, Y1 = gu,mkun) ¥ wwmkwun) Y2, Y1 N Y isa
single point set {{jo}, and any element of Y7 — {#jo} is not a k(u, n)-neighbor of any element of Y, — {7o}.

Ny means the aleph-naught; that is, the cardinality of the set of all natural numbers.
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