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Abstract. Recently, Cui and Lu have introduced the constant H,(X) (p € R) of a Banach space X by using
Holder’s means. In this paper, we determine and estimate the new constant under the absolute normalized
norms on R? by means of their corresponding continuous convex functions on [0, 1]. Furthermore, the exact
values of the constant are calculated in some concrete Banach spaces. In particular, we calculate the precise
values of the constants A,(X) and T(X) and the Gao constant E(X) in these concrete spaces.

1. Introduction

There are many geometric constants defined on Banach spaces which play an important role in the
description of various geometric structures of Banach spaces, and have been investigated in many papers.
In particular, many authors have calculated and estimated constants for Banach spaces. It has been shown
that these constants are very useful in geometric theory of Banach spaces, which enable us to classify several
important concepts of Banach spaces, such as uniformly non-squareness and uniform normal structure. On
the other hand, calculation of the constant for some concrete spaces attracted the interest of several authors,
and many papers on this topic have appeared.

Recently, geometrical properties of absolute normalized norms have been studied by many authors.
In [18] Saito, Kato and Takahashi calculated and estimated the von Neumann-Jordan constant of C? with
absolute normalized norms. The results obtained in [18] also hold on R?. In [14] Mitani and Saito computed
the James constant for absolute normalized norms on R?. For further works and results concerning
geometrical constants of R? or C? equipped with an absolute normalized norm, the reader can see, e.g.,
[8, 16,17, 24].

By using Holder’s means, the constant H,(X) of a Banach space X was introduced by Cui and Lu
recently. The main purpose of this paper is to determine the new constant H,(X) under the absolute
normalized norms on IR?. Thereafter, as an application, we calculate the exact values of this new constant
in some concrete Banach spaces. In particular, the precise values Baronti-Casini-Papini’s constant A,(X),
Alonso-Llorens-Fuster’s constant T(X) and Gao’s constant E(X) are calculated in these concrete spaces.

2010 Mathematics Subject Classification. Primary 46B20; Secondary 46B25

Keywords. absolute normalized norm, convex function, Holder’s mean, Gao constant, Lorentz sequence space, Cesaro sequence
space

Received: 10 April 2015; Accepted: 02 September 2015

Communicated by Dragan S. Djordjevié¢

Email address: dinarvand_mina@yahoo.com (Mina Dinarvand)



M. Dinarvand / Filomat 31:6 (2017), 1583-1593 1584
2. Preliminaries

We commence by reviewing some notations and basic concepts which are needed in the sequel.

Throughout this paper we assume that X stands for a real nontrivial Banach space, that is, dim(X) > 2.
We denote the unit sphere and the closed unit ball of a Banach space X by Sx and By, respectively.

It can be recalled that the modulus of convexity of a Banach space X is defined for ¢ € [0,2] as

5x(¢) = inf{l _ JZ“ i

%y e Sy, -yl = e
The function 0x(¢) is continuous on [0, 2), increasing on [0, 2], and strictly increasing on [e((X), 2], where
€o(X) = sup{e € [0,2] : Ox(e) = 0} is the so-called characteristic (or coefficient) of convexity of X.

The James constant of X was defined by Gao and Lau [11] as

J(X) = sup{min (llx + yll, llx - y||) P X, Y€ SX}.

We recall that Holder’s means (also called power means) between two positive numbers a and b are
defined by
a’ +bP

M,(a,b) = ( ) for p #0,

Mo(a, b) = lim M, (a,b) = Vab.
p—)

In particular, the arithmetic mean A := M; and the geometric mean G := M, are well known. We should
note that Holders means are symmetric and positively homogeneous, that is,

M,(a,b) = M,(b,a) and  M,(ta,tb) = tMy(a,b)  t>0.

For two real numbers p < g,
min(a, b) < M,(a, b) < M,(a, b) < max(a,b),

where “ = ” holds only for the case a = b.
In a recent paper [6], Cui and Lu have introduced the constant

H,(X) = sup {My(llx + yll, Ix = yll) = x,y € Sx},

for a real number p, by considering Holder’s means of [|x + y|| and [|x — y||. It is obvious that the constant
Hy(X) include some known constants, such as Baronti-Casini-Papini’s constant A»(X) (see [2]), Alonso-
Llorens-Fuster’s constant T(X) (see [1]) and Gao’s constant E(X) (see [10]). These constants are defined by
Ax(X) = Hi(X), T(X) = Hy(X) and E(X) = 2H§(X). According to the above, the following constants:

llx + yll + llx —yll

Ax(X) = sup{ 3 T XY € SX}/

T(X) = sup { Vil + yllll =yl = %,y € Sx},

E(X) = sup{llx + yIP + lx =yl : x,y € Sx},
will be considered in this paper.

From [6], we have V2 < H,(X) < 2 for any Banach space X. Clearly, if p < g, then H,(X) < Hy(X). Itis
known that H,(X) < 2 if and only if X is uniformly non-square, that is, there exists 6 > 0 such that x, y € Sx
and [[x—yll = 2(1-06) imply |lx+y|| < 2(1-0). It has been shown in [6] thatif p < 2, then H),({;) = max{2’, 21’%}
forany r > 1,and if 2 < p < r, then H,((,) = 2'-7.
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We recall some properties of absolute normalized norms on R?. The readers interested in this topic are
referred to [3, 19, 24]. A norm || - || on IR? is said to be absolute if

lIGx, Il = ll(lel, [yDIl -~ forall (x, ) € R,

and normalized if ||(1, 0)|| = (0, 1)|| = 1. An absolute normalized norm on R? is a norm that is both absolute
and normalized. A simple example of absolute normalized norm is usual £,-norms || - ||, (1 < r < o0) on R?
defined by

1
X"+ yl")", 1<r<oo,
G, Il = ( )

max{lx|, [yl}, p = oo.
Let N, be the set of all absolute normalized norms on R?, and let ¥ be the set of all continuous convex
functions ¢ on [0, 1] such that (0) = (1) = 1 and max{1 — t,#} < (t) < 1forall t € [0,1]. For ¢, € ¥, we
denote ¢ < ¢ if p(t) < P(t) forall 0 < t < 1. Asin [3], it is well known that N, and W can be identified by a
one to one correspondence i — || - ||, with the equation

PO =IA-£lly O<t<). 1)

Indeed, for any || - || € N, the function ¢(t) = [|(1 — ¢, t)|| belongs to W. Conversely, for all ¢ € ¥, we define
the norm || - ||y as

(W + 1D () (o) # (0,0),

e, lly =
0’ (xl ]/) = (0/ 0)
Then || - ||y € Ny, and || - ||y satisfies (1).
We recall that an absolute normalized norm || - || on R? is symmetric in the sense that [|(x, y)|| = [I(y, %)l

for all x,y € R if and only if the corresponding function 1 is symmetric with respect to t = 1, that is,
P(1 —t) = ¢(t) for all f € [0, 1] (see [18]).
For 1 < r < oo, the function 1, corresponding to the {,-norms || - ||, on R? are given by

Ui(b) = {(1‘”””}1’/ 1<r<eo,

max{l —¢t,t}, r=oo.

Then ¢, € W and, as is easily seen, the {,-norm || - ||, is associated with ¢,. Also, the above correspondence
enables us to get many non-£,-norms on IR?. One of the properties of these norms is stated in the following
result.
age t
Proposition 2.1. ([18]) Let ¢, € W and ¢ < 1. Put N = maxXo<t<1 %, then
-1l < - lly < NI - [l

3. Absolute Normalized Norm

First, let us show some basic properties related to the constant Hy,(X).
The following theorem can be found in [6].

Theorem 3.1. ([6]) For any Banach space X,
sup{(%); :0<¢ SZ}, p#0,
Hp(X) =
sup{+/2e(1 = 6x(¢)) : 0<e<2}, p=0.
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Corollary 3.2. Let H be a Hilbert space. Then H,(H) = max{ V2, 21 }.

Proof. Since H is a Hilbert space, it follows that 0g(e) =1 — /1 — %. By using Theorem 3.1, we have
2\5

e +2(1-5)\

i =sp (U oci )

where p # 0.

[N

Now, by letting f(¢) = (M )? , we can consider the following two cases, (i) and (ii). By calculating,

we obtain

(i) Ifp <2, then fmax = f( \/E) = V2, and if p = 0, we can also get the same result.

(ii) Ifp > 2, then fnax = f(2) = 2'77.
Therefore, H,(H) = max{ V2, 21_%’}. O
Remark 3.3. For any Banach space X, we have

H,(X) > H,(H) > max{ V2,277 }.

Note that the first inequality holds because 6x(e) < On(e).

Theorem 3.4. For any Banach space X, Hy(X) < M,(J(X), 2).

Proof. Letp # 0. Since

(SIS yup)5 < (mi“” (b + 9l 1 = 1) +2”)i
2 - 2 !

1
it follows that H,(X) < (W)” . If p = 0, we can also get the same result. Hence, we have H,(X) <
M,(J(X),2). O

Next, we give a simple method to determine and estimate the constant H,(X) of a class of absolute
normalized norms on IR?. For a norm || - || on R?, we write H, (|| - |[) for H,(R?, | - ||).
The following Proposition is a direct result of [6, Theorem 4.1].

Proposition 3.5. Let X be a Banach space. Then

My(llx + il Ilx = yl)
max(||x|, [[yl)

Hy(X) = sup| xy € X, Il + 1yl = 0}.

Proposition 3.6. Let ¢ € W and (t) = p(1 —t). Then Hy(|| - llp) = Hp(Il - Ily)-

Proof. Forany x = (a,b) € R®and a # 0,b # 0, put X = (b,a). Then

|bl

Il = Gl + 10 {2 ) = -+l 9 ) = IR
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Consequently, we have

Hy (Il - llp)

{M,,(nx + Yllg, l1x = ylly)
S

s x,yeX, |xl, + ¢0}
max([lxlly, [[yll,) y € X, Iy + Nyl

{M,;(n‘x# Flly, I - 7ly)
S —
P max(Rlly, Illy)

Hy(II - lly)-

L TTEX IRl + Tl # 0}

We now consider the constant Hy,(X) of a class of absolute normalized norms on R%. Now, let us put

Pr(t) P(t)
¥(t) Pr(t)”

N; = max and N> = max
0<t<1 0<t<1

Theorehm 3.7. Let Y € Vand Y < ¢, (2 < r < 00). If the function ®O(t) := ﬁ’((tt)) attains its maximum at t = % and
rzp, then

Hy(II - lly) =

¥(1)

1 2
and E(l-ly) = ———=
u(2) !

v2(3)
Proof. By applying Proposition 2.1, we have || -||y < [|-|l; < Nill-[ly. Letx,y € X, (x, y) # (0,0), where X = R2.
Thus, we obtain

In particular,

Ax(ll-lly) = T - lly) =

IA

Myl + ylly, lx = ylly) < My(Ilx + yll, llx = yil,)

IA

Hy(ll - Il-y max{lIxll, Iyl }

IA

Hy (11 - ly)Ny max {ixlly, 1yl },
which, from the equivalent definition of H,(X), implies that
Hy(ll- lly) < Hp(ll - lI)N1-

)
¥(z)

Note that r > p and the function ®(t) = lfp'((:)) attains its maximum at t = %, ie., Np

Hence, we have

Hy(l-1ly) < Hy(ll- )Ny = ——. @)

¥(3)
On the other hand, by taking the points x = (4,4) and y = (a, —a) where % = 21/)(%), we obtain [|x|ly = [lylly =1
and

1
Mp(llx + ylly, llx = ylly ) = 2a = ——. ®3)
P(x Ylly, 11X y#’) a ¢(1)

2

Therefore, by applying (2) and (3), we have

Hy(II - lly) =

| =
NI—
~—
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Theorem 3.8. Let i € Wand ¢ > ¢, (1 < r < 2). If the function O(t) := % attains its maximum at t = 3 and
p <2, then

1
Hy(l-1ly) = 2¢(3)
In particular,

Al ) =TA ) =29(3)  and G-l = 89°(3)

Proof. By applying Proposition 2.1, we have || || < || lly < Nal|-llr. Letx, y € X, (x,y) # (0,0), where X = R%.
Hence, we obtain

IA

Myl + ylly, e = ylly) < NaMy(1lx + il llx = yil,)

A

< Hy(ll- )Nz max {llxl, 1yl

IA

Hy (Il - ly)N2 max {|Ixlly, Iyl |,

which, from the equivalent definition of H,(X), implies that

Hy(ll - lly) < Hp(ll - [I)N>.

1
Note that p < 2 and the function ®(f) = % attains its maximum at t = %, ie., N, = I((Zl)). Thus, we have
r r E
1
Hy(ll-lly) < Hy(ll- 1Nz = 29(5). )

On the other hand, by taking the points x = (1,0) and y = (0, 1), we obtain ||x|ly, = [lyll; = 1 and

My + il I = ylg) = 20(3). -

Therefore, by applying (4) and (5), we have

Hy(l-ll) = 24(3)

4. Some Concrete Banach Spaces

As an application of Theorems 3.7 and 3.8, we present various examples by easy arguments which
enable us to calculate the exact values of the constant H,(X) for some concrete Banach spaces.
To show the results, we make use of the following useful lemma.

Lemma 4.1. ([6]) Let || - || and | - | be two equivalent norms on a Banach space X. If
a-[<|I-lI<bl-] (bza>0),

then )
SHy(-) < Hy(ll- 1) < =Hy(-]).

Moreover, if || - || = al - |, then Hy(| - |) = H, (]| - ).



M. Dinarvand / Filomat 31:6 (2017), 1583-1593 1589

Example 4.2. Let X = R? endowed with the norm
1
llxll = max{llxll2, Allxllyj (—= <A <1)
e 1} (<25

Then
Hy(II-1) =24 (p <2).

In particular,
A1) =TA-ID=21  and  E(l-Il) = 81%

Proof. 1t is easy to see that || - || = max{]| - I, All - |1} € N, and so its corresponding function is

() = 11 = £, DIl = max{iz(£), A} = Pa().

Thus, we have

Y(t) { A }
D(t) := =max{1l, ——.
O= 40 020
Note that 1»(f) attains minimum at ¢ = %, from which it follows that ®(f) attains maximum at ¢t = %
Therefore, by applying Theorem 3.8, we have
1
Hy(l- 1D = 29(5) = 2.
|
Example 4.3. Let X = R?> endowed with the norm
llxll = max {[lxllo, Allxllee} (1< A < V2).
Then
Hy(l-I)= V24 (p<2).
In particular,
AW-D=T0-h=v2A  and  E(-|) = 44%
Proof. 1t is obvious that the norm || - || = max{|| - |l2, All - |} is absolute, but not normalized since [|(1,0)|| =
10, 1)Il = A. Now, let us put
|| = - :max{_”'lb -1l }
A A 7 oo (7
which implies that | - | € N,, and its corresponding function is
2(f)
9 =10~ 1,01 = max {22y} < 40
Thus, we have
Pa(t) . { Pa(t) }
O(t) := =min<A, .
O N
Consider the increasing continuous function f(t) := f:((?) O0<t< %). Since f(0) = 1 and f (%) = V2, there

exists a unique point 0 < ¢y < % such that f(tp) = A. Hence, from the fact that ®(t) is symmetric with respect
tot = %, we get

ll/f):o((tt))/ te [0/ tO] U []- - tO/ 1]/

A, te [to,l—f()].

) =
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Note that @(t) attains its maximum at t = 1. Therefore, by applying Theorem 3.7 and Lemma 4.1, we have

1
Hy(l-1) = Hy(| - ]) = —— = V2A.
p(l- 1) = Hy(l- 1) o)

Example 4.4. Let X = R? endowed with the norm

la = (IIB + AlldZ ) (A > 0),

Then
A+1
A+2

A 8(A+1
Az<|.|A)=T(|-|A)=2\/A—i§ and  E(-L)= (Afz)-

1
Proof. 1t is easy to see that the norm |- |, = (II . ||§ + Al - IIEQ)2 is absolute, but not normalized because
I(1,0)l =1(0, 1)y = V1 + A. Now, let us put

Hy(-12) =2 (p<2).

In particular,

[ 1r

1+

7

;

which implies that || - || € N,, and its corresponding function is

[(1-02+£2/(1+ M), telol],

Y(t) = .
[+(1-t*/A+A)]2, teli1]

Obviously, Y(t) < 1 (t). Since A > 0, it follows that O(t) := Zlf((t? is symmetric with respect to t = % and then

it suffices to consider ®(¢) for t € [0, %]. Note that for any ¢ € [0, %],

C@+MA-HF+12] u(f)

2
>0 = A+AD)A -2+ o)

Some elementary computation show that u(t) — v(t) = Af> attains its maximum at t = % ando(t) = (1+A)(1 -
t)? + #? attains its minimum at t = 1. This implies that

(I)z(t) — M(t) - U(t) + 1’

o(t)

attains its maximum at t = 1 and so does @(t). Therefore, by applying Theorem 3.7 and Lemma 4.1, we
have
1 A+1
Hy(I-10) = Hy(ll- 1) = =24 :
P P v(d) A+2

In the next example, we calculate the constant H,(X) in the case when X is a two-dimensional Lorentz
sequence space d@(w, q) with 2 < g < co.

O
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Letw = (wy, wp) with wy > wy > 0. For 2 < g < o0, the two-dimensional Lorentz sequence space d®(w, q)
is defined as the space IR? endowed with the norm

166 Pllog = {eorlx 7 + walyl?) ",

where (|x[*, |[y[*) is the rearrangement of (|x|, |y|) satisfying |x[* > |y|*. For more detailed discussion and some
results concerning Lorentz sequence spaces, we refer the reader to [12, 15, 22].

Example 4.5. (Lorentz sequence space). Let X be a two-dimensional Lorentz space d®(w, g). Then

Hy(lllhag) = 2 f (v <q).

w1 + Wy

In particular,

2

Az(” ' ||w,'1> = T(” ’ ”w,‘i) - Z(Z(Jf-li)-lwz ); and E(” ' ”w,q) - S(Zmzj-lwz)q'

1
Proof. It is easy to check that |- | = (|| - [lwg)/w] € Nq, and its corresponding convex function is given by

(1= 1)1+ 249 %, telo, 1],
¢w=( X ’
(tq +2(1 - t)q)", te[l,1].

Obviously, Y(t) < (). Since D(t) := ll;”((t)) is symmetric with respect to t = %, it then suffices to consider ®(t)

fort € [0, 5]. Note that for any ¢ € [0, 1,

Yih  A-TE ()

@mzwm‘a—m+%ﬂ‘aﬁ

Some elementary computation show that u(t) — v(f) = (1 - (w—z))tq attains its maximum at ¢t = 5 and

() =1 —-1)1+ Zj—ft" attains its minimum at t = % This implies that

u(t) —o(t)
v(t)

attains its maximum at t = 1 and so does @(t). Therefore, by applying Theorem 3.7 and Lemma 4.1, we
have

DI(t) = +1,

1 w s
f%wmﬁ=mwn=wa=4wﬁm)'
O

We now compute the constant H,(X) in the case when X is a two-dimensional Cesaro sequence space

ces(22). The Cesaro sequence space was defined by Shue [21] in 1970. It is very useful in the theory of matrix
operators and others.
Let £ be the space of real sequences. For 1 < p < oo, the Cesaro sequence space ces, is defined by

c%_&eznmﬂW@H(ZXAZVWH }
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The geometry of Cesaro sequence spaces and their generalizations have been extensively studied in
[4,5,7,9,13,20,21]. Let us restrict ourselves to the two-dimensional Cesaro sequence space cesi,z) which is
just R? equipped with the norm defined by

e wll = (le” + ('xl ; lyl )P)i

for all (x,y) € R%.

Example 4.6. (Cesaro sequence space). Let X be a two-dimensional Cesaro space ceséz). Then

Hp(ces(zz)) = \/2 + 2¥5 g/g, (r<2).

In particular,

Proof. We first define
2x

w91 2)

for (x,y) € R2. It follows that ces(zz) is isometrically isomorphic to (R?,]-]) and |- | is an absolute normalized
norm on R?, and the corresponding convex function is given by

U(t) = (4(1; 0, (1\;; + t)2)%.

(2)
ces,

Indeed, g : Cesgz) — (R?,|-|) defined by
x
(x/ ) = _/2
g, y) = ( N y)
is an isometric isomorphism. We prove that ¢ > ;. Note that
(—1_t +1F)2>(—1_t)2+t2
V5 RS '
Consequently,
Pt 2 (A= H2+£)" = ya(h).
Y(t)

Some el}elmentary computation show that 7, attains its maximum at f = 1. Therefore, by applying Theorem
3.8, we have

Hp(ces(zz)) = 241(%) = \f2 + 25—\/5
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