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Abstract. In the present paper, we prove the convolutions of generalized harmonic right half-plane
mappings with harmonic vertical strip mappings are univalent and convex in the horizontal direction.
Moreover, some examples of harmonic univalent mappings convex in the horizontal direction are also
constructed to illuminate the main results.

1. Introduction

Let H denote the class of all complex-valued harmonic mappings f = h + g in the open unit disk

U = {z € C: |z| < 1} normalized by f(0) = 0 = f,(0) — 1, where & and g are analytic in U and have the
following power series representation

h(z) =z + Z a,z" and g(z) = Z b,z".
n=2 n=1

A function f € H is locally univalent and sense-preserving in U if and only if the dilatation function
defined by w(z) = ¢'(z)/1(z), satisfies |w(z)| < 1 for all z € U. Denote by Sy the class of all sense-preserving
harmonic univalent mappings f = h+7 € H and by S, the subclass of mappings f € Sy such that fz(0) = 0.
Further, denote by Ky (respectively k7)) the subclass of Sy (respectively SY,) mapping the unit disk U onto
convex domain.

A domain Q C C is said to be convex in the direction y,0 < y < 7, if every line parallel to the line joining
0 and e” has a connected intersection with Q. In particular, if y = 0, we say that Q is convex in horizontal
direction (CHD). The basic theorem of Clunie and Sheil-Small [4] is as follows.
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Theorem A. Let f = h + g be harmonic and locally univalent in the unit disk U. Then f is univalent and its range
is CHD if and only if h — g has the same properties.

For two harmonic mappings

and

define the harmonic convolution as

00

frF=h+H+g+G=2+) a,Au2"+) DbiBZ"
n=1

n=2

The properties of the harmonic convolutions is not as nice as that of the analytic convolutions. For
example, unlike the case of analytic mappings, convolution of two convex harmonic mappings is not
necessarily a convex harmonic mappings. But still convolutions of harmonic mappings exhibit some
fascinating properties. In the recent years, there has been a considerable interest in the study of planar
harmonic convolutions. See, for example [3, 6, 7, 10, 11, 13, 14, 18, 19, 22, 23]. In [1, 5] and [9], explicit
descriptions are given for half-plane mappings and strip mappings. If f = h +7 € S% maps U onto the
right half-plane R = {w : Re(w) > —1/2}, they must satisfy the following condition

hz) + g(z) = ﬁ (z e U).

Let fo = ho + go be the canonical right half-plane mapping with the dilatation wy = g{,/h; = —z, then

A _z—%z2 q ~ -1z
-z T T a2

A more general class of harmonic univalent mappings, L. = H, + G, was introduced by Muir [20]:

Le(2) = He(2) + Ge(2)

1 z cz 1 z cz )
B 1+c[1—z+(1—z)2}+1+c[1—z_(1—z)z]' (zeUic>0).
Clearly, L1(z) = fo(z), where fy = hy + go with
1.2 1.0
_ Z_EZ _ _EZ
=T o= T

It has been proved in [20] that L.(z) map the unit disk U onto the generalized right half-plane, GR = {w :
Re(w) > —1/(1 + c)} for each ¢ > 0. Then if F is analytic in U and F(0) = 0, we have

H.(z) *F(z) = %ﬂ [F(z) + czF'(2)],

Gele) F(2) = 1 [F(2) ~ czF (2]

(2)

As in the analytic case, results on convolution are useful in deriving properties of sections of harmonic
univalent mappings as demonstrated in the recent papers by Li and Ponnusamy [15-17] and also by Boyd
and Dorff [2] in which one can find new problems on harmonic convolution.
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Let f, = hy + g, be the subclass of harmonic mappings obtained by shearing of analytic vertical strip
mapping

1 + ze@
— 0, -
2isin« & 1+ ze @

ha@) + 94(2) = ) (5 <a<m). ©)

In recent years, Dorff [6] and Dorff et al. [7] obtained the following results, respectively.

Theorem B. Let fy = hy +g1 € K}, be a right half-plane mapping and f,, = ho +ga € K, be a vertical strip mapping
given by (3). If fi * fu is locally univalent and sense-preserving, then fi + f, € SY, and is convex in the horizonal
direction.

Theorem C. Let f, = hy + ga € K} be given by (3) with the dilatation w = gl,/h, = ¢°2". If n = 1,2, then
fo* fo € S, and is convex in the horizontal direction.

In this paper, we aim at proving the following results.

Theorem 1.1. Let L, = H.+G, € K be a mapping given by (1) and fo = hy +ga € K3, be a harmonic vertical strip
mapping obtained from (3) with a € [5, 1) and dilatation w(z) = ¢92,(0 € R). Then L+ f, € S?J and is convex in
the horizontal direction for 0 < c < 2.

Theorem 1.2. Let L. = H, + G, € K, be a mapping given by (1) and frj2 = hrj2 + Gry2 be a harmonic vertical strip
mapping obtained from (3) with a = n/2 and dilatation w(z) = g;{/z/h;/z = ¢%2",(0 € R,n € N). Then L * fn)» is
univalent and convex in the horizontal direction for 0 < ¢ < 2.

Kumar et al. [10] defined the harmonic mappings in the right half-plane F, = H, + G, given by H,(z) +
Gu(z) = z/(1 — z) with dilatation w, = (4 —z)/(1 —az),a € (-1, 1). Then a calculation have the following form

- 12 2= 12
Ha(Z) = W and Gu(Z) = W (4)

In [11], Kumar et al. proved the following result.

Theorem D. Let F, be given by (4) and frj2 = hn2 + grj2 be the map obtained from (3) with a = 7t/2 and dilatation

w(z) = g, /1., = 92", (0 € R,n € N). Then Fo+ frj2 € Sy and convex in the horizontal direction for '=5 < a < 1.

In [11], it is proved that F, * fr2 € S?{ and is convex in the horizontal direction by using Cohn’s Rule and
Schur-Cohn’s algorithm [21]. Unfortunately, the calculation is very complicated and needs to be simplified
in some ways. In the present paper, we use Cohn’s Rule and combine with the inductive method to prove it,
which greatly simplifies the process of calculation.

2. Preliminaries
The following lemmas will be required in the proof of our main results.

Lemma 2.1. Let L. = H, + G, € K, be a mapping given by (1) and f, = ha + g4 € K}, be a harmonic vertical strip
mapping defined by (3) with dilatation w = g,/ f,. Then the dilatation of L. + f, is given by

[(1+0)z% +2zcosa + (1 - c)]w(l + w) — cz(z> + 2zcosa + 1)’
[(1+c)+2zcosa + (1 —c)z2](1 + w) — cz(z% + 2zcosa + 1w’

=

(5)
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Proof. Since

Wy oL o 1+ ze®
“ 9= Sisina 8\1+ zeia
and g/, = wh,,, we can solve for h/, and /, in terms of z and w.
W, = !
T 1+ w)d + zei@)(1 + ze—ia)’
@' (1 +2zcosa +z%) +2(1 + w)(cos a + z))
(1 + w)?(1 + ze@)?(1 + ze~'*)?

" o_
K, =

Then from (2), we obtain

_ (Ge* ga) _ (ga - ng:x),
(He*ha) (ha + czhyy)
_(-0g,—czg,] (1-cwhy, - cz(w'hy, + why)
T (A + o, +czht (1 + o), + czh”
[(1+0)z% +2zcosa + (1 — c)]w(l + w) — cz(z> + 2zcosa + 1)’

 [A+c)+2zcosa+ (1 —0)22](1 + w) — cz(z2 +2zcosa + 1w’

S

This completes the proof. [
By using a similar argument as in the proof of Theorem 7 in [6], we can derive the following result.

Lemma 2.2. Let L. be given by (1) and f, = ha + ga € K}, be given by (3). If L * fy is locally univalent and
sense-preserving, then L. + f, € S% and is convex in the horizontal direction.

Lemma 2.3. ([21, Cohn’s Rule]) Given a polynomial

1

p(2) = po(2) = anpz" + ap-102" + - +a10z+a00 (ano # 0)

of degree n, let
p'(2) = py(2) = 2"p(1/2) = Gpp + ay_10z + - + ﬂz”’l + agz".
Denote by r and s the number of zeros of p(z) inside the unit circle and on it, respectively. If |ago| < |anol, then

i) = ZPE D ©

z

is of degree n — 1 with ry = r — 1 and s; = s the number of zeros of p1(z) inside the unit circle and on it, respectively.

Lemma 2.4. ([11, Lemma 2.3]) Let fu = ha + ga € K} be a vertical strip mapping defined by (3) with dilatation
w = g¢,,/l, and F, = H, + G, be a mapping in the right half-plane defined by (4). Then «*, the dilatation of F, + f, is
given by

_ 2[a+ @+ 1)zcosa + 22wl + w) — (1 —a)(1 + 2z cos o + z%)zw’
C2[1+ @+ 1Dzcosa+az2](1+w) — (1 —a)(1 +2zcosa + z2)zw’

*

(7)

3. Proof of Theorems

In this section, we give proofs of our main results.

Proof of Theorem 1.1. By Lemma 2.2 and by Lewy’s Theorem, we just need to show that |o| < 1,Vz € U.
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Substituting @ = €z in (5) yields
2 0 5, (1=0(+2ecosa) _ pe-1 i
P ety (ks 3
1+ 2colsf:e"ez + (1—0)(1;’%:'0 cosa) p %81923
_ Zezie@ 8)
q(2)
_ 20 (z+A)z+B)(z+C)
(1 +Az)(1 + Bz)(1 + Cz)’
where , )
p) =2+ (2cosa + e”g)ZZ (1-o)(1+2e"cosa)  (2c~ 1)3‘“"
1+c¢c 1+c
and " »
—_— 2 +é 1-0)(1+2¢ 2c—1) .
4z =2p(1/2) =1+ ( Colsic ), 1= : +Ce cosa) »_2¢=1) o3
We apply Cohn’s Rule to p(z), note that |ago| = | - %e"‘gl = |%| <1 =|azp| for 0 < ¢ < 2, thus we have
a3,0p(z) — ao,0q(2)
pl(z) = %
_3c2-0) [,  2(Qcosa+ e’i@)Z . 1+2ecosa
T (1+¢)? 3 3
3c(2—¢)
= mﬂl(z),

212 +e7i0 —i6 . i
where q1(z) = 22 + ( B )y 4 132 7<%4 Since |12cosa] < 1 4 2| cosa| < 1 (note that a # 7), then we

use Cohn’s Rule on 41(z) again, we get

2 ) ) .
pa(z) = 5 [(4 —2cos?a —2cosacos0)z + (2cosa — 4e” cos® a — ¢ + 3e_’9)] .

Clearly p»(z) has one zero at

2cosa —4e7 cos? a — eif + 3e70  cosa—e 0
Zy = =

cos?a — 1e® +

We show that |zo| < 1, or equivalently,

2

. 1. 3 .
‘E cosa —e 9 cos?a — Ze'e + Ze‘le < >
Then
1 1 2 n , 1, 3
‘1 - Ecosza - Ecosacos@ - ‘E cosa —e 0 cos®a — Zele + Ze

1 1 1
= (—cos4a+ —cos B cos®a —cos®a + - cos? O cos’>a —cosOcosa + 1

4 2 4

7 1 3
—(cos4a—c059cos3a— ~ cos® a + cos® O cos® a + = cos O cosa — Zc0529+1

4 2

= ~1 cos4a+§ cos@cos"’oﬁr;l cos%z—% cos’ QCOSZa—g cosBcosa + éCos2 0

= —L%(cos2 a —1)(cos @ — cos 0)% > 0.

4 —2cos?a —2cosacosO 1—%cos2a—icosacose

1
1— =cos’a — = cosacos O

—i0
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If ¢ = 2, then by (8), we have

—i0 142 —i6 s
21'923 + 2cosg+e ZZ _ (+2e . cosa)z —e i0
w=ze i0 (142619 cos a) i
1+ 2cosga+e 7 — 3 ZZ _ 61923
= —z¢'.

Hence, |o(z)| < 1.

Therefore, by Cohn’s Rule, p(z) has all its three zeros in U, thatis A,B,C € U and so |o(z)| < 1 for all
z € U. The proof is now completed. O

If we take @ = /2 in (3), we prove that L. * fr/» € S% and is convex in the horizontal direction for
0<c<2/nand foralln € N.
Proof of Theorem 1.2. By Lemma 2.2, it suffices to show that the dilatation of L. * fr satisfies |w;] < 1 for
all z € U. Substituting a = 1t/2 into the equation (5), we have

— _[a+ )z + (1 = 0)]w( + w) — cz(z> + Vo’

9
A0+ (1-02]0+ ) — 22 + Do ®)
Setting w = ¢'%2" in (9), we get
2 1 1+(1-n)c _9 2 1-(1+n)c __ip
5282i6nn++1+gz+ 1+c Yz7 + 1+cel
! 1+ Lez2 o O o | 10 g 2 10
= Ri0n r)
)’
where
1-c¢ 1+ -n) 1-(1+n) _
n+2 n 10,2 i0
= + + — 11
pi) =2 l+cZ 1+c ¢z 1+¢c ¢ (1)
and

1-c¢c, 1+(1—”)Ceis n+1_(1+n)ceiezn+2_

T ey
P =z p(l/z)—1+1+c 1+¢ l+¢

Firstly, we will show that |w1| < 1 for ¢ = 2/n. In this case, substituting ¢ = 2/ into the equation (10),
yields

1-2 1+(1-m)2 _ 1-(1+n)2
Zn+2+ 7 4 ( ) 1922 + ( z)ne i0
a,.),l _ 6216271 1+n 1+n 1+2
1_4_1 2 2+M i0 n+Mezﬁzn+2
71 YI
n+2 n=2 2 _ n=2,-i0.2 _ ,—i0
_ 2o’ T T umf F e
1+ n+222 n;éeiﬂzn — plOzn+2
— _elﬁzn

Hence, |w1] < 1.
Next, we will show that |w1| < 1 for 0 < ¢ < 2/n. Obviously, if zy is a zero of p(z), then 1/z; is a zero of
p*(z). Then we can write
~ _ 2o @A)+ Ag) -z + And)
(1 +Arz2)(1 + Agz) - (1 + Auia2)
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By Cohn’s Rule, we need to show that all the zeros of (11) lie in U={zeC:|z] <1} for0 < c < 2/n. Since

1-1Q+n)c 1-(1+n)
= | = |l = 1
lao,ol = | Trc ¢ = 1o | <lan+2,0
for 0 < ¢ < 2/n, we have
An+2,0p(2) — ao0p™(2)
pi(z) = S0P

(n+2)(2 —nc)cz ( " no 2 _1-9)

="+ — + — )
(1+c)? T nt2’

Since 0 < ¢ < 2/n, we have (n +2)(2 — nc)c/(1 +c)> > 0. Let

_ 2
n2+ 619

" n
qi(z) =2" + —— z

+2 n+2
since
lao,| = |n n Ze_iel <1=layal,
by using (6) on 41(z) again, we obtain
) = n,191(2) — a0, (2)
p2(z) = Z
B nn+4)z ( wep M+ ZZ,Z,4 : 2 —i@)
T (n+2)?2 n+4 n+4 ’
Let g2(z) = 2" + 1224 — 20710 Then |ag| = |-27¢7| < 1 = |a,-2,| and we have
pa(2) = n—2202(2) — 0,24, (2)
1(z) =
z
_ n+2)(n+6)z (z"‘4 L +4 .4 2 e‘ie)
(n+ 4)2 n+6 n+6 '

By means of the mathematical induction, we claim that

n+ 2k n+ 2k

() = [n + 2(k — 2)](n + 2k)z (Zn—z(k—l) N n+2(k-— 1)2"_2k . 2(-1)1 _

i0
[+ 20— 1P

If we take n = 2k, then

_ 4k(4k -4z [, 2k—1+ (-1)Fle 0
P =~k oy ( - 2%

k(- 1)z 2 2k — 1 — ¢ikm=0)

-~ (2k-1)2 2k ’

(12)

Obviously, |Z=15¢"2| < 1, s0 the two zeros of 22 + #=12¢"2 Jje in U. Then by Cohn’s Rule, we know that

all zeros of (11) lie in U.
If we take n = 2k + 1, then

h+1° dk+1

(4k - 3)(4k + 1)z 4k -1  2¢ikn=0)
Pr(z) = W( § ° )
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i(kri—0) i(kr—0)
k=1, _ 2 | <1 = laskl, by using Cohn’s Rule again, we have

Let qi(z) = 2° + $51z — 2. Then lagx| = |%77

a3k (z) — ao ;. (2)
Pk+1(z) = - £

_ (4k+3)(4k-1) [, 2ei<kﬂ—9)z L1
4k +1)2 4k+3 " 4k+3)°

2¢in=0) 4k+1 4k+1
Let gi41(2) = 22 + T3 2 1 1 then |ag| = 355 <1 = lazk4| and we have

a2k+19k+1(2) — Ao k145, ,(2)

Pk+2(z) = 2
_ 8k +1) (. (4 +3)e ™9 — (4k + 1)e” k-0
© (4k+3)? 40k + 1) :
Then zg = — (4k+3)ei(knf(>2;$f; D 45 a zero of Pr+2(z), and

(4k+3)+ (4k+1) _

- (4k + 3)ekm=0) _ (4k + 1)e~itk=0)
a - 402k + 1)

42k +1)

So z lies inside or on the unit disk |z| = 1, by Cohn'’s Rule, we know that all zeros of (11) lie in U. The proof
is completed. ]

Proof of Theorem D. By Theorem B, it suffices to show that the dilatation of F, * f satisfies |w1| < 1 for all
z € U. Substituting a = ©/2 in (7), we derive

2(a+ 22wl + w) — (1 —a)(1 + 2%)z0’

= 13
o1+ a2)1+0) - (1—a)1 + 22)20" (13
Setting w = ¢/%z" into eq. (13), yield
o = 2w(1 + w)(a + z2) — zw'(1 — a)(1 + z2)
'T 21+ a1+ w) -z’ (1 —a)(1 + 22)
2 gy Z—n(l—u)e—iezz + 2a—n(1-a) o0
— eZzb’Zn > 2 (14)
1 +az2 + Mezezn + weieznu
216211 p(Z)
r@@)’
where
2-n(l1- ; 2a-n(1- ,
p() = 2" +az" + —n(2 0) pmiv 2, 22~ 11~ ) nz( ) o (15)
and
— 2-n(l-a) », 2a-nl-a) .
p'(z) = 2"?p(1/2) = 1 +az® + —n(2 ) g0y ¢ L0 n2( ) e'92"2,
Now, consider the case in which a = %2 Then eq. (14) yields
2 2 ,-i6.2 _ -if
w1=eziez” " +2n+zz 2mze’z‘ e
1+ Z+222 n— zelﬁzn — plOzn+2
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Hence |w1] < 1.

Next, consider the case in which % <a < 1. Note that p*(z) = z”*zp(l/E), if zy is a zero of p(z), then 1/z
is a zero of p*(z). Hence

— Ri0yn (z+A)(Ez+ Ay - (z+An)

w1 — — —.
1+A12) 1+ Axz)--- (1 + Ayi22)
By Lemma 2.3, it suffices to show that all zeros of (15) lie inside or on the closed unit disk. Since

la — @l = lagol < lans20l = 1 for =2 < a < 1, using Cohn’s Rule, we have

pi(2) = ﬂn+2,oP(Z)Z— ao,p*(z)

_(M-an+2)[2+na—-n-2)]z(_, no,_ 2
- i )

Since 22 < a < 1, we have }(1 - a)(n + 2)[(2 + n)a — (n — 2)] > 0. Let

n 2 ;

n n-2 —i0
z)=2z"+ Z'+ e,

() n+2 n+2

we can use Cohn’s Rule on g1(z) again, then the same as proof of Lemma 1.2 eq. (12), we know that all zeros
of q1(z) lie in the closed unit disk. By Cohn’s Rule, p(z) has all its n + 2 zeros in the closed unit disk, and so
lwil <1forallze U. 0O

4. Some Examples

In this section, three examples are provided to illustrate the obtained results.

Example 4.1. In Theorem 1.1, if we take c = 2, then by (1), we have

Ly(z) = Hy + G2
_1 z N 2z +1 z 2z
T3|1-z (1-2?| 3[1-z (1-2?
“R 2 z 1 4 z
- e{ém}“m 30-22/

Let fi = hy + g1, where hy + g1 = 53— log(

1+ze®
T+ze @

) with wy = g} /W, = zand a = . By shearing we get

1

W +4g = — —, and
1T (1+ze3)(1 +ze~3)
1 1 i 1+ze7!
I = = log(l+2) — = log(l —z +2%) — lo ( )
T3 68 23 P\14ze 3
1 1 i 1+ze3
= —=log(l +2z) + = log(1 —z + z%) — lo ( n‘).
=738 68 23 o\ T4z 5
Hence
1 1+ze3! 2 1
—Re{—log[— 2 N 4 itm{Z10g(1 +2) - = log(1 - 2}.
fi e{\/gi og(1+ze_23ni)}+zm{3 og(l+2z) 3og( z+2z%)
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By (2), we have
Lo+ fi=Hy*h +Gyr gy

= % [h1 + Zzhi] + %[gl - ZZgi]

2n 4 _
lee{LIOg(Hze;)Jr 2z(1 - 2) }

3 V3i 1+ze 5] (1-z+28)(1+2)
i 2 1 2 2z
+§Im{§log(1+z)—glog(l—z+z )+ 1—z+22}'

By Theorem 1.1, we know that Ly * fi is univalent and convex in the horizontal direction. The image of U under
Ly, f1 and Ly = fi are shown in Figure 1, Figure 2 and Figure 3, respectively.

'l

a

/

Vigamam

\{“‘"

A

Figure 1: Image of L, (z). Figure 2: Image of f1(z).

NN

)

=

N
ey
S

. .
\os 10

d
o
?/

i
s

!

Figure 3: Image of Ly(z) * f1(2).

Example 4.2. Let c = 2/3 in Theorem 1.2. Then by (2), we have

Lo3(z) = Hoyz + Gaypz
3| z 2z 3 z 2 z
== + = + = -=
5[1—2 3(1—2)2] 5[1—2 3(1—2)2]

6 z . 4 z
- e{EE}”Im{ga—z)z}'
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Let f, = hy + 73 be the harmonic mapping with w; = g} /h}, = —z°, where hy + g2 = 5; log (%i) By shearing, we
get

i iy 11 ) 1 ,
hy = 410g(1_iz) “log(1—2) - g log(1+2) + 5 log(1 +2 +2),
i iy 11 , 1 ,
g2 = 41og(1_iz)+6log(1 z)+4log(1+z) 3log(1+z+z).
Then
_ l 1+iZ . _1 _ _1 2 g 2}
fz—Re{Zilog(l_iZ)}+zIm{ S log(1—2) - S log(1 + ) + S log(1 +2 + 7).
By (2), we derive

Loz * fo = Hyz # ho + Goyz * g2
31, 2.1 31 2
= 5[+ 5]+ 5|2 5]

—§R ll (1+iz)+g z(1 +23)
592 B\1-z) T30 -2)

i -Lioe1 -1 2 4 2 2y, 2 % }
+51m{ 3log(l z) 2log(1+z)+310g(1+z+z)+31+ZZ.

In view of Theorem 1.2, we know that Lys + f» is univalent and convex in the horizontal direction. The image of
WU under Ly3, fo and Loz * f, are shown in Figure 4, Figure 5 and Figure 6, respectively.

Figure 4: Image of Ly/3(2). Figure 5: Image of f(z).
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Figure 6: Image of Ly/3 * f2(2).

Example 4.3. Let ¢ = 1/2. Then by (2), we have

Liyp(z) = Hipp + Gip2
21 z 1 z 2l z 1 z
=z + = += -
3|1=z " 20-22| 3|12z 20-22

4 z . 2 z
=Re{ém}+llm{§m}-

1426l

Let f3 =hs + %, where h3 + g3 = 21slan log(

)with w3 = g4/hy = —z* and o = 3. We get

1+ze~i
Wt = 1 B 1
37 0 (1+zeF)(1+ze ) 1- V2z+22
and then
1 1+ze%! ) 2+ «/_ 2- 12 V2
hs = lo - og(l—z)+ log(1 + z) + — log(1 + z2),
T i g(1+zeu TR 5 %
1 1+ze%! ) 2+ x/’ «/’ V2
= lo — |+ og(l-z)— ———1o (1+z)——lo (1 +2%).
7 22i g(l +ze 4! 8 8
So
fa=hs+9gs
—Re{ (HL;)}+iIm{—2+ \/E (1—z)+ \/—log(1+z)+£log(l+zz)}
\/_z 14 ze™s? 4
By (2), we have

Lip*fs=Hip*rhs+Gip*gs

21 1.1 21 1
=5+ 5]+ 5 |- 3701)
i 4
:gRe{ o (1+ze43n‘)+1 z(1 +z%) }
\2i 1+ze 3] 21 -2z4)1- V2z+22)

2i 2+ 2 2- 12
3I { 1 log(1—2z)+ 1

1o (1+z)+£log(1+zz)+1

\/_z+z2}

1854
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The image of U under L1y, f3 and Ly, * f3 are shown in Figure 7, Figure 8 and Figure 9, respectively. As seen in
Figure 9, L1/ * f3 is univalent and convex in the horizontal direction.

Figure 7: Image of Ly 2(z).

Figure 9: Image of Ly 5 * f3(2).

Combining Theorem 1.1, Theorem 1.2 and Example 4.3, we propose the following problem.

Problem 4.4. Let L. = H. + G, € KY be a mapping given by (1). If fo = hy + o € K with hy + go =
a— log(lljzzj_lfa)(g <a < n)and w(z) = g,/h, = €92"(0 € R,n € N). Then L. = f, € S}, and is convex in the
horizontal direction for 0 < ¢ < 2.

Acknowledgments

The authors are grateful to the editor Prof. M. Mateljevi¢ and referees for their valuable comments and
suggestions which essentially improved the quality of this paper.

References

[1] Y. Abu-Muhanna and G. Schober, Harmonic mappings onto convex domains, Can. J. Math. 39 (1987) 1489-1530.

[2] Z. Boyd and M. Dorff, Harmonic Harmonic univalent mappings and minimal graphs; Chapter 2 in Current Topics in Pure and
Computational Complex Analysis (2014) 21-46. (Eds. S. Joshi, M. Dorff, I. Lahri), Trends in Mathematics, Birkauser.

[3] Z. Boyd, M. Dorff, M. Nowak, M. Romney and M. Wotoszkiewicz, Univalency of convolutions of harmonic mappings, Appl.
Math. Comput. 234 (2014) 326-332.



[4]
[5]

[6]
[7]

(8]
[9]
[10]
[11]

[12]
[13]

[14]
[15]
[16]
[17]

[18]
[19]

[20]
[21]

[22]

[23]

Z.Liu et al. / Filomat 31:7 (2017), 1843-1856 1856

J. Clunie and T. Sheil-Small, Harmonic univalent functions, Ann. Acad. Sci. Fenn. Ser. A.I. Math. 9 (1984) 3-25.

M. Dorff, Harmonic mappings onto asymmetric vertical strips, in Computational Methods and Function Theory 1997, (N.
Papamichael, St. Ruscheweyh and E. B. Staff. eds.), 171-175, World Sci. Publishing, River Edge, NJ, 1999.

M. Dorff, Convolutions of planar harmonic convex mappins, Comp. Var. Theory Appl. 45 (2001) 263-271.

M. Dorff, M. Nowak and M. Woloszkiewicz, Convolutions of harmonic convex mappins, Complex Var. Elliptic Equ. 57 (2012)
489-503.

P. Duren, Harmonic mappings in the Plane, Cambridge Univ. Press, 2004.

W. Hengartner and G. Schober, Univalent harmonic functions, Trans. Amer. Math. Soc. 299 (1987) 1-31.

R. Kumar, S. Gupta, S. Singh and M. Dorff, An application of Cohn’s rule to convolutions of univalent harmonic mappings,
http://arxiv.org/abs/1306.5375, arXiv:1306.5375.

R. Kumar, S. Gupta, S. Singh and M. Dorff, On harmonic convolutions involving a vertical strip mapping, Bull. Korean Math.
Soc. 52 (2015) 105-123.

H. Lewy, On the nonvanishing of the Jacobian in certain one-to-one mappings, Bull. Amer. Math. Soc. 42 (1936) 689-692.

L. Li and S. Ponnusamy, Solution to an open problem on convolutions of harmonic mappings, Complex Var. Elliptic Equ. 58
(2013) 1647-1653.

L. Li and S. Ponnusamy, Convolutions of slanted half-plane harmonic mappings, Analysis (Munich). 33 (2013) 159-176.

L. Li and S. Ponnusamy, Injectivity of sections of univalent harmonic mappings, Nonlinear Anal. 89 (2013) 276-283.

L. Li and S. Ponnusamy, Disk of convexity of sections of univalent harmonic functions, J. Math. Anal. and Appl. 408 (2013)
589-596.

L. Li and S. Ponnusamy, Convolutions of harmonic mappings convex in one direction, Complex Anal. Oper. Theory 9 (2015)
183-199.

Z.Liu and Y. Li, The properties of a new subclass of harmonic univalent mappings. Abstr. Appl. Anal. 2013, Article ID 794108.
S. Nagpal and V. Ravichandran, Convolution properties of the harmonic Koebe function and its connection with 2-starlike
mappings, Complex Var. Elliptic Equ. 60 (2015) 191-210.

S. Muir, Weak subordination for convex univalent harmonic functions, J. Math. Anal. Appl. 348 (2008) 689-692.

Q. I. Rahman and G. Schmeisser, Analytic theory of polynomials, London Mathematical Society Monographs. New Series, Vol.
26, Oxford University Press, Oxford, 2002.

Z. Wang, Z. Liu and Y. Li, On convolutions of harmonic univalent mappings convex in the direction of real axis, . Appl. Anal.
Comput. 6 (2016) 145-155.

Z. Wang, L. Shi and Y. Jiang, Construction of harmonic univalent mappings convex in one direction, Sci. Sin. Math. 44 (2014)
139-150.



